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GENERALIZED DUALITY FOR SEMI-INFINITE MINIMAX
FRACTIONAL PROGRAMMING PROBLEM INVOLVING
HIGHER-ORDER (@, p)-V-INVEXITY

Anurag Jayswal®, I.M.Stancu-Minasian?, Andreea Midilina Stancu®

In [22], we introduced the concept of higher-order (®,p)-V -invezity and pre-
sented two types of higher-order dual models for a semi-infinite minimax fractional pro-
grammaing problem. Weak, strong and strict converse duality theorems were discussed
under the assumptions of higher-order (®, p)-V -invezity to establish a relation between
the primal and dual problems. In this paper, we give one more generalized dual model
for semi-infinite minimaz fractional programming problem involving higher-order (®, p)-
V-invezity and prove duality results.
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1. Introduction

A mathematical programming problem with a finite number of variables and infin-
itely many constraints is called a semi-infinite programming problem. Due to important
applications of semi-infinite programming problem, a growing interest in semi-infinite op-
timization may be observed in the last two decades. Semi-infinite programming problems
arise in several areas of modern research such as, robotic trajectory planning [23], production
planning [26] digital filter design [18] and air pollution control [24], transportation theory
[17], engineering design [20].

The study of higher order duality is significant due to the computational advantage
over first order duality as it provides higher bounds for the value of the objective function
of the primal problem when approximations are used, because there are more parameters
involved.

Higher-order duality in nonlinear programming has been studied by some researchers,
see [1, 2, 8, 10, 12, 13, 14, 15, 16, 19].

Recently, the concept of (®, p)-invexity has been introduced by Caristi et al. [9] to
extend fundamental theoretical results of mathematical programming, while, Antczak [5, 6]
introduced the notion of (®, p)-V-invexity by combining the concepts of (P, p)-invexity and
the notions of V-invexity.

In [21], Sarita and Gupta proved duality theorems for higher-order Wolfe and Mond-
Weir type duals of the vector optimization using the concept of higher-order (®, p)-V-invex
function. In [22], we introduced the concept of higher-order (®, p)-V-invexity and presented
two types of higher-order dual models for a semi-infinite minimax fractional programming
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problem. Weak, strong and strict converse duality theorems were discussed under the as-
sumptions of higher-order (®, p)-V -invexity to establish a relation between the primal and
dual problems. In this paper, we give one more generalized dual model for semi-infinite min-
imax fractional programming problem involving higher-order (@, p)-V-invexity and prove
duality results.

In this paper, we consider the following semi-infinite minimax fractional programming
problem involving higher-order (@, p)-V-invexity:

. fi(x)
(P) min max @

subject to Gj(z,t) < 0, forallteT;, j=1,2,..,4q,
Hi(z,s) = 0, foralseS;, j=12,..,r
z € X

where f; : X - R, g; : X —» R,i € I = {1,2,...,p}, are real-valued functions defined
on a nonempty open subset X of R™ such that, for each i € I, g;(z) > 0 for all z € X,
T;,5€J={1,2,...,q},and Sy, k € K = {1,2,...,r}, are compact subsets of complete metric
spaces, * — Gj(z,t) is a function on X for all t € T}, x — Hy(z, s) is a function on X for
all s € S, for each j € J and k € K,t — G;(x,t) and s — H(z,s) are continuous real-
valued functions defined, respectively, on T} and Sy, for all x € X satisfying the constraints
of problem (P). Let D = {z € X : G(z,t) <0, forallt € T},j = 1,2,...,q, Hx(z,s) =
0, for all s € S,k =1,2,...,7} be the set of all feasible solutions of (P).

The plan of the paper is as follows. In Section 2, we give some notation and definitions
used throughout the paper. In Section 3, we discuss duality between the primal problem
and a generalized dual model, and finally Conclusion are given in Section 4. Furthermore,
the results obtained in this paper extend and generalize the results of Antczak and Zalmai
[7] to a class of higher-order duality.

2. Notation and Preliminaries

Let R™ be the n-dimensional Euclidean space and R’} be its nonnegative orthant. Let
X be an open subset of R". First, we recall the following definitions.
Definition 2.1 [7] The tangent cone to the feasible set D of problem (P) at Z € D is the
set
T(D;z)={h € R": h= lim t,(z" — Z) such that 2" € D,
n—oo
lim 2" =Z, and ¢, >0 foralln=1,2,....}
n—oo
Definition 2.2 [7] Let Z € D. The linearizing cone at Z for problem (P) is the set defined
by
C(z) = {h € R": (VG;(Z,t),h) <0 for all t € Tj(%),5 = 1,2, ..., q,
(VH(Z,s),h) =0 for all s € S,k =1,2,...,r},

where Tj(gf) ={teT;:Gxt)=0},j =12, ..,gand <,> denotes the Euclidean inner
product.

Definition 2.3 [7] The problem (P) satisfies the generalized Abadie constraint qualification
at a given point Z € D if the following relation C(z) C T'(D;Z) holds.

Now, we give the definition of (strictly) higher-order (®, p)-V-invex function.

Let f: X — R¥ and # : X x R® — R" be differentiable functions. Also, consider
the function ® : X x X x R"*! — R, where ®(z,Z,.) is convex on R &(z,%,(0,a)) >0
for all x € X and every a € Ry, p = (p1,p2,...,pr) € R¥ and real-valued functions o :
X x X = R\ {0},i=1,2,..k
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Definition 2.4 [22] A function f is said to be higher-order (®, p)-V-invex at T € X if
file) = £(Z) = 0:(Z,p) + p" Vpbi (%, p)

2 (I)(xa:faat(mvf)(vxfz(i’) + vpaz(i'vp)apz))ﬂz = 1327 "'7k7 (1)

hold for all (x,p) € X x R™.

If each function f;,i = 1,2,...,k, satisfies the inequality (1) at each x € X, then
fi,i=1,2,...,k is said to be higher-order (®, p;)-a;-invex at T on X.
Definition 2.5 [22] A function f is said to be strictly higher-order (®, p)-V-invex at T € X
if

filz) = fi(®) — 0:(2,p) + p" V,0(Z, p)
> O(x,z,0(x,2) (Vo fi(Z) + Vi (Z,p), pi), i = 1,2, ..., k, (1)

hold for all (x,p) € X x R™.

If each function f;,i = 1,2,...,k, satisfies the inequality (1’) at each z € X, then
fi,i=1,2,....k is said to be strictly higher-order (®, p;)-a;-invex at T on X.
Remark 2.1 In order to define an analogous class of higher-order (®, p)-V-incave functions,
the direction of the inequalities in (1) should be changed to the opposite one.

We shall need the following result in our discussion, which provides an alternative
expression for the objective function of (P).
Lemma 2.1 [7] For each z € X,

_ fi(z) _ i=1
o(z) = max = max ———,
1<i<p g;(x)  XeA

where A = {)\ = ()\1,)\27...,)\1,) € RPN\ >0, i i = 1}
i=1

Now, we recall a necessary optimality result for (P) which was established in Zalmai
and Zhang [29].
Theorem 2.1 Let T € D be an optimal solution for (P) with the corresponding optimal value
equal to v = max fl(:f),

1<i<pg;(T

continuously differentiable at T, the generalized Abadie constraint qualification be satisfied
at T and the set cone {VG;(Z,t) : t € Tj(f),j = 1,2,...,q}+ span {VH(Z,s) : s €
Sk, k = 1,2,...,7} be closed. Then there evist X € A and integers wo and w, with 0 <
wo < w < n+ 1, such that there exist wy indices j,, with 1 < 7, < q, together with wq
points t" € ij(af) ={tel;, G, (,t)=0},m=12,.., 0,0 — Wy indices k,,, with
1 < k,,, <, together with W — wo points s™ € Sy, ,m = Wo + 1,...,w and W real numbers
[ With [, > 0,m =1,2,..., W, such that the following conditions are satisfied:

the functions t — G,(z,t),t € T; and s — Hy(z,s),s € Sk be

p wo w
Z Ai{v fi(@) — v 9:(Z)} + Z fim 7 Gy, (Z,17) + Z fir 7 Hy, (2,") =0,
i=1 m=1 l=wo+1

/\z[fv(f) - ’Dg,(f)] = O,Z = ]., 2, ey P
We shall henceforth refer to Z € D as a normal feasible solution of problem (P) if the
generalized Abadie constraint qualification is satisfied at Z, and if the set cone {VG,(Z,1) :
t € Tj(g’c),j =1,2,...,q}+ span {VH(Z,s) : s € S,k = 1,2,...,r} is closed, where cone
(A) is a conic hull of A (i.e., the smallest convex cone containing A), span (A) is the linear
hull of A (i.e., the smallest subspace containing A).
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In the remainder of this paper, we shall assume that the functions f;,g;,i = 1,2, ..., p,
& — G;(&,t) and & — H(§, s), are continuously differentiable on X for all t € T}, j € J,
and s € Sk, k € K. We denote

H:{(uﬂy,)‘aﬂavawaw()aonaK'w\wg,{ag) :uGX,yGR”,AGA,v€R+,0§wO§w
<n+lipe R pi>0,1<i<wo;Juw, = {J1,72, s Juwo }> 1 < Ji < g,
Kw\wo = {kwo+1akﬂio+27-"7kw}a 1 S k’L S T’{E (t17t27~'-7tw0)7ti € j}iv

5= (swotl swot2 5%, 5" € Sy, ).

3. Generalized duality model

In this section, we need some additional notation for the following generalized dual
problem (D). Let wy and w be integers, with 1 < wy < w < n+ 1, and let{Jo, J1,..., Jar}
and {Ko, K1,..., Ky} be partitions of the sets {1,2,...,wo} and {wg + 1,...,w}, respec-
tively; thus, J; C {1,2,..,wo} for each i € {1,2,...M}J{0}, JiNJ; = 0 for each
i,7 € {1,2,..., M} |J{0} with ¢ # j, and Ui]\io Ji = {1,2,...,wp}. Similar properties hold
for {Ko, K1, ..., Kpr}. Moreover, if m; and mgy are the numbers of the partitioning sets of
{1,2,...,wo} and {wyp+1, ..., w}, respectively, then M = max{m;,ms} and J; = § or K; = 0,
for ¢ > min{my,ma}.

Now, we propose a generalized higher-order dual for (P) as follows:

(D) sup v
(Y s X 11,0,0,w0, Jwg s K\ wyy »,5) EH
p wo w
DALY filw) =T g} + D i VG (w, ™)+ Hyg (u,8)+
= m=1 l=wo+1
ZA V., i(u,y) —vSi(u,y) +Z 1 V3 (w7 9) + YV H, (u, ') =0, (2)
m=1 l=wo+1
[fi( ’1)91 Z wmG Jm u tm Z pmHy,, (uvsm) + [fﬂ(u,y) - ng(uvy)]
meJy meKy
"V [Fi(w,y) = 0Gi(w, ) + Y pn s, (™ y) = Y py” VI, (7 y)
meEJo meEJo
+ Z wmHpe,, (u, 8™, y) — Z iyt VyHe, (u,s™,y) >0, i =1,2,...,p, (3)
meKy meKy
Z s Gy, (u, t™) + Z tim Hy,, (u, s™) + Z tmJj,, (u, £ y) — Z pmy” VI
meJd, meK, medJd, medJd,
(W t™ )+ > e H, (5™, 9) = > iy VyHa, (5™, y) >0, 0= 1,2, M, (4)
mekK, meK,

where J; : X xR" - R, §;: X xR" = R,i=1,2,..,p,J;, : R"xT; x R" — R,m =
1,2,...,wo, and Hy, : R" x Sp x R* = R,l =wp + 1,...,w are dlﬁerentlable functions.

Let © = {(u,y, A, t, v, W, Wo, Juwy, K\ w1, 5) € H : satisfying (2)-(4)} be the set all

feasible solutions of dual problem (D). Moreover, let prx© = {u € X : (u,y, A\, pt, v, w, wo,
Jwer Kunwyst,5) € O} be the projection of © on X.
Remark 3.1 Let F;(u,y) = %yTV2fi(u)y, Gi(u,y) = %yTVZQi(u)y,i €3 (u,t™y) =
1yTV2G,, (u, t™)y,m = 1,2,...,wy and Hg,, (u,s™,y) = syTV2Hy,, (u,s™)y,m = wo +
1,...,w. Then (D) reduces to the second order dual (SPD3) in [7]. If in addition, y = 0, then
we get the dual (D) formulated in [30].

We take a; : X x X — Ry \{0},5; € Rii=1,2,...pand 5, : X x X — Ry \ {0}, 5, €
Ru=1,2,.., M.
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Theorem 3.1 (Weak Duality) Let = and (u,y, A, i, v, w, Wo, Juwg, Ku\w, t,5) be feasible
points for (P) and (D), respectively. Suppose that [fi(.) —vg:()] + > pmGj,, (., t™) +

meJo
S umHg, (., 8™) for i = 1,2,...,p is higher-order (®,p;)-a;-inver at uw on D U prx®.
meKy
Also, let >~ pmGy,, (™) + > wmHg, (., ™) for o =1,2,..., M be higher- order (®,p,)-
meJ, meK,
B,-invexr at uw on D U prx© and the inequality

p M
Z Aipi + ZpL >0
=1 =1

holds. Then o(x) > v
Proof. By the assumption of higher-order (®, p;)-cy-invexity of [f;(.) —vg:()]+ > pmGj,,
meJy
(L t™ + > pmHg, (,8™) for i =1,2,....,p at u on D Uprx©, we have
meKo

[fi2) = vgi(@)]+ Y G (@, t™) 4 Y pn i, (2,8™) = {[fi(u) — vgi(w)]

meJo meKy
+ Y G (w ™)+ Y Hy,, (8™} = {[Fi(uy) — 053 (u, )]+
meJy meKoy
) i, (™) + Y T, (5™ )+ YTV [Fi () — v (u,y)] +
meJo meKy
+ > i VyTim (W™ ) + Y VI, (u, 5™, y)}
meJo meKo
> ®(2,u, 00 (2, w) ([ fi(w) =07 gi(W] + Y o 7 G (W t™) + Y pon 7 Hie,, (1, 8™)
meJy meKy
HVy(Fi(w,y) = 0Gs(w, )] + Y 1mVyT,, (1™, y)
meJo
+ Z .u“mvyg{km (ua 5m7 y)7 ﬁl))?z = 17 2a Ry 4
meKo
On utilizing the feasibility of « for (P) and dual constraint (3) the above inequality yields
[fz (-1') - Ugi] > o (x?uvai (xa u) [vfz( ) - UVgZ Z MmVGjm (u " )
meJo
S b ¥ Hi, (1,5™) + [V, (F: () — 095 (0, ) 1+
meKy
+ Z /J/mv ij a Z ﬂmv g{k 7y)7pAZ))7Z = 1727 Ry
meJg meKo
DY N
Take T = ; m -+ ;m It is easy to see that T > 0

Now multiplying the above inequalities by > 0,i=1,2,...,p, then summing, we

Ta(x,u)
obtain

> s ) — (o) > 3 b ) (7 £i0) 09 i)

i=1 Z i=1

+ Z tim 7 Gj,, (u, ™) + Z tan V7 Hg,,, (u, s™)

medJo meKy
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+HVy (Filu, y) —v5i(u, y)) Z pmVyds, (u, t™,y)

meJo
+ Z vayj{km(ua Sm7y)7ﬁi))~ (5)
meK
Now, by using higher-order (®, p,)-3,-invexity of > pmGj, (., t™)+ > pmHr,, (.,s™)
meJ, mekK,

forc =1,2,...,M at uon D U prxO, we obtain

Z NmGjm(x7tm) + Z NmHkm(xﬂ Sm) _{ Z NmGjm(uﬂtm) + Z MmHkm(uﬂsm)}

meJ, meK, meJ, meK,
D i Ti, (™) + D M, (5™ )+ YLD VT, (0,7 )+
meJ, mekK, meJ,
+ 3 V3, (u, 5™, y)}
meK,
> @(z,u,ﬂb(x,u)( Z ,U'vajm(uvt Z vaHk u, s™ Z ﬂmv jjm )t 7y)
med, meK, med,
+ Z vaykm(uasmﬂ)a@))v L:1727"'7M'
mekK,

On utilizing the feasibility of 2 for (P) and dual constraint (4), the above inequality yields

O(w,u, By () D o 7 G (W A™) 4+ Y pin V Hiey (0, 5™) + > VT, (w7 )
medJ, mekK, medJ,

+ Z vayj{km( S 7y) )) < 0 2 _1 2 M (6)
mekK,

Multiplying each inequality (6) by " (w o >00=12,.., M, and then summing up these
inequalities, we get
M

1
Z mfb(:&u,ﬁb(x,u)( Z Hm / Gjm (u,tm) -+ Z o Hkm (u7 Sm)
=1 LA medJ, mekK,
+ D VT, (Wt y) Yt VyH, (w5, ), p)) < 0. (7)
med, meK,

By adding (5) and (7), we get

p p
i
_ ] > T _
> ey )~ ) 2 3 e (7 ) 0 i)
Y b VG (™) > i 7 Hi,, (1, 5™)
meJy meKo
+[Vy(3~z(ua y) - ’USZ(U,y))] + Z vayjjm (u’ tm’ y) + Z vayg{km (u’ vay)’léi))
meJo meKoy
1
+Z ®(z,u, B, (z,u) Z Pm N7 i, (u, t™ Z tan 7 Hi,,, (u, s™)
TBu(, u) meJ, mekK,

+ > VT, (™) + Y e VyH, (1, 8™, y), 51)-

med, meK,
Using the convexity of ®(z,u,(.,.)) on R""!, the above inequality implies that
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p
Z’TO[Z

(@) = vgi(a)) = @ (xu (1 [Z AL 1) =0 7 i)+

=1
p
5 bt VG )+ S o 7 He (,5™) + S0 ALV (i () — 0Gi(u, )]
meJg meKy i=1
+ Z Hm'Vy j]m Z HmVy fch +Z Z Hm ijm u, t™)
meJy meKy =1 meJ,
+Z Z tm 7 Hg,, (u,s™ +Zz,umv T (u, ™, y)
=1 mekK, =1 meJ,
M 1 [2 M
+Z Z /‘mvyg{km (uvsmay)‘| 7; [Z >\z/32 + Zﬁb‘|>> .
t=1mekK, =1 =1

Thus,

p
D e
i=1 v

() —vgi(x)] = © ( ( [ZA v filu) —v 7 gi(w)]+

14

D VG (™) D>V Hi, (u,5™) + N[V,

m=1 m=wp+1 =1

(3:1(”7 y) - Ugi(ua y))] + Z PmVylj,, (u7 ", y)

m=1
1[0 &
,T[;AW;@D}O

P
where the last inequality is according to the dual constraint (2), the hypothesis > A\;p; +
i=1

+ Z umvyg{km (U,Sm,y)

m=wp+1

S

E p. > 0, and the fact ®(z,u, (0,a)) >0, a € Ry. Hence

=
P
> e (@) ~ vt 2 0
Since 7 > 0, the above inequality gives

> %[fi(w) —vgi(z)] > 0. (8)

o (@)

Using this inequality and Lemma 2.1., we see that

fi (z) iy Aifi (o)
p(x) = . ISH%)S( » g: (7) = max m (by Lemma 2.1)
D) by (s)

> Li=17 AT/
- Zl 1 Aigi (%)
This completes the proof. [
The proof of the following Theorems 3.2 and 3.3 can be obtained by a similar way as
Theorems 3.2 and 3.3 in [22]. Therefore, we simply state them here.



36 Anurag Jayswal, I. M.Stancu-Minasian, Andreea M&dalina Stancu

Theorem 3.2 (Strong duality) Let Z be a normal optimal solution for (P). Assume that

)

(§c70 0; Vy 3"(30 0)=0,:=1,2,...,p,
0) =0 V, Gi(%.0) = 0.i= 1.2, ...,
0;

= (T
0; Vy Hp, (gz,sl,o) =0,l=wo+1,..,w.

Then there exist A € A, 7 € ,0 <wg <w < n+lpe R gy, > 0,1

m < Wo; Jo, = {J1:J2s s Jwe b1 < Jm < ¢ Kavay = {Kkao+1, kagt2s - ko), 1 < ki

t = (2, 1)t € Ty 5 = (sPotl s%0+2 | s®) sl € Sy, such that (z,§ =
O,Xﬂ,@@,ﬁ)meO,Kw\wo,f 3) is feasible for (D) and the corresponding objective values
of (P) and (D) are equal. Further, if the conditions of the weak duality Theorem 3.1 holds
for all feasible solutions of (D), then (Z,7 = 0, \, i, 7, W, wo,JwO,Kw\wo,t 5) is optimal for
(D).
Theorem 3.3 (Strict converse duality) Let T be a normal optimal solution of (P) and
(@, 7, \, i, U, W, Wo, meKw\wmt:, 3) be an optimal solution of (D). Suppose that

[fi(.) —vgi(.) Z fim Gy, (- 2™) + Z P H,,, (-, 8™)

meJy meKy

INIA

for i=1,2,...,p is strictly higher-order (D, p;)-a;-invex at @ on D U prx©. Also, let

D imG (™) 4 D A Hi, (5 8™)

meJ, meK,

for v =1,2,..., M be higher-order (®,p,)-B,-invex at @ on D U prxO and the inequality
p M
Z j\szz + Z ﬁL > 0
i=1 =1
holds. Then T = u, that is, u is an optimal solution for (P).

4. Conclusions

In this paper , we have formulated a higher-order generalized dual model for a semi-
infinite minimax fractional programming problem and proved appropriate duality relations
involving higher-order (®, p)-V-invex functions. The methods used here can be extended to
the study of nonsmooth variational and nonsmooth control problems, which will orient the
future research of the authors.
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