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In this paper, we investigate new properties of the generalized symmetric

functions H]gs) and E,iS> which were introduced in the first part of our study. Combina-
torial interpretations of these generalized symmetric functions are also introduced.
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1. Introduction

The generalized symmetric functions H. ,(CS) and E,(CS)

of our study [1] as follows:

were introduced in the first part

Z HIES)(DCL:Q, ) R = H (I—at+-+ (_xit)s)_l (1)
k=0 =1
and 50 n
ZE](CS)(‘rlam27o..7xn)tk:H(1+l’it+”'+(xit)s)’ (2)
k=0 =1

where s is a positive integer. For the sake of brevity, we do not mention once again the
notions and notations used in the first part of our study. So these remain valid and we will
use them without further explanation.

In this paper, we investigate new properties of the generalized symmetric functions
H' and E{”). In Section 2, we show that the generalized symmetric functions H." and E.”
can be expressed in terms of the complete and elementary symmetric functions. In Section
3, we consider some combinatorial interpretations for the generalized symmetric functions
H and B,

k k

2. Generalized symmetric functions in terms of the complete and elemen-
tary symmetric functions

It is well known that every symmetric function can be expressed as a sum of ho-
mogeneous symmetric functions. The homogeneous symmetric functions of degree k in n
variables form a vector space, denoted A*. There are several important bases for A*, which
are indexed by integer partitions of k. Proofs and details about these facts can be found
in Macdonald’s book [4]. In this section, we express the generalized symmetric functions

H ]gs) and E,(CS) in terms of the complete and elementary symmetric functions. To do this, we
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consider the monomial symmetric function my(x1,x2,...,x,) and for each partition A we
note
2(N)
f)\(x17x27"'7 Hf)\ J/'],.TQ,..-, )a

where f is any of these complete or elementary symmetric functions.

Theorem 2.1. Let k and s be two positive integers. Then

H,Es) = (—1)* Z MA(W1,541, W2,5415 - - -, Ws,s1+1) A,

Ak
I(\)<s

EY = (=1)F 3 ma(Wis1, w41, Wsst1)ers
A-E

I(N)<s
where wj s41 = e20mi/(s+1) yith §=1,2,...,s.
Proof. Taking into account the generating functions [1, eq. (1)] and (1), we can write

S

) n
S HY (1,0, 2 H H (1+wjsnwt) = [T [ +wjsrrzit)”
k=0 j=1i=1

i=175=1
S o0
E k k
H w]‘7s+1) hk(xl,xg,...,xn)t
j=1k=0
oo
_ Jjitje+-+is, J1 js b . k
= § § (=1 fwy s+1"~’2 s+1° s,s+1hjlhj2"'h]s 13
k=0 \ jitjot++is=k
j4i=>0
k
= E E B (W11, W2 5415 - - - s W 1) B (21, Tas o, ) 2R
k=0 M-k
eV)<s

The second identity follows in a similar way, considering the generating functions [1, eq. (2)]
and (2). O

The Ferrers diagram of a partition [\, Ag, ..., Ax] is the k-row left-justified array of
dots with A; dots in the i-th row. The conjugate of a partition into s parts, obtained by
transposing the Ferrers diagram, is a partition with largest part s and vice versa. The
action of conjugation establishes a 1-1 correspondence between partitions into s parts and
partitions with largest part s. Considering [1, eq. (5)] and Theorem 2.1, we obtain a
surprising identity involving this 1-1 correspondence between partitions into s parts and
partitions with largest part s.

Corollary 2.1. Let k, n and s be positive integers and let x1,xs,...,x, be independent
variables. Then
_ k
Z ma(x1, 2o, ..., 2n) = (—1) Z MA(W1,541, W2,5415 - - -, Ws,s+1)€A(T1, T2, ..., Tp).
ARk Ak
Xi<s I(N<s
where wj g1 = e/ D with § =1,2,...s.

The following result allows us to express the symmetric function H'* and E\*) as
convolutions of the complete and elementary symmetric functions.
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Theorem 2.2. Let k, n and s be positive integers and let x1,x2,...,x, be independent
variables. Then
Lk/s]
H,gs_l)(xl,xg, cey ) = Z (fl)sjhj(z‘{, T,y Ty )eh—s;(T1, T2, ..., Tn),
§=0
Lk/s]
E,is_l)(x17x2, cey ) = Z (—1)jej(:vf,x§, sy ) he—si (@1, Ta, L 2).
§=0

Proof. According to (1), we have

STHE @y, aa, . wa)t = (H 1—(ixt)> (Hu - m))
k=0 !

=1 i=1

oo
Somena a0 | [ et e

Jj=0 7=0
= 1)%7 h (@i, x5, . x))en—sj(T1, T2, . .., Tn) tr.
0
In a similar way, considering (2), we obtain the second identity. O
Corollary 2.2. Let k, n and s be positive integers and let x1,xs,...,x, be independent
variables. Then
Lk/s] '
Z (=) h;(x1,25,...,2;)er—s;i (@1, T2, ..., Tn)
§=0
- (_]-)k Z m)\(wl,su w2,57 .. 7wsfl,s)h)\(x17 T2yenny xn)a
Ak
I(N)<s
Lk/s] _
Z (—1)e;(xt, x5, ..., 20 hi—sj(z1, 22, ..., Tp)
j=0
= (71)]C Z m)\(wl,saw2,87 .o ,W3_1,3)6A(Z'1,£E2, s 79377,)'
-k
I(N)<s

We remark that the second identity of this corollary is known and can be seen in a
recent paper of Merca [6, Theorem 1.1].

Now, we are able to prove some formulas for the monomial symmetric function
miy (€2 (1) edmi/(s+1) | e2smi/(s+1)) "when ) is a partition of k, s > k — 2 and £()\) < s.

Corollary 2.3. Let k be a positive integer and let X = [1'12'2 ... k'] be a partition of k.
Then

ey [ttt
M (W1 k41, W2 kg 1s - -+ Whkr1) = (— 1) 2T Hk( t,t th >’
150254+,

where wj 1 = 2™/ FFD with § =1,2,... k.
Proof. The case s = k 4+ 1 of Theorem 2.2 reads as H,gk) = eg. By Theorem 2.1, we deduce
that

e = Z(—l)km,\(w1,k+17w2,k+1, cs Wh k1) P
Ak
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On the other hand, the relation

£(N)
_ 1)k
ex =D (1) it by fox

AFE

can be found in [5, pp. 3-4]. It is clear that

O
Zm)\(wl,k+1,w2,k+la-~-awk,k+1)h)\ = Z(—l)g(’\)< ®) tk)h)\-

t1,t9,..
Ak Ak 1,2

The assertion of the corollary now follows by comparing coefficients of hy on both sides of
this equation. O

Corollary 2.4. Let k > 1 be a positive integer and let X\ = [1112%2 .. kt*] be a partition of
k with £(\) < k. Then

k 178\
A @) = (S (1 - E(A)) <t1 tz(..). tk>’

where wjj = e20mi/k with j =1,2,...,k—1.

Proof. The case s = k of Theorem 2.2 reads as H,Ek_l) = ex + (—1)Fpy. By Theorem 2.1, we
deduce that

ee =Y (D malwipwan o wro1k)ha — (1) pr.

Ak
<k

On the other hand, we have

€N
Nk
ex =2 (-1) tite, . th .

Ak
(_1)1+£(>\) k g(}\)
S hx.
P % ) \tntonty) ™

We can write

Z (fl)kmA(wl’k,ka, o Wro1k) P

-k
LX<k
_1)k+EN) |
_ Z(_l)k+€(>\)( £(N) >h)\ -y (-1) k < () >hA
Yy t1,t2, otk Y () t1,t2, ...tk
Ak K(A) t17t27"~7tk
and the proof is finished. O

Corollary 2.5. Let k > 2 be a positive integer and let A = [1412%2 .. k*] be a partition of
k with €(\) < k —2. Then

t1- (k-1 (A
MAW1k—1, W2,k 15+ Wh—2-1) = (—1)'Y (1 - 6(1/\)2(—5(/\))> <t1 t2(. .). tk>’

where wj 1 = e2mi/=1) with §=1,2,...,k—2.
Proof. By Theorem 2.1, we deduce that
H,i’“’” = Z (=) mp (W1 k1, Wo k15 - -+ Wh—2.k—1)hA-

ek
LN <k—2
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On the other hand, taking into account the case s = k — 1 of Theorem 2.2, we can write
k— _
B = e+ (1) pr_ihy

- > (—1)kHtatat (tl tlat- At t’“) hithiz ... po
42t ke —h t1,ta, ...tk

N Z (71)k+t1+-..+tk—1(k’7 1) <t1 + .. +tk_1)h1+t1ht2 “_htk—l
, B t1+ -+t th, .t L2 k—1
14H2te+-H(k—1)tp_1=k—1
_ > (—1)kFtattatotn (tl +i +"'+t’“)h§1ht22 AL
- k
R tyte, -t
_ 3 (=DFHhttatth (k1) <t1 Fle el — 1> hithtz ...t
2ty T2ttt =1 th—1,tg,... tg F
t1>0
= Z (—1)kttittat <t1 ot tk) hiipkz ... pte
b+ 2+t kty =k RELCIEERNL
B Z (_1)k+t1+t2+"'+tk - (k—1) <t1 4+ .. 4 tk>ht11 héz e
oty B e = D 4 )\ byt k
t1>0
t1-(k—1 £(A
- (_1)kZ(_1)@(>\) 1 — # < (A) )hx-
&~ (6(N) =1)L(N) ) \t1,t2,. ..ty
This concludes the proof. O
Inspired by Theorem 2.2, we provide the following result.
Theorem 2.3. Let k, n and s be positive integers and let x1,xs,...,x, be independent

variables. Then

hi (25,25, ..., 25) = (— k(s“'l)z (T, 20, . 2y )H,g‘fq ;)(371,1‘2,...,.13”)7
ks
ek(xi,xg,...,:nfL):(fl)kZ(fl)Jej(xl,xQ,..., )E,(:é ?(l‘l,iﬂg, Ce s X))
j=0

If k is not congruent to 0 modulo s then

k
Z(_l)th(xl7x2> cee an)ngs_E'l)(xl7x27 s ,(En) = 07
§=0
k .
Z(—l)]ej(ajl,xg, e 7$n)E](€i_jl)(J}1,$2, cooy ) =0.
j=0
Proof. Considering that
: S HEY( F_T 1
)t = ——,
x17x27 y L ) H 1+(_$zt)b

I
—

K2

(1= (xt)%),

=

.
Il
ol

Hl_xl Z $1,x2,...,xn)tk:
i=1

k=0

the proof follows easily. O
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3. Combinatorial interpretations

Bazeniar et al. [2] showed that the generalized symmetric function E,(CS) is interpreted
as weight-generating function of the lattice paths between the points u = (0,0) and v =
(k,n—1) with at most s vertices in the eastern direction. For example, the paths from (0, 0)
to (3,2) associated to

2 2 2 2 2 2 2
E§ )(:cl, To,T3) = T1T2 + 125 + TT1x3 + 125 + T5x3 + ToT5 + T1T2X3

can be seen in Figure 1.

v v T3 v T3 T3 v
. . . . . . — e . — .,
€2 T2 X2
r1 X1 1 r1 X1 Z1
~— . ~—i . . - . —
u u u u
z3 U 3 x3 VY z3 U
+—e . — o . . —e
T2 T2 Z2 T2
i : i i : i ——1
u u u

FIGURE 1. The seven paths from u to v associated to E§2) (1,2, 23).

According to [2, Theorem 3.2], the number of lattice paths from (0,0) to (k,n — 1)
taking at most s vertices in the eastern direction is exactly the bi*nomial coefficient, i.e.,

(Z) —EW1,1,....1).
s S——

n

By Theorem 2.2, we deduce that the bi®*nomial coefficient can be expressed in terms of the
classical binomial coefficients, i.e.,

(), - Sev() i)

We remark that this identity is given by Theorem 2.1 in [3]. In addition, by Theorem 2.2
we obtain the following analogs of this identity.

Corollary 3.1. Let k,n and s be positive integers. Then

(s—1)  Lk/s] _ .
= ] i
k =0 g k—sj q

q

where m gs) = E](ﬂs)(l7 q...,q"" ) is the g-bi*nomial coefficient.

Corollary 3.2. Let k,n and s be positive integers. Then

m (s—1) _ Lkz/éj(_mjps("/)qs(%) m 3 [n +k—sj— 1} ’

k v = J k—sj

3

where [7] ](Ds; — E]is)(p7’—17p"_2q, .., q"Y) s the p, q-bi*nomial coefficient.
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These expressions of the g-bi*nomial (rep. p, ¢-bi*nomial) coefficient in terms of ¢-

binomial coefficients [Z]q (resp. p, g-binomial coefficients mp q) seem to be new.

And Theorem 2.3 allow us to express the binomial coefficient and its q°-analogue in
term of the bi®niomial coefficient and its g-analogue, respectively.

Corollary 3.3. Let k,n and s be positive integers. Then

(1) == () (")

j=0

i - S g [] L]

Jj=0

(s—=1)
q

,(CS) , we provide

Inspired by this interpretation of the generalized symmetric function £
in this section a combinatorial interpretation for the generalized symmetric function H ,gs). To
do this we consider the following result which allows us to express the generalized symmetric
function H ,is) in terms of the monomial symmetric functions m ) considering all the partitions

of k into parts congruent to 0 or 1 modulo s + 1.

Theorem 3.1. Let k,n and s be positive integers and let x1,x2,...,xT, be independent
variables. Then

1ey)
s k+ >> A mod (s+1)
H,i)(a:l,mg,...,xn): Z (-1) = ma(T1, 22, .., Tp)-
Ark
Xi={0,1} mod (s+1)
Proof. According to (1), we can write
e . 1+t = . i
ZHIES)(JH,J% L )th = H Tx;)m = H(l + z;t) Z(—ﬂﬁit)](sﬂ)
k=0 i=1 v i=1 =0
— Z(_xit)j(s+1) _ Z(—xit)j(s+1)+1
i=1 \j=0 j=0

> LN N m s
Z Z (—1)2i=t Aimod s+ () g ) | (—)F
k=0

ARk
Ai={0,1} mod (s+1)

and the proof follows easily. O

Remark 3.1. When s is odd, we have
H,ES) (1,22, ..,&pn) = Z ma(T1, 2o, ..., Ty).
Ak
A;={0,1} mod (s+1)

The following consequence of Theorem 3.1 is an analogy of Corollary 2.1 establishing
a connection between all the partitions of & into parts congruent to 0 or 1 modulo s+ 1 and
the partitions of k into at most s parts.
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Corollary 3.4. Let k, n and s be positive integers and let x1,xs,...,x, be independent
variables. Then

)
> X mod (s+1)
i=1

Z (=1 mx (21, T2,. .., %)
AFE
Ai={0,1} mod (s+1)
= Z m)\(wl,s+17w2,s+la cee 7ws,s+1)h)\(l‘17 L2y ny In)
Ak
I(MN)<s

Let P}, ;. be the set of the lattice paths between the points u = (0,0) and v = (k,n—1)
where the number of the vertices in the eastern direction is congruent to 0 or 1 modulo s+1.
For P = (p17p27 s 7p7l+k—1) € :Pf,s%lw we consider

n;(P) := the number of the eastern step modulo (s + 1) in level i.
and the H(*)-labeling which assigns the label for each eastern step as follows
L (p;) := (the number of northern p; preceding p;) + 1.
Figure 2 shows the H(*)-labeling.

-

FIGURE 2. Tllustration of 3 by H(?-labeling.

Theorem 3.2. Let k,n and s be positive integers and let x1,x2,...,x, be independent
variables. Then

ZPE{?;J@ XP, if s odd,

HY (21, 29,...,2,) = '
& (371 X9 Tp) {(—1)kZPe:PSk(_1)PXP’ otherwise

with X¥ =1, z1(p,) and P' =3, n;(P).

Proof. From Theorem 3.1, is easy to see that the generalized symmetric function H ,is) (z1,29,. ..

is a weight-generating function of lattice paths between two points. For each unit variable z;
in this symmetric function we associate one unit horizontal (east) vertex, and if we suppose
that each lattice path starting in v = (0,0) then it ends in v = (k,n — 1) where the number
of the vertices in the eastern direction equal to 0 or 1 modulo (s + 1). g

Figure 3 shows the lattice path interpretation for

(2) 3 3 3
H:" (x1,x9,23) = —2] — Xy — T + T12223.

By setting s = k in Theorem 3.2, we will have the following result.
Corollary 3.5. Let k,n be two positive integers and let x1,x2,...,x, be independent vari-
ables. Then, the elementary symmetric function eg(x1,T2,...,x,) is a weight-generating

function of the paths between the points u = (0,0) and v = (k,n—1) with at most one vertex
in the eastern direction.
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T2
1o
—i . .
u U U U

F1GURE 3. The four paths from u to v associated to H?()z) (1,22, 23).

As we can see in [2], the generalized symmetric functions El(f) can be interpreted
considering the set of all tilings of an (n + k — 1)-board using exactly k black squares
and n — 1 gray squares with at most s black squares successively. There is an obvious
bijection between this tiling interpretation and the lattice path interpretation. This tiling

interpretation for the generalized symmetric functions Elgs) can be adapted to the generalized

symmetric functions H ,ES) in the following way.

Let T ;. be the set of all tilings of an (n+ k — 1)-board using exactly k black squares
and n — 1 gray squares such that the number of successive black squares is congruent to 0 or
I modulo s+1. Also let X7 = 1" 25 - - - 2> be the weight of tiling 7. For each T' € T},
we calculate wr = (w1, ws ..., w,) as follows:

(1) Assign a weight to each individual square in the tiling. A gray square always receives

a weight of 1. A black square has weight x,,+1 where m is equal to the number of

gray squares to the left of that black square in the tiling.

(2) Calculate wr = (wy,ws...,w,) by multiplying the weight z,,4; of all the black
squares.

We also consider

N, (T) :=the number of successive black squares modulo (s + 1) after the m-th gray
square to the left of these black squares in the tiling.
For example, the weight of the tiling bbgbg is x

tiling and its lattice path.
|

HE N o
|

FIGURE 4. A tiling of the weight 32 and its associated lattice path.

1712} = 2225, Figure 4 shows this

Theorem 3.3. Let k,n and s be positive integers and let x1,x2,...,T, be independent
variables. Then H,is) (z1,22,...,25) is created by summing the weights of all tilings of Tok-
That is,

ZTG‘J';,C Xwr, if 5 odd,

H (21, 29,...,2,) =
k (71,2 Tn) {(DkZTe‘ISk(l)GXwT’ otherwise

with G = ZTGT; . N (T).

Proof. Since the bijection between lattice paths and tiling is weight-preserving. Then, from
Theorem 3.2 it is suffice to associate a lattice path to each (n + k — 1)-tiling using k black
squares and n — 1 gray squares with the number of successive black squares congruent to 0
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or 1 modulo (s + 1). This lattice path starts from in u = (0,0) and ends in v = (k,n — 1)
where the number of the vertices in the eastern direction is congruent to 0 or 1 modulo
(s + 1) whose each gray tile represents a move one unit up and each black square represents
a move one unit right. O

Figure 5 shows the tiling interpretation for HP()Q)(ajl, To,T3) = —1% — X3 — X3 + 17273

FI1GURE 5. The four tilings associated to Héz) (x1,x2,23).

By Theorem 3.3, we can also interpret the elementary symmetric function as follows.

Corollary 3.6. Let k,n be two positive integers and let x1,xo,...,x, be independent vari-
ables. Then, the elementary symmetric function ey(x1,xa,...,T,) is a weight-generating
function of all tilings of an (n + k — 1)-board using ezxactly k black squares and n — 1 gray
squares with at most one black square successively.

4. Concluding remarks

New properties of a pair of two symmetric functions which generalize the complete
and elementary symmetric functions were investigated in this paper. These generalized
symmetric functions satisfy many of the classical relations between complete and elementary
symmetric functions. Most of these relationships have the same shape.

The Schur symmetric functions sy(z1,x2,...,2,) for a partition A can be extended
in the same way. For example, we can define the generalized Schur symmetric func-

tion sg\s) = sg\s) (x1,Z2,...,2,) in terms of the generalized symmetric functions ngs) =

H,ES)(gch To,...,Tpy) OT E](CS) = El(:)(xl, To,...,Ty) as follows:

Sg\s) = det(H)(j)_i_;,_j)lgi,jgn or Sg\s) = det(E;\j),i+j)1§i,j§n;

where )\ is the conjugate of .
It would be very appealing to investigate the properties of the generalized Schur

symmetric functions sg\s).
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