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APPROXIMATE IDEAL AMENABILITY OF BANACH
ALGEBRAS
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In this paper, we study the approximate ideal amenability of several Ba-
nach algebras. Moreover, we show that approximate ideal amenability is different
from approximate amenability and approrimate weak amenability.
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1. Introduction

Let A be a Banach algebra, and let X be a Banach A-bimodule. We can define
the right and left actions of A on dual space X* of X via

(x,\.a) = (a.x,\), and (x,a.\) = (z.a,\),

forall a € A, x € X and A\ € X*. Similarly, the second dual X** of X becomes
a Banach A-bimodule (for more details see [3]). Thus, in particular, I is a Banach
A-bimodule and I* is a dual A-bimodule for every closed two-sided ideal I in A. A
derivation is a linear map D : A — X such that

D(ab) = a.D(b) + D(a).b (a,be A).

From now on, we suppose that all derivations are bounded. The set of derivations
from A into X is denoted by Z'(A, X); which is a linear subspace of £(A, X), the
space of all bounded linear maps from A into X. Forx € X,set D, : A — X, a —
a.x—x.a,A — X. It is easy to see that D, is a derivation for all x € X. Derivations
of this form are called inner derivations, and an inner derivation D, is implemented
by x. The set of inner derivations from A into X is a linear subspace N'(A, X) of
ZY(A, X). We consider the quotient space H'(A, X) = Z}(A, X)/N(A, X), called
first cohomology group of A with coefficients in X; clearly, H'(A, X) = {0} if and
only if every derivation from A into X is inner.

The Banach algebra A is called amenable if H!(A, X*) = {0} for any A-
bimodule X. The concept of amenability for Banach algebras was introduced by
Johnson in 1972 [17]. The Banach algebra A is weakly amenable if H!(A, A*) = {0}.
Of course, every amenable Banach algebra is weakly amenable; however the class
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of weakly amenable Banach algebras is considerably larger than that of amenable
Banach algebras. For example, the group algebra L!'(G) is weakly amenable for
each locally compact group GG. Examples of weakly amenable, but not amenable,
Banach function algebras are given in [1], where it is noted that the commutative
Banach algebra A is weakly amenable if and only if 3! (A, X) = {0} for each Banach
A-module X.

The notion of approximate amenability of Banach algebras was introduced by
Ghahramani and Loy in [9].

Let A be a Banach algebra and let X be a Banach A-bimodule. A derivation
D : A — X is called approximately inner if there exists a net (£,), in X such
that D(a) = lim,, a.§, — &4-a, for each a € A. A Banach algebra A is approximately
amenable if for every Banach A-bimodule X, every derivation D : A — X* is
approximately inner.

The concept of ideal amenability of Banach algebras was introduced by Gordji
and Yazdanpanah in [14]. A Banach algebra A is called ideally amenable if 31 (A, J*) =
{0} for every closed two-sided ideal J in A. Ideal amenability of group algebras
LY(G), L*°(G) and M(G), where G is a locally compact group, are studied in [12].
Many new results for ideal amenability of Banach algebras are given in [11, 13, 15,
16, 24, 21}, and [22].

Definition 1.1. Let A be a Banach algebra, and let I be a closed two-sided ideal
in A. A is said to be approximate I-weakly amenable if every derivation from A
into I* is approximately inner. If for every two-sided ideal I in A, every derivation
from A into I* is approximately inner, then we say that A is approximate ideally
amenable.

Recently, Mewomo in [23] studied the approximate ideal amenability of Banach
algebras, and gave some results in this area. In this paper, we study the ideal
amenability and approximate ideal amenability of several Banach algebras (see also
[26]).

2. Main Results
In this section, we prove the main theorems of our paper.

Proposition 2.1. Let A be a Banach algebra, and I be a two-sided closed ideal of
A. If A is approzimate I-weakly amenable then I is approrimate weakly amenable.

Proof. Let D : I — I* be a derivation and let j : A — I be a natural projection.
Then Do j: A — I* is a derivation. Since A is approximate [-weakly amenable,
and D o j is a derivation from A into I*, therefore D o j is approximately inner.
Since 7 is natural projection, thus, D o is approximately inner from [ into I*. This
means that [ is approximate weakly amenable. O

Let A be a Banach algebra and let X be a Banach A-bimodule and Y be
a closed submodule of X. By Theorem 1.6 of [14], if 31(A,Y*) = {0}, and
H(A, (X/Y)*) = {0}, then F' (A, X*) = {0}. It follows that:

Theorem 2.2. Let A be a Banach algebra, X be a Banach A-bimodule, and let Y be
a closed submodule of X. If every derivation from A into Y*, and every derivation
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from A into (X/Y)* are approzimately inner, then every derivation from A into X*
s approximately inner.

Proof. Let D : A — X* be a derivation, and let ¢+ : ¥ — X be the natural
embedding A-bimodule homomorphism. Then +* : X* — Y* is an A-bimodule
homomorphism, and ¢* o D : A — Y* is a derivation. From assumption, there is a
net (§u)a € Y™ such that

1" o D(a) = liénafa —&nea (a e A).

Set Dy(a) = a.o — &n-a, therefore 1* o D(a) = lim, D,. Without loss of
generality we can suppose that ({,)a € X* (by Hahn-Banach theorem). Now,
defined : A — Y+ by d = D — lim, D,,. Therefore d is a derivation, and so there
is a net (ng)s C Y+ = (X/Y)* C X* such that

d(a) = lién a.ng —ng.a (a € A).
Set (o3 = Ea+np such that lim, limg (4 g = lim, §o +1limg ng. Now by passing

into suitable subnets and by iterated limit ([19]), there is a net (e,), € X* such
that lim, e, = lim, limg (5 g. Since D = d + lim, D, therefore we have

D(a) = d(a)+ li(in D, = lién a.ng —ng.a + lién a.ly — En-a0

= limlima.(s +&) = (5 + &) -0

= limlima.(o — (o.0 = lima.e, — e4.a
a B Y

for each a € A. This completes the proof. ]

Corollary 2.3. Let I and J be closed two-sided ideals in Banach algebra A such
that J C I. If A is approzimate J-weakly amenable, and every derivation from A
into (I/J)* is approximately inner, then A is approximate I-weakly amenable.

Corollary 2.4. Let I be a closed two-sided ideals in Banach algebra A. If every
derivation from A into (A/I)* is approximately inner, and A is approzimate I-
weakly amenable, then A s approximate weakly amenable.

For finite-dimensional Banach algebras, approximate amenability and amenabil-
ity are equivalent (see [20]). Now by a similar argument we have this equivalence
relation, for weak amenability and approximate weak amenability.

Theorem 2.5. For finite-dimensional Banach algebra A approzimate weak amenabil-
ity and weak amenability are equivalent.

Proof. Let D : A — A* be a derivation, and let X be the subspace of A* generated
by D(A)+A.D(A)+D(A).A+A.D(A).A. Therefore X is finite-dimensional. Define

D : A — X by D(a) = D(a) for each a € A. Since A is approximate weakly
amenable, thus there is a net ({,)o C X such that

D(a) = liorén a.bo — € (a € A).

Finite-dimensionality of A and X, conclude that N*(A, X) is finite-dimension,
and this means that it is closed subspace of £(A, X) in the operator strong topology.
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It follows that D € N L(A, X), and hence there exists an element £ € X C A* such
that

D(a) = a. —Ea (a € A).
Therefore D is inner. O

Corollary 2.6. Let A be a finite-dimensional Banach algebra, and let I be a closed
two-sided ideal in A. A is approximate I-weakly amenable if and only if A is I-weakly
amenable.

Corollary 2.7. Let S be a finite semigroup. Then £*(S) is weakly amenable if and
only if £*(S) is approzimate weakly amenable.

Let A be a Banach algebra and I be a closed two-sided ideal in A. We say
that I has the trace extension property, if every m € I'* such that am = ma for each
a € A, can be extended to a* € A such that aa* = a*a for each a € A. If I has the
trace extension property, and A is ideally amenable, then by Theorem 1.12 of [14],
A/I is ideally amenable. For approximate ideal amenability we define approximate
trace extension property as follows, and consider similar Theorem for approximate
ideal amenability.

Definition 2.8. Let A be a Banach algebra, and let I be a closed two-sided ideal
in A. We say that I has the approximate trace extension property if for each A € I'*
with a.\ = A.a, there is a net (7)o C A* such that 7,/ = A and a.7q — 7o.a — 0,
for all @ € A and all a.

Theorem 2.9. Let A be an ideally amenable Banach algebra, and let I be a closed
two-sided ideal in A with approximate trace extension property. Then A/I is ap-
proximate ideally amenable.

Proof. Let J/I be a closed two-sided ideal in A/I. Then J is a closed two-sided
ideal in A. We write 7 : J — J/I, ¢ : A — A/I for the natural quotient
maps and 7* for the adjoint of . Let D : A/I — (J/I)* be a derivation. Then
d=7n*oDogq: A— J*is a derivation, so there is an element A € J* such that

d(a) =aX— Aa (a € A).
Let m be the restriction of A to I. Then m € I'* and for all 7+ € I we have

(i,am —ma) = (ia —ai,m) = (ia — ai, \)
= (i,a.A—Aa) = (i, o Dog(a))

— (x(i). Do gla)) = (I D(a+ 1)) = 0.

Therefore, am = ma for each a € A. Hence by assumption, there exists a
net (kq)a € A* such that for any «, we have k|l = m and lim, a.kq — Kq.a = 0
(a € A). Let 74 be the restriction of k4 to J, for every a. Then (7,)q € J* and
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A — 7o =0 on I. Therefore A — 7, € (J/I)*, and for each j € J and a € A we have
(J+I,Da+1) = (x(j),Dogla)) = {j,m" o Dog(a))
= (j,d(a)) = (j,a.X— Xa) = (J,a X+ héﬂ(@.’i‘a — Ta.a) — A.a)
= ligl(j, a4 a.Tq — To.0 — A.a)
= liLryn(j, a.(A—714) — (A= T14).q)
= (j+[,li(£na.()\—7'a)—()\—Ta).a>.

Hence D(a + I) = limya.(A — 74) — (A — 74).a. This means that A/l is
approximate ideally amenable. ]

Let A be a Banach algebra, and let I be a closed two-sided ideal in A. If [ is
weakly amenable, then by Lemma 2.1 of [14], A is [-weakly amenable. We have the
same result for approximate amenability as follows.

Theorem 2.10. Let A be a Banach algebra, and let I be a closed two-sided ideal in
A. If I is approzimately amenable, then A is approximate I-weakly amenable.

Proof. Let D : A — I* be a derivation, and let + : I — A be the embedding map.
Then Do : I — I* is a derivation, and so there is a net (£4)o C I* such that

Do(a) =lima.&y, —&y-a (a €1).
(0%
Since I is approximately amenable, therefore by Lemma 2.2 of [9], I2 = I.
Now, for each i,j € I we can write

(ij,D(a)) = (i,j.D(a)) = (i, D(ja) = D(j).a) = (i, D(ja)) — (i, D(j).a)
= (i liglja.fa — &a-ja) — (ai, liénjfoz —&.9)
= ligl(<ija7 o) — (aif, &) = 1iOIéH(<ij, a.§o — &a-a))
= (ij, liCIYIl a.8oy — Eq-a) (a € A).

Therefore D(a) = limgy a.&q — &q.a for all @ € A. Hence A is approximate
I-weakly amenable. O

Corollary 2.11. Let G be an amenable locally compact group. Then M(G) is
approzimate L*(G)-weakly amenable.

Let A be a Banach algebra with a bounded approximate identity. If A is an
ideal of A**, and A** is ideally amenable, then A is ideally amenable (Theorem 3.2
of [10]). If J is a closed two-sided ideal of A with a bounded approximate identity,
and A is approximate ideally amenable, then J is approximate ideally amenable
(Theorem 3.5 of [23]). One can prove the following Proposition similarly.

Proposition 2.12. Let A be a Banach algebra with a bounded approximate iden-
tity. If A is an ideal in A**, and A** is approzimate ideally amenable, then A is
approzimate ideally amenable.

Proposition 2.13. Let A be a commutative Banach algebra. If there exists a family
(An) of closed subalgebras of A such that |, Aq is dense in A, and Z'(Aq, I*) = {0},
for all closed two-sided ideal I of A, then A is ideally amenable.
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Proof. Let I be a closed two-sided ideal in A, and let D : A — I* be a derivation.
Let a € A be an arbitrary element. Then there is a, € Ay, such that ||a — aq| <
e/(||D]|+1) for every € > 0. Let D, be the induced of derivation D on A,. Therefore
D, is a derivation from A, into I*. Since every derivation from A, into I* is inner,
then there is an element & in I* such that D (by) = b.§ — £.b, for all b, € A,. On
the other hand I* is a symmetric A-bimodule, thus b,.6 — £.b, = 0 for all b, € A,.
Therefore D, (by) = 0 for all b, € A,. We claim that D = 0. Because

[1D(a)[| = [|D(a) = Da(aa)|| = [|D(a = an)|| < [Dl[la = aall <e.

Since a € A and ¢ > 0 are arbitrary, then D = 0. This means that Z'(A, I*) =
{0}. O

Note that in proof of above Proposition, commutativity of A is necessary,
because assumed D, must be zero on A.

3. Examples

Let A be a Banach algebra. It is easy to see that the unitization A¥ of A is
approximate ideally amenable if and only if A is approximate ideally amenable. By
using this fact, we find the following important example:

Example 3.1. Let B be the augmentation ideal Io(SL(2,R)) of the group algebra
LY(SL(2,R)) of the locally compact group SL(2,R). The group algebra L*(SL(2,R))
is weakly amenable and therefore it is approximate weakly amenable (Theorem 1 of
[7]). In the other words, A = B* is approvimate weakly amenable. On the other
hand, it is known that B is not approzimate weakly amenable (see Corollary 5 of
[2]). Then B is not approzimate ideally amenable. It follows that A = B¥ is not
approzimate ideally amenable. Hence we have the following:

The algebra (In(SL(2,R)))* is approzimate weakly amenable but it is not ap-
proximate ideally amenable.

There are several examples of approximate ideally amenable Banach algebras
which are not approximately amenable. See the following

Example 3.2. Let K be a compact metric space with metric d, and take o such
that 0 < o < 1. Then the Lipo K is the space of complex valued functions f on K

such that
|f (=) = f)l

pa(f) = Sup{ d(x y)a

is finite. For f € Lip K, set

1flla = 1flx + pa(f)-
Then (Lipo K, || f|la) is @ Banach algebra. A function f € lipo K if

[f(z) = f(y)l

d(z,y)*
lipo K is a closed subalgebra of LipoK (for more details see [27]). Many results
on amenability and weak amenability of Lipschitz algebras are given in [1]. If K is
infinite, then lipo(K) is not amenable (Theorem 3.9 of [1]) and by Theorem 3.4 of
[4], lipo(K) is not approzimately amenable. On the other hand, by Theorem 3.10 of
[1], and Proposition 3.4 of [6], for a > 1/2, lipo(K) is approzimate ideally amenable.

— 0 as d(z,y) — 0;



Approximate Ideal Amenability of Banach Algebras 63

(1]
2]

[10]
11]
12
13]
[14]
[15]
[16]
17)
18]
[19]
[20]
[21]
[22]
23]
[24]

[25]

REFERENCES

W. G. Bade, P. C. Curtis and H. G. Dales Amenability and weak amenability for Beurling
and Lipschitz algebras, Proc. London Math. Soc., 55(1987), No. 2, 359-377.

P. Bharucha, Approximate weak amenability of Io(SL(2,R)), Bull. Aust. Math. Soc., 82(2010),
18-21.

F. F. Bonsall and J. Duncan, Complete normed algebras, Springer-Verlag, Berlin, 1973.

Y. Choi, F. Ghahramani, Approximate amenability of Schatten classes, Lipschitz algebras and
second duals of Fourier algebras, Quart. J. Math., 62(2011), No. 1, 39-58.

Y. Choi, F. Ghahramani and Y. Zhang, Approximate and pseudo-amenability of various classes
of Banach algebras, J. Func. Anal., 256(2009), 3158-3191.

H. G. Dales, F. Ghahramini and N. Grgnbek, Derivations into iterated duals of Banach alge-
bras, Studia Math., 128(1998), No. 1, 19-54.

M. Despié¢ and F. Ghahramani, Weak amenability of group algebras of locally compact groups,
Canad. Math. Bull., 37(1994), No. 2, 165-167.

B. Forrest, Amenability and derivations on the Fourier algebras, Proc. Amer. Math. Soc.,
104(1988), No. 2, 437-442.

F. Ghahramani and R. J. Loy, Generalized notions of amenability, J. Func. Anal., 208(2004),
229-260.

M. E. Gordji, F. Habibian and B. Hayati, Ideal amenability of second duals of Banach algebras,
Int. Math. Forum, 2(2007), No. 16, 765-770.

M. Eshaghi Gordji, B. Hayati, S. A. R. Hosseinioun, Ideal Amenability of Banach Algebras and
Some Hereditary Properties, J. Sciences, Islamic Republic of Iran, 21(2010), No. 4, 333-341.
M. E. Gordji and S. A. R. Hosseiniun, Ideal amenability of Banach algebras on locally compact
groups, Proc. Indian Acad. Sci., 115(2005), No. 3, 319-325.

M. E. Gordji and R. Memarbashi, Derivations into n-th dual of ideals of Banach algebras, Bull.
Iran. Math. Soc., 34(2008), No. 1, 59-71.

M. E. Gordji and T. Yazdanpanah, Derivations into duals of ideals of Banach algebras, Proc.
Indian Acad. Sci., 114(2004), No. 4, 399-403.

F. Habibian, H. Samea and A. Rejali, Ideal Amenability and Approximate Ideal Amenability of
Matrix Banach Algebras, Proc. of the Romanian Academy, Series A, 12(2011), No. 3, 173-178.
A. Jabbari, Ideal amenability of various classes of Banach algebras, Acta Mathematica Viet-
namica, 36(2011), No. 3, 651-658.

B. E. Johnson, Cohomology in Banach algebras, Mem. Amer. Math. Soc., Volume 127, 1972.
B. E. Johnson and M. C. White, A non-weakly amenable augmentation ideal, Preprint, 2003.
J. L. Kelley, General topology, American Book. Van Nostrand. Reinhold, 1969.

M. Lashkarizadeh Bami and H. Samea, Approximate Amenability of Certain Semigroup Alge-
bras, Semigroup Forum, 71 (2005), 312-322.

0. T. Mewomo, On ideal amenability of in Banach algebras, An. Stiinf. Univ. Al I. Cuza lasi.
Mat (N.S.). Tomul LVI., 2 (2010), 273-278.

O. T. Mewomo, Derivations into iterated duals of ideals of Banach algebras, An. Stiinf. Univ.
Al 1. Cuza Iasi. Mat (N.S.). Tomul LVL, 1 (2010), 189-198.

0. T. Mewomo, On approximate ideal amenability in Banach algebras, An. Stiinf. Univ. AL 1.
Cuza Tasi. Mat (N.S.). Tomul LVI., 1(2010), 199-208.

H. Najafi, T. Yazdanpanach, n-Approximately Weak Amenability of Banach Algebras, Journal
of Applied Sciences, 9 (8), 1482-1488, 2009.

V. Runde, Lectures on Amenability, Springer, New York, Volume 1774, 2002.



64 Madjid Eshaghi Gordji, Ali Jabbari

[26] M. Shadab and G. H. Essalmzadeh, Approximate n-ideal amenability of Banach algebras, Int.
Math. Forum, 5(2010), No. 13-16, 775-779.

[27] D. R. Sherbert, The structure of ideals and point derivations in Banach algebras of Lipschitz
functions, Trans. Amer. Math. Soc., 111(1964), 240-272.



