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GEOMETRY OF STATISTICAL F-CONNECTIONS ON THE
ANTI-KAHLER MANIFOLD

Cagri Karaman', Aydin Gezer?

Let Moy be an anti-Kdhler manifold with an almost complex structure F,
a pseudo-Riemannian metric g and a totally symmetric (0, 3)-tensor field C. We first
introduce statistical F'-connections which are a special class of a—connections on Moy
and derive the conditions under which its curvature tensor field is holomorphic. Then,
we present some local results concerning with curvature properties of the connection and
the tensor C'.
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1. Introduction

An anti-Kéhler manifold means a triplet (May, g, F') which consists of a 2k—dimensional
differentiable manifold My, an almost complex structure F' and a pseudo-Riemannian met-
ric g such that

g(FX,Y) = g(Xa FY)

and

VIF =0 (1)
for all vector fields X and Y on My, where V9 is Levi-Civita conneciton of g. Such
manifolds are also referred to as generalized B-manifolds [3] or as almost complex manifolds
with Norden metric [1] or as almost complex manifolds with B-metric [2]. The condition
(1) is equivalent to ® ;9 = 0, where ®; is the Tachibana operator [8]: (®;9)(X,Y,Z) =
(Lixg—LxG)(Y,Z), where G(Y, Z) = (go J)(Y, Z) = g(JY, Z) is the twin anti-Hermitian
metric. Also, ®;g = 0 means that the pseudo-Riemannian metric g is holomorphic [4].
Denote by RY the Riemannian curvature tensor on the anti-Kahler manifold (May, g, F).
The following properties are satisfied:

i) The Levi-Civita connection V7 is holomorphic, that is, V%Y = VL FY = FV%Y
(5,

1) The Riemannian curvature tensor RY is holomorphic, that is,

(¢FRg)(X7 Y17 Y27 YSa Y4) = 07
where [4, 7]
(¢FRg)(Xa Y17 Y27 Y3a Y4) :(V%XR)(X/h Y2a }/3; Y4) - (V!)](R)(Fna Y2a }/3; Y4)

There are two equivalent ways of defining a statistical manifold. One of them is to
define a totally symmetric tensor C' on a (pseudo-)Riemannian manifold (M, g) and then
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define the statistical manifold by the triplet (M, g, C). The second one is a triplet (M, g, V),
where V is a torsion-free linear connection on M and C : Vg as a (0, 3)—tensor field on M
is symmetric in all arguments. The tensor C is called cubic form. In the paper, we aim
to study the geometry of statistical F-connections on the anti-Kéhler manifold (Mag, g, F).
Some global and local results are presented.

2. Statistical F-connections on the anti-Kahler manifold

In the following, let (Mag, g, F') be an anti-K&hler manifold. An anti-K&hler manifold
(Msg, g, F) equipped with cubic form C will be called an anti-Kéhler statistical manifold.
For a real number «, we consider a linear connection on the quadruble (Mayg, g, F, C) given
by
() o
VxY =V%Y - gC(X, Y).

(o)
The connection V is the unique connection satisfying the properties [6]:
(o)
i) V is a torsion-free linear connection,

(@)
i) (Vxg)(Y,Z)=aC(X,Y,Z), where C(X,Y,Z) = g(C(X,Y), Z).
In particular, if we choose the cubic form C' satisfying the following condition
CFX,)Y,Z)=C(X,FY,Z)=C(X,Y,FZ) (2)
that is, C' is pure with respect to F (for pure tensors, see [7]), then the following holds:

(@)

(VF)Y =0.

We shall call such a connection a statistical F'-connection.
Recall the curvature tensor field R of a linear connection V is the tensor field

R(X,Y)Z =VxVyZ —-VyVxZ— V[X,y]Z.

When V is torsion-free, [X,Y] = VxY — Vy X. then the curvature tensor field transforms
into

R(X,Y)Z =VxVyZ -VyVxZ— VvaZ + VVY)(Z.
The (0,4)—curvature tensor field R is defined by R(X,Y, Z, W) = g(R(X,Y)Z,W).

Proposition 2.1. The (0,4)— curvature tensor field R of the statistical F-connection on
the anti-Kdahler statistical manifold (May, g, F, C) satisfies

R@(X,Y,Z,W) = RIX.,Y,Z, W)+%{(V§O)(X, Z.W) — (V4CO)(Y, Z, W)}

2
+HOX W,O(Y. 2)) = C(Y. W, C(X, 2))}
for all vector fields X,Y, Z.

Proof. By definition of the statistical F-connection and of curvature tensor field, standard
calculations give the result. |

Proposition 2.2. The (0,4)— curvature tensor field R of the statistical F— connection on
the anti-Kdhler statistical manifold (May, g, F, C) is pure with respect to F if the cubic form
C is holomorphic, that is, (V% C)(Y1,Y2,Y3) = (V4 C)(FY1,Ys,Y3).

Proof. As is known that on an anti-Kahler manifold, the Riemannian curvature tensor field
is pure. Also, the contracted tensor product of pure tensors is pure. The cubic form C on
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the anti-Kéhler manifold (May, g, F') is holomorphic if and only if ¢»C = 0, where ¢ is the
Tachibana operator applied to the cubic form C given by

(¢FC)(X7 Y17Y27}/3) = (V%XC)(Yl,YZaYS) - (vg(c)(FYhYQv}/}))

for all vector fields X, Y7, Y5, Y3. This means that the covariant differentiation of the cubic
form C' with respect to the Levi-Civita connection V¥ is pure. The set of all pure tensors
of arbitrary type is an algebra over the real numbers R [7]. Hence, when we take into
account of the expression of the curvature tensor field R(®) of the statistical F-connection
we can immediately say that the curvature tensor field R(®) is pure if the cubic form C is
holomorphic. This completes the proof. ]

The purity of the curvature tensor field of a linear connection is a necessary and
sufficient condition for the connection to be holomorphic [5, 7]. Thus, as a direct result of
Proposition 2.2, we get:

Corollary 2.1. On the anti-Kdhler statistical manifold (May, g, F,C), the statistical F'-
(@) (@) (@)
connection is holomorphic, that is, V (px)Y = Vx(FY)=FV xY.

Theorem 2.1. The (0,4)— curvature tensor field R©*) of the statistical F-connection on the
anti-Kahler statistical manifold (May, g, F, C') is holomorphic.

Proof. When applying the Tachibana operator to the curvature tensor field R(®) of the
statistical F'-connection, we have

(prR“)(X,Y1,Y2,Y3,Ys) = (Vi R)(Y1,Ys,Ys,Yy)
_(vg(R(a))(FYla}/Q7Y37Y4)

(0%
= (VExR)(V1, Y2, Ya, Ya) + S {VEx (VE,0) (Y1, Vs, Ya)

2
Vi (V4,O) (¥, Ya, Yi)} + - {(Vhx C) (V1. Vi, O(¥2, Y3))
+C(Y17Y4’ (V!I]?‘XC))(Y%YB) - (V%Xc)(YZa Y;b C(Yla YS))
—C(Y2,Ys, (Vi 0))(Y1,Y3)} — (VS RY)(FY1,Ys, Y3, Yy)
— AV (VE,O)(FY1, Y, Ya) + V (Viy, O)(Ya, Ya, Y1)}

O (T4 OV, Y. Y2 i) + C(FY Vi, (VO (. i)
—(V%C)(Ya, Yy, C(FY1,Y3)) — C(Ya, Yy, (V5 C))(FY1,Y3)}.

In view of the holomorphy of the cubic form C' and the Levi-Civita connection V9, the
relation above reduces to

(prRW)(X,Y1,Ya,Y3,Ys) = (VhyRI)(Y1,Ys,V3,Yy) — (V4 RY)(FY1,Ys, Vs, Ys)
= (¢FRQ)(X3Y1;)67Y37Y4)~

Since the Riemannian curvature tensor RY on the anti-K&hler manifold is holomorhic, the
result immediately follows. ]
3. Some local results for a special case

Under the local coordinates, in the anti-K&hler statistical manifold (Mag, g, F, C) we
shall specialize the statistical F-connection by choosing the cubic form C as:

Oijl'c = ]71‘5;'c erj(sz]'C erkgij —pek; tij - ptthFi - ptFktFij (3)
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where the 1—form p is holomorphic, that is,
F (Vo) = Fi"(Vipm).
In the case, the cubic form C' is holomorphic.

Theorem 3.1. In the anti-Kdhler statistical manifold (Mag, g, F), the cubic form C is
recurrent, that is, ViCi} = wkCi} if and only if the 1—form p is recurrent, where wy is the
recurrence 1—form.

Proof. Assume that the cubic form C' be recurrent, that is,

gl _ l

By contracting the last relation with respect to 7 and I, in view of (3) we obtain

ViC,) = wCy)
Vilin+4)p;] = wil(n+4)p;]
Vipj = wkpj.

In contrast, let us assume that the 1—form p; is recurrent. When we take the covariant
derivative of (3) with respect to V9, we have

ViCi = (Vipi) &+ (Vips) 8 + (VIp') gij
- (VZpt) FitFjl - (VZpt) thFil - (VZpt) F”Fij
= (wkpi) 5; + (wkpj) 6% + (Wkpl) 9ij
— (wkpr) FitFjl — (wkpt) thFz'l — (wkpt) FtlFi'
= wC},
which completes the proof. O

The local expression of the (0,4)—curvature tensor R(®) of the statistical F-connection
is as follows:
Rz(?k)z = Rzgjkl = gjtAik + guAje — Filet‘Ajt + Flekt‘Az’t
—gjkBi + giBji + Fjp Fy'Biy — Fyr F,' B
+Flejt[Ait — Au] — gm[Aij — Ajil,

where
a o? a? a? o? m
Aji = 5VIpk + —pipk — —pipm F; F™ + —0" pmgjr — —pmP' F, " i (4)
2 4 4 8 8
and
(0% 0[2 042 m O[2 m 012 m
Bjk = 5Vipk = pipk + 7 ppmF B — 0" ok + P B Fipe - (5)
It immediately follows from (4) and (5) that
o
Ajk = Arj = Bjk — Bij = 5 (Vipr = Vip) - (6)

The Ricci tensor of the statistical F-connection has the components
Rg-z) = RY +(n—2)A,, +2B); — gjrtraceB (7)
+Fj F,'Bf 4+ 2(Aj, — Agj).

Proposition 3.1. In the anti-Kahler statistical manifold (May, g, F,C), the Ricci tensor of
the statistical F-connection is symmetric if and only if the 1—form p is closed.
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Proof. By (6) and (7), we have

RY —RY = (n+2)(Aj— A +2(Bj — Biy)
= (n+4)(Ajr — Arj)
a(n+4)

= A (Vi V).

It is well known that if (dp);, = % (V?pk — V{p;j) =0, then the 1—form p is closed. Hence,
the proof is complete. O

Theorem 3.2. In the anti-Kdhler statistical manifold (May, g, F,C), the scalar curvature
(%) of the statistical F-connection with respect to g coincides with the scalar curvature 79
of the Levi-Civita connection of g if and only if the 1—form p is isotropic.

Proof. The scalar curvature 7(%) = R(.z)

J 7% of the statistical F-connection is given by

@) — 79 4 (n — 2)(traceA—traceB).
From (4) and (5), we find

2
4
traceA :%V‘?pl U (n8—|— ) lIpll
and
« a?(n+4
traceB=2vp! — I .

where ||p|| = ¢'""pipm = pip'. As a result, these give

a?(n—2)(n+4)

() _ 9
T 77 4+ 1

oIl -
O

An Einstein manifold is a pseudo-Riemannian manifold whose Ricci tensor satisfies
g _
Rjk; - Agjk’a

where ) is a scalar function. The anti-Kéhler statistical manifold (Masy, g, F, C') with statis-
tical F-connection in which the Ricci tensor satisfies

(5 = ngj
may be called an Einstein manifold, where p is a scalar function.

Theorem 3.3. Let (May, g, F, C) be anti-Kdhler statistical manifold and May, be an Einstein
manifold, that is, Rji, = Agjr. Then, Moy, will be an Einstein manifold with respect to the

statistical F'-connection, that is, nglz) = ugjr if

a?(n—2)(n+4)

—A= .
1 ™ ]|
Proof. From (7), we have
(@) L @) | pla)
Rk §(Rjk +Rjy)
n—2
= R+ 822 7 J(Ay+ M) + (B + By)

—gjktraceB + ijFtlBlt
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Transvecting the above relation with ¢?%, we obtain

« . . . n—2
BGh™ = Rg'+ g2 5 d W+ Ag) + (B + Byo)
—gjrtraceB + Fj F,'Bl'}
ngkgjk = )\gjkgjk + (n — 2)(traceA—traceB)
a?(n—2)(n+4)
p—A = oIl -

4n

Hence (Msy, g, F,C) with respect to the statistical F-connection is Einstein if g — A =

042 n— n
a2t ) | p]. O

4. Conclusions

The theory of statistical manifolds has been developing in information theory and
statistics. Beyond these fields, it is providing interesting topics for differential geometry of
manifolds with additional structures. Statistical manifolds are considered as a generalization
of Riemannian manifolds. Following this idea in anti-Kéahler geometry, we define a statistical
F-connection on the anti-Kéhler statistical manifold (May, g, F, C') and compute its curva-
ture tensor. We show that if the cubic form C' is holomorphic, then the curvature tensor
of the statistical F-connection is holomorphic. By choosing the particular cubic form, we
search the recurrence property of the cubic form C' with respect to the Levi-Civita connec-
tion and give the necessary and sufficient conditions under which the scalar curvature of the
statistical F'-connection and the scalar curvature of the Levi-Civita connection coincide each
other. Also, we obtain the condition for the anti-K&hler statistical manifold (Mag, g, F, C)
to be Einstein with respect to the statistical F-connection.
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