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NEW RATIONAL IDENTITIES FOR ENTROPY INVOLVING 
ZEROS AND COEFFICIENTS OF COMPLEX 

POLYNOMIALS 

Pantelimon George POPESCU1, Jose Luis DÍAZ-BARRERO2 

În această lucrare vom prezenta o metodă de obţinere de identităţi pentru 
polinoame în planul complex,  folosind  tehnici analitice din analiza complexă. 
Rezultatele prezentate sunt identităţi rationale cu sume finite conţinând zerouri şi 
coeficienţi ai polinoamelor complexe. În ultima parte a articolului vom aplica aceste 
rezultate în teoria informaţiei şi vom obtine noi identităţi pentru entropia Shannon. 

In this paper, a method to obtain polynomial identities in the complex plane 
using analytic techniques from complex analysis is presented. The results given here 
are rational identities involving finite sums of zeros and coefficients of complex 
polynomials. In the last part of the paper we apply these results in information 
theory and we obtain new identities for Shannon Entropy.  

Keywords: Rational identities; identities in the complex plane; complex 
polynomials; finite sums; entropy. 

1. Introduction 

The problem of finding relations between the zeros and coefficients of a 
polynomial occupies a central role in the theory of equations. The most known of 
such relations are Cardan-Viète's formulas. 

Namely, if the complex polynomial ܣሺݖሻ ൌ ∑ ܽ௞ݖ௞, ܽ௡ ് 0௡
௞ୀ଴  has the 

zeros ݖଵ, ,ଶݖ ڮ ,  ௡, thenݖ
෍ ௜మݖ௜భݖ ڮ ௜ೖݖ ൌ ሺെ1ሻ௞ ܽ௡ି௞

ܽ௡ଵஸ௜భழ௜మழڮழ௜ೖஸ௡

, 1 ൑ ݇ ൑ ݊. 

In this paper, taking into account the preceding relations and using 
complex variable techniques like the ones employed by H. W. Gould in 1956 to 
evaluate Stirling numbers ([1], [2]), later by G. Egorychev in 1977 [3] to obtain 
combinatorial identities, some rational zero and coefficient identities involving 
complex polynomials similar to the one given in [4] are obtained. 

Finally we apply the results into information theory, where we obtain new 
identities for entropy. Entropy is the uncertainty of a single random variable. We 
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will use the following notations: let X be a discrete random variable with the 
alphabet χ and the probability mass function pሺxሻ ൌ PrሼX ൌ xሽ, x Ԗ χ. We define 
the entropy H(X) of a random discrete variable as follows 

ሺܺሻܪ ൌ െ ෍ .ሻݔሺ݌݃݋ሻ݈ݔሺ݌
௫ఢఞ

 

The logarithm is to the base 2, and entropy is expressed in bits. We use the 
convention 0 log 0 ൌ 0, easily justifiable by continuity, as lim

௫՜଴
ݔ log ݔ ൌ 0. 

Entropy, conditional entropy and mutual information for discrete-valued 
random variables are extremely useful in developing theorems in the field of 
information theory, as they offer information on the long term behavior of random 
processes ([5], [6]).  

2. Rational identities for complex polynomials 

Hereafter some rational identities are given. The first one, that it is an 
immediate consequence of the Fundamental Theorem of Algebra, is stated and 
proven in the following  

Theorem 1. Suppose that the distinct nonzero complex numbers ݖଵ, ,ଶݖ ڮ ,
ሻݖሺܣ ௡ are the zeros of the complex polynomialݖ ൌ ∑ ܽ௞ݖ௞௡

௞ୀ଴ , ܽ௞ ് 0 for 
0 ൑ ݇ ൑ ݊. Then the following holds: 

1
ܽ଴

൅ ෍
1

௞ሻݖᇱሺܣ௞ݖ ൌ 0.
௡

௞ୀଵ

 

Proof. Let ܤሺݖሻ be the complex polynomial defined by 

ሻݖሺܤ ൌ െ1 ൅ ෍ ෑ
ݖ െ ௝ݖ

௜ݖ െ ௝௜ஷ௝ݖ

௡

௜ୀଵ

. 

Since ܤሺݖሻ has the ݊ െ 1 degree and ܤሺݖ௞ሻ ൌ 0 for 1 ൑ ݇ ൑ ݊, then, 
according to the Fundamental Theorem of Algebra, ܤሺݖሻ is identically zero. 
Therefore, 

1 ൌ 1 ൅ ሺ0ሻܤ ൌ ෍ ෑ
െݖ௝

௜ݖ െ ௝௜ஷ௝ݖ

௡

௜ୀଵ

ൌ ሺെ1ሻ௡ିଵݖଵݖଶݖڮ௡ ෍
1
௜ݖ

ෑ
1

௜ݖ െ ௝௝ஷ௜ݖ

௡

௜ୀଵ

 

or 

෍
1
௜ݖ

ෑ
1

௜ݖ െ ௝௝ஷ௜ݖ

௡

௜ୀଵ

ൌ
ሺെ1ሻ௡ିଵ

௡ݖڮଶݖଵݖ
. 

From the preceding and taking into account Cardan-Viète formulas, we get 
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෍
1
௜ݖ

ෑ
1

௜ݖ െ ௝௝ஷ௜ݖ

௡

௜ୀଵ

ൌ ෍
ܽ௡

௞ሻݖᇱሺܣ௞ݖ ൌ
௡

௞ୀଵ

ሺെ1ሻ௡ିଵܽ௡

ሺെ1ሻ௡ܽ଴
, 

from which the statement immediately follows and the result is proven.          □ 

In what follows, the results presented show how to apply complex variable 
techniques in order to generate new identities. 

Theorem 2. Let ܣሺݖሻ ൌ ∑ ܽ௞
௡
௞ୀ଴ ,௞ݖ ܽ௞ ് 0 for 0 ൑ ݇ ൑ ݊ be a 

polynomial with complex coefficients having the simple zeros ݖଵ, ,ଶݖ ڮ ,  .௡ݖ
Then holds 

෍
௞ݖ

௡ିଵ

௞ሻݖᇱሺܣ

௡

௞ୀଵ

ൌ
1

ܽ௡
. 

Proof. Consider the integral ܫ ൌ ଵ
ଶగ௜ ׯ ௭೙షభ

஺ሺ௭ሻ
ఊݖ݀ , where ߛ is a circle centered in the 

origin and of radius ݎ ൐ maxଵஸ௞ஸ௡ሼ|ݖ௞|ሽ. Integrating inside the ߛ contour we have 

ଵܫ ൌ
1

݅ߨ2 ර
௡ିଵݖ

ሻݖሺܣ ݖ݀ ൌ ෍ ݏܴ݁ ቆ
௡ିଵݖ

ሻݖሺܣ , ݖ ൌ ௞ቇݖ
௡

௞ୀଵఊ
 

ൌ
1

ܽ௡
෍ ௞ݖ

௡ିଵ ෑ
1

௞ݖ െ ௝ݖ
ൌ ෍

௞ݖ
௡ିଵ

௞ሻݖᇱሺܣ .
௡

௞ୀଵ௝ஷ௞

௡

௞ୀଵ

      

On the other hand, evaluating the integral outside ߛ contour we have 

ଶܫ ൌ
1

݅ߨ2 ර
௡ିଵݖ

ሻݖሺܣ ݖ݀ ൌ ݏܴ݁ ቆ
௡ିଵݖ

ሻݖሺܣ , ݖ ൌ ∞ቇ
ఊ

ൌ ݏܴ݁ ൬
െ1
ଶݖ ݂ ൬

1
൰ݖ , ݖ ൌ 0൰, 

where ݂ሺݖሻ ൌ ௭೙షభ

஺ሺ௭ሻ
. Therefore, 

ଶܫ ൌ ݏܴ݁ ቌെ
1
ଶݖ

1

ܣ௡ିଵݖ ቀ1
ቁݖ

, ݖ ൌ 0ቍ ൌ െܴ݁ݏ ቌ
1

ܣ௡ାଵݖ ቀ1
ቁݖ

, ݖ ൌ 0ቍ 

ൌ െܴ݁ݏ ൬
1

ሺܽ௡ݖ ൅ ܽ௡ିଵݖ ൅ ڮ ൅ ܽ଴ݖ௡ , ݖ ൌ 0൰ ൌ െ
1

ܽ௡
.             

Applying Cauchy's theorem on contour integrals, we have ܫଵ ൅ ଶܫ ൌ 0 and 
we are done.                  □ 

Theorem 3. Suppose that the distinct nonzero complex numbers 
,ଵݖ ,ଶݖ ڮ ,  ௡ are the zeros of the monic polynomial with complex coefficientsݖ
ሻݖሺܣ ൌ ௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ

௞ୀ଴ . Then, for all 3 ൑ ݈ ൑ ݊ ൅ 1 holds 
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෍
1 ൅ ௞ݖ

௟ିଵ

௞ݖ
ଶܣᇱሺݖ௞ሻ

௡

௞ୀଵ

൅ ሺെ1ሻ௡ ෍
1
௞ݖ

ෑ
1
௝ݖ

ൌ 0.
௡

௝ୀଵ

௡

௞ୀଵ

 

Proof. We will evaluate the integral ܫ ൌ ׯ ଵା௭೗షభ

௭మ஺ሺ௭ሻఊ  over the interior and ݖ݀

exterior domains limited by ߛ, a circle centered at the origin with the radius 
ݎ ൏ minଵஸ௞ஸ௡ሼ|ݖ௞|ሽ. Integrating in the region outside of the ߛ contour we have 

ଵܫ ൌ
1

݅ߨ2 ර
௟ିଵݖ ൅ 1
ሻݖሺܣଶݖ ݖ݀ ൌ ෍ ݏܴ݁ ቊ

௟ିଵݖ

ሻݖሺܣଶݖ , ݖ ൌ ௞ቋݖ
௡

௞ୀଵఊ
 

                      ൌ ෍
1 ൅ ௞ݖ

௟ିଵ

௞ݖ
ଶܣᇱሺݖ௞ሻ

.
௡

௞ୀଵ

 

Integrating in the region inside of the ߛ contour and taking into account 
the Cardan-Viète formulas, we get 

ଶܫ ൌ
1

݅ߨ2 ර
௟ିଵݖ ൅ 1
ሻݖሺܣଶݖ ݖ݀ ൌ ݏܴ݁ ቊ

௟ିଵݖ ൅ 1
ሻݖሺܣଶݖ , ݖ ൌ 0ቋ

ఊ
 

                                     ൌ
1
1! lim

௭՜଴

݀
ݖ݀ ቆ

௟ିଵݖ ൅ 1
ሻݖሺܣ ቇ 

                              ൌ െ
Ԣሺ0ሻܣ
ଶሺ0ሻܣ ൌ െ

ܽଵ

ܽ଴
ଶ 

                                           ൌ െሺെ1ሻ௡ିଵ ෍
1
௞ݖ

௡

௞ୀଵ

ෑ
1
௝ݖ

௡

௝ୀଵ

. 

Applying again Cauchy's result on contour integrals we have ܫଵ ൅ ଶܫ ൌ 0 
and the proof is complete.                □ 

The same procedure can be applied to obtain many identities. In the 
following, we give several zero identities that have been obtained applying this 
technique. We begin with a result presented in [4]. 

Theorem 4. Suppose that ܣሺݖሻ ൌ ௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ
௞ୀ଴  is a polynomial of 

degree ݊, ݊ ൒ ,ଵݖ ሻ has ݊ distinct zerosݖሺܣ .2 ,ଶݖ ڮ ,  is a complex ߞ ௡, andݖ
number such that minଵஸ௞ஸ௡ሼ|ݖ௞|ሽ ൐ maxଵஸ௞ஸ௡ሼ|ݖ௞/ߞ|ሽ. Then we have 

෍
1

௞ሻݖᇱሺܣ ቌ
1

௞ሻݖߞሺܣ ൅
1

ܣߞ ቀݖ௞
ߞ ቁ

ቍ
௡

௞ୀଵ

ൌ 0. 
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Proof. We will evaluate the integral ܫ ൌ ଵ
ଶగ௜ ׯ ଵ

஺ሺ௭ሻ஺ሺ఍௭ሻ
ఊݖ݀  over the interior and 

exterior domains limited by ߛ, where ߛ ൌ ሼݖ א ԧ| |ݖ| ൏  ሽ, withݎ
minଵஸ௞ஸ௡ሼ|ݖ௞|ሽ ൐ ݎ ൐ maxଵஸ௞ஸ௡ሼ|ݖ௞/ߞ|ሽ. Integrating in the region outside of the 
 :contour we have ߛ

ଵܫ ൌ
1

݅ߨ2 ර
1

ሻݖߞሺܣሻݖሺܣ ݖ݀ ൌ ෍ ݏܴ݁
௡

௞ୀଵఊ
൜

1
ሻݖߞሺܣሻݖሺܣ , ݖ ൌ  ௞ൠݖ

ൌ ෍
1

௞ሻݖߞሺܣ ෑ
1

௞ݖ െ ௝ݖ
ൌ ෍

1
௞ሻݖᇱሺܣ௞ሻݖߞሺܣ .

௡

௞ୀଵ

௡

௝ஷ௞

௡

௞ୀଵ

             

Integrating in the region inside of the ߛ contour we get 

ଶܫ ൌ
1

݅ߨ2 ර
1

ሻݖߞሺܣሻݖሺܣ ݖ݀ ൌ ෍ ݏܴ݁
௡

௞ୀଵఊ
൜

1
ሻݖߞሺܣሻݖሺܣ , ݖ ൌ  ൠߞ/௞ݖ

ൌ ෍
1

ሻߞ/௞ݖሺܣߞ ෑ
1

௞ݖ െ ௝ݖ
ൌ ෍

1
௞ሻݖᇱሺܣሻߞ/௞ݖሺܣߞ .

௡

௞ୀଵ

௡

௝ஷ௞

௡

௞ୀଵ

         

Taking into account Cauchy's result on contour integrals, we have 
ଵܫ ൅ ଶܫ ൌ 0 and this completes the proof.              □ 

We continue generalizing the previous result as follows: 

Theorem 5. Assume that the zeros ݖଵ, ,ଶݖ ڮ , ሻݖሺܣ ௡ of the polynomialݖ ൌ
௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ

௞ୀ଴  are distinct nonzero complex numbers. Let ߞଵ and ߞଶ be two 
complex numbers such that maxଵஸ௞ஸ௡ ቄቚ௭ೖ

఍మ
ቚቅ ൏ minଵஸ௞ஸ௡ሼ|ݖ௞/ߞଵ|ሽ. Then the 

following hold: 

෍
1

௞ሻݖᇱሺܣ

௡

௞ୀଵ

൮
1

ܣଵߞ ቀݖ௞ߞଶ
ଵߞ

ቁ
൅

1

ܣଶߞ ቀݖ௞ߞଵ
ଶߞ

ቁ
൲ ൌ 0, 

෍
1

௞ሻݖᇱሺܣ

௡

௞ୀଵ

൮
ܣ ቀݖ௞

ଵߞ
ቁ

ܣଵߞ ቀݖ௞ߞଶ
ଵߞ

ቁ
൅

ܣ ቀݖ௞
ଶߞ

ቁ

ܣଶߞ ቀݖ௞ߞଵ
ଶߞ

ቁ
൲ ൌ 0, 

෍
1

௞ሻݖᇱሺܣ

௡

௞ୀଵ

൮
௞ሻݖଵߞሺܣ

ܣଶߞ ቀݖ௞ߞଵ
ଶߞ

ቁ
൅

௞ሻݖଶߞሺܣ

ܣଵߞ ቀݖ௞ߞଶ
ଵߞ

ቁ
൲ ൌ 0. 
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Proof. We will begin by proving the last identity as follows, evaluating the 
integral ܫ ൌ ଵ

ଶగ௜ ׯ ஺ሺ఍భ఍మ௭ሻ
஺ሺ఍భ௭ሻ஺ሺ఍మ௭ሻ

ఊݖ݀  over the interior and exterior domains limited 

by ߛ, a circle centered in the origin with the radius ݎ, such that maxଵஸ௞ஸ௡ ቄቚ௭ೖ
఍మ

ቚቅ ൏

ݎ ൏ minଵஸ௞ஸ௡ሼ|ݖ௞/ߞଵ|ሽ. Integrating in the region inside of the ߛ contour we have 

ଵܫ ൌ
1

݅ߨ2
ර

ሻݖଶߞଵߞሺܣ
ሻݖଶߞሺܣሻݖଵߞሺܣ

ݖ݀
ఊ

ൌ ෍ ݏܴ݁ ൜
ሻݖଶߞଵߞሺܣ

ሻݖଶߞሺܣሻݖଵߞሺܣ
, ݖ ൌ

௞ݖ

ଶߞ
ൠ

௡

௞ୀଵ

 

ൌ ෍
௞ሻݖଵߞሺܣ

ܣଶߞ ቀݖ௞ߞଵ
ଶߞ

ቁ
ෑ

1
௞ݖ െ ௝௝ஷ௞ݖ

௡

௞ୀଵ

ൌ ෍
1

௞ሻݖᇱሺܣ ൮
௞ሻݖଵߞሺܣ

ܣଶߞ ቀݖ௞ߞଵ
ଶߞ

ቁ
൲ .

௡

௞ୀଵ

           

Integrating in the region outside of the ߛ contour we get 

ଶܫ ൌ
1

݅ߨ2 ර
ሻݖଶߞଵߞሺܣ

ሻݖଶߞሺܣሻݖଵߞሺܣ ݖ݀
ఊ

ൌ ෍ ݏܴ݁ ൜
ሻݖଶߞଵߞሺܣ

ሻݖଶߞሺܣሻݖଵߞሺܣ , ݖ ൌ
௞ݖ

ଵߞ
ൠ

௡

௞ୀଵ

 

ൌ ෍
௞ሻݖଶߞሺܣ

ܣଵߞ ቀݖ௞ߞଶ
ଵߞ

ቁ
ෑ

1
௞ݖ െ ௝௝ஷ௞ݖ

௡

௞ୀଵ

ൌ ෍
1

௞ሻݖᇱሺܣ ൮
௞ሻݖଶߞሺܣ

ܣଵߞ ቀݖ௞ߞଶ
ଵߞ

ቁ
൲ .

௡

௞ୀଵ

 

According to Cauchy's result on contour integrals we have ܫଵ ൅ ଶܫ ൌ 0, 
and the identity is proven. 

The other two identities can be proven using the same method, this time 

evaluating the integrals ܬ ൌ ଵ
ଶగ௜ ׯ ଵ

஺ሺ఍భ௭ሻ஺ሺ఍మ௭ሻ
ఊݖ݀  and ܭ ൌ ଵ

ଶగ௜ ׯ ஺ሺ௭ሻ
஺ሺ఍భ௭ሻ஺ሺ఍మ௭ሻ

ఊݖ݀  

over the interior and exterior domains limited by ߛ, where ߛ ൌ ሼ߳ݖԧ||ݖ| ൏  ,ሽݎ
with minଵஸ௞ஸ௡ሼ|ݖ௞|ሽ ൐ ݎ ൐ maxଵஸ௞ஸ௡ሼ|ݖ௞/ߞ|ሽ and we are done.           □ 

We continue with another general result as follows: 

Theorem 6. Assume that the zeros ݖଵ, ,ଶݖ ڮ , ሻݖሺܣ ௡ of the polynomialݖ ൌ
௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ

௞ୀ଴  are distinct nonzero complex numbers. Let ߞଵ and ߞଶ be two 
complex numbers such that maxଵஸ௞ஸ௡ ቄቚ௭ೖ

఍మ
ቚቅ ൏ minଵஸ௞ஸ௡ ቄቚ௭ೖ

఍భ
ቚቅ and 

maxଵஸ௞ஸ௡ ቄቚ௭ೖ
ଵ

ቚቅ ൏ minଵஸ௞ஸ௡ሼ|ݖ௞|ሽ. Then the following identities hold: 

෍
1

௞ሻݖᇱሺܣ ൮
1

ଵሻߞ௞ݖሺܣଶሻߞ௞ݖሺܣ ൅
1

ܣଵߞ ቀݖ௞
ଵߞ

ቁ ܣ ቀݖ௞ߞଶ
ଵߞ

ቁ
൅

1

ܣଶߞ ቀݖ௞
ଶߞ

ቁ ܣ ቀݖ௞ߞଵ
ଶߞ

ቁ
൲

௡

௞ୀଵ

ൌ 0, 
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෍
1

௞ሻݖᇱሺܣ ൮
௞ሻݖଶߞଵߞሺܣ

ଵሻߞ௞ݖሺܣଶሻߞ௞ݖሺܣ ൅
௞ሻݖଵߞሺܣ

ܣଶߞ ቀݖ௞
ଶߞ

ቁ ܣ ቀݖ௞ߞଵ
ଶߞ

ቁ
൅

௞ሻݖଶߞሺܣ

ܣଵߞ ቀݖ௞
ଵߞ

ቁ ܣ ቀݖ௞ߞଶ
ଵߞ

ቁ
൲

௡

௞ୀଵ

ൌ 0. 

Proof. We will start to prove the first identity as follows, evaluating the integral 

ܫ ൌ ଵ
ଶగ௜ ׯ ଵ

஺ሺ௭ሻ஺ሺ఍భ௭ሻ஺ሺ఍మ௭ሻ
ఊݖ݀  over the interior and exterior domains limited by ߛ, a 

circle with the radius ݎ centered in the origin, such that maxଵஸ௞ஸ௡ ቄቚ௭ೖ
఍మ

ቚቅ ൏

r ൏ minଵஸ௞ஸ௡ ቄቚ௭ೖ
఍భ

ቚቅ. Integrating in the region inside of the ߛ contour we have 

ଵܫ ൌ
1

݅ߨ2 ර
1

ሻݖଶߞሺܣሻݖଵߞሺܣሻݖሺܣ ݖ݀
ఊ

                   

ൌ ෍ ݏܴ݁ ൜
1

ሻݖଶߞሺܣሻݖଵߞሺܣሻݖሺܣ , ݖ ൌ
௞ݖ

ଶߞ
ൠ

௡

௞ୀଵ

 

ൌ ෍
1

ܣଶߞ ቀݖ௞
ଶߞ

ቁ ܣ ቀݖ௞ߞଵ
ଶߞ

ቁ

௡

௞ୀଵ

ෑ
1

௞ݖ െ ௝௝ஷ௞ݖ

       

ൌ ෍
1

௞ሻݖᇱሺܣ

௡

௞ୀଵ

൮
1

ܣଶߞ ቀݖ௞
ଶߞ

ቁ ܣ ቀݖ௞ߞଵ
ଶߞ

ቁ
൲      . 

Integrating in the region outside of the ߛ contour, we get 

ଶܫ ൌ
1

݅ߨ2 ර
1

ሻݖଶߞሺܣሻݖଵߞሺܣሻݖሺܣ ݖ݀
ఊ

                                                

ൌ ෍ ݏܴ݁ ൜
1

ሻݖଶߞሺܣሻݖଵߞሺܣሻݖሺܣ , ݖ ൌ
௞ݖ

ଵߞ
ൠ

௡

௞ୀଵ

                              

൅ ෍ ݏܴ݁ ൜
1

ሻݖଶߞሺܣሻݖଵߞሺܣሻݖሺܣ , ݖ ൌ ௞ൠݖ
௡

௞ୀଵ

                              

ൌ ෍
1

௞ሻݖᇱሺܣ

௡

௞ୀଵ

൮
1

ଵሻߞ௞ݖሺܣଶሻߞ௞ݖሺܣ ൅
1

ܣଵߞ ቀݖ௞
ଵߞ

ቁ ܣ ቀݖ௞ߞଶ
ଵߞ

ቁ
൲.    

According to Cauchy's result on contour integrals we have ܫଵ ൅ ଶܫ ൌ 0 and 
the identity is proven. 
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The other identity can be proved by using the same method, this time 
evaluating the integral ܬ ൌ ଵ

ଶగ௜ ׯ ஺ሺ఍భ఍మ௭ሻ
஺ሺ௭ሻ஺ሺ఍భ௭ሻ஺ሺ఍మ௭ሻ

ఊݖ݀  over the interior and exterior 

domains limited by ߛ, where ߛ ൌ ሼ߳ݖԧ| |ݖ| ൏ ሽ and maxଵஸ௞ஸ௡ݎ ቄቚ௭ೖ
఍మ

ቚቅ ൏ ݎ ൏

minଵஸ௞ஸ௡ ቄቚ௭ೖ
఍భ

ቚቅ and we are done.               □ 

3. Entropy Identities 

In this section we will present new identities in information theory, 
obtained by using some polynomials and their zeros. We will begin by 
particularizing the general polynomial considered in Theorems 1 and 2, and we 
will obtain the following: 

Theorem 7. Let the distinct non-zero complex numbers ݖଵ, ,ଶݖ ڮ ,  ௡ be theݖ
zeros of the complex polynomial ܣሺݖሻ ൌ െ ଵ

ுሺ௑ሻ
൅ ∑ ܽ௞ݖ௞௡ିଵ

௞ୀଵ ൅ ଵ
ுሺ௑ሻ

,௡ݖ ܽ௞ ് 0 

for 1 ൑ ݇ ൑ ݊. Then we will have 

ሺܺሻܪ ൌ ෍
1

௞ሻݖᇱሺܣ௞ݖ ൌ ෍
௞ݖ

௡ିଵ

௞ሻݖᇱሺܣ

௡

௞ୀଵ

௡

௞ୀଵ

. 

Proof. It follows from Theorems 1 and 2, by particularizing the general 
polynomial ܣሺݖሻ with ܽ଴ ൌ െ ଵ

ுሺ௑ሻ
 and ܽ௡ ൌ ଵ

ுሺ௑ሻ
.             □ 

We will continue by presenting a consequence of Theorem 4, for which 
we will consider a random complex number. 

Corollary 8. Let ܣሺݖሻ ൌ ௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ
௞ୀ଴  be a polynomial of degree ݊ 

with ݊ ൒ ,ଵݖ ,ሻ has ݊ distinct zerosݖሺܣ .2 ,ଶݖ ڮ , ௡ାଵݖ ௡, withݖ ൌ ܽ ് ,௞ݖ 1 ൑ ݇ ൑
݊ and ߞ a complex number for which minଵஸ௞ஸ௡ାଵሼ|ݖ௞|ሽ ൐ maxଵஸ௞ஸ௡ାଵ ቄቚ௭ೖ

఍
ቚቅ . 

Then 

1
ܽ ൌ

ሺ1 െ ܣሻܽߞሺܣሺܽሻܣሻߞ ቀܽ
ቁߞ

ܣ ቀܽ
ቁߞ െ ሻܽߞሺܣ

 

෍
1

ሺݖ௞ െ ܽሻܣԢሺݖ௞ሻ ቎
1

ሺݖߞ௞ െ ܽሻܣሺݖߞ௞ሻ ൅
1

ሺݖ௞ െ ܣሻܽߞ ቀݖ௞
ߞ ቁ

቏ .
௡

௞ୀଵ
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Proof. We will use the polynomial ܣመሺݖሻ ൌ ሺݖ െ ܽሻܣሺݖሻ with its distinct zeros 
,ଵݖ ,ଶݖ ڮ , ௡ାଵݖ ௡ାଵ, whereݖ ൌ ܽ. We apply the result of Theorem 4 for the 
polynomial ܣመ, taking into account that ܣመᇱሺݖሻ ൌ ሻݖሺܣ ൅ ሺݖ െ ܽሻܣᇱሺݖሻ and we 
obtain 

1
ሺܽሻܣ ൮

1
ܽሺߞ െ 1ሻܣሺܽߞሻ ൅

1

ߞܽ ቀ1
ߞ െ 1ቁ ܣ ቀܽ

ቁߞ
൲ 

൅ ෍
1

ሺݖ௞ െ ܽሻܣᇱሺݖ௞ሻ ቌ
1

ሺݖߞ௞ െ ܽሻܣሺݖߞ௞ሻ ൅
1

ߞ ቀݖ௞
ߞ െ ܽቁ ܣ ቀݖ௞

ߞ ቁ
ቍ

௡

௞ୀଵ

ൌ 0, 

which is equivalent to 

1
ሺ1 െ ሺܽሻܣሻܽߞ ቌ

1
ሻܽߞሺܣ െ

1

ܣ ቀܽ
ቁߞ

ቍ 

ൌ ෍
1

ሺݖ௞ െ ܽሻܣᇱሺݖ௞ሻ

௡

௞ୀଵ

ቌ
1

ሺݖߞ௞ െ ܽሻܣሺݖߞ௞ሻ ൅
1

ሺݖ௞ െ ܣሻܽߞ ቀݖ௞
ߞ ቁ

ቍ, 

and the conclusion follows.                □ 

We continue by presenting a result that binds the zeros of a polynomial 
and the entropy of a random variable. 

Theorem 9. Let ܣሺݖሻ ൌ ௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ
௞ୀ଴  be a polynomial of degree ݊, with 

݊ ൒ ,ଵݖ ሻ has ݊ distinct zerosݖሺܣ .2 ,ଶݖ ڮ , ௡ାଵݖ ௡, such thatݖ ൌ ሺܺሻܪ ് ,௞ݖ 1 ൑
݇ ൑ ݊ and ߞ a complex number with minଵஸ௞ஸ௡ାଵሼ|ݖ௞|ሽ ൐ maxଵஸ௞ஸ௡ାଵ ቄቚ௭ೖ

఍
ቚቅ. 

Then 

1
ሺܺሻܪ ൌ

ሺ1 െ ܣሺܺሻ൯ܪߞ൫ܣሺܺሻ൯ܪ൫ܣሻߞ ൬ܪሺܺሻ
ߞ ൰

ܣ ൬ܪሺܺሻ
ߞ െ ሺܺሻሻ൰ܪߞሺܣ

 

෍
1

ሺݖ௞ െ ௞ሻݖԢሺܣሺܺሻሻܪ

௡

௞ୀଵ

቎
1

ሺݖߞ௞ െ ௞ሻݖߞሺܣሺܺሻሻܪ ൅
1

൫ݖ௞ െ ܣሺܺሻ൯ܪߞ ቀݖ௞
ߞ ቁ

቏. 

Proof. It follows directly by replacing ܽ with ܪሺܺሻ in the last corollary.           □ 
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We will try to present a more detailed result, in order to provide a new 
identity related to entropy. 

Theorem 10. Let ܣሺݖሻ ൌ ௡ݖ ൅ ∑ ܽ௞ݖ௞௡ିଵ
௞ୀ଴  be a polynomial of degree ݊ 

with ݊ ൒ ,ଵݖ ሻ has ݊ distinct zerosݖሺܣ .2 ,ଶݖ ڮ , ௡ାଵݖ ௡ withݖ ൌ ௫ܪ ൌ
݃݋ሻ݈ݔሺ݌ ଵ

௣ሺ௫ሻ
് ,௞ݖ 1 ൑ ݇ ൑ ݊. Let ߞ be a complex number such that 

minଵஸ௞ஸ௡ାଵሼ|ݖ௞|ሽ ൐ maxଵஸ௞ஸ௡ାଵ ቄቚ௭ೖ
఍

ቚቅ.  Then we will have 

ሺܺሻܪ ൌ ෍ ൞
ܣ ቀܪ௫

ߞ ቁ െ ௫ሻܪߞሺܣ

ሺ1 െ ܣ௫ሻܪߞሺܣ௫ሻܪሺܣሻߞ ቀܪ௫
ߞ ቁ௫א௑

 

቎෍
1

ሺݖ௞ െ ௞ሻݖᇱሺܣ௫ሻܪ

௡

௞ୀଵ

ቌ
1

ሺݖߞ௞ െ ௞ሻݖߞሺܣ௫ሻܪ ൅
1

ሺݖ௞ െ ܣ௫ሻܪߞ ቀݖ௞
ߞ ቁ

ቍ቏ቑ

ିଵ

, 

where ݌ሺݔሻ ൐ 0 is a mass probability function. 
Proof. It follows by summating, over ݔ א ܺ, the result obtained applying 
Corollary 8 for ܽ ൌ ௫ܪ ൌ ݃݋ሻ݈ݔሺ݌ ଵ

௣ሺ௫ሻ
.              □ 
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