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COMPARISON OF STANDARD AND (EXTENDED)
d-HOMOLOGIES

M. Z. Kazemi Baneh*!' and S. N. Hosseini?

In this article we compare the standard homology, d-homology and
the extended d-homology functors with respect to a kernel transformation d. We
also compare the homology and extended homology functors with respect to two
kernel transformations.
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1. Introduction and Preliminaries

The definition of the standard homology functor has been extended from the
category of R-modules to abelian categories in [9]. In [5] we have defined the ho-
mology with respect to a kernel transformation d, also called the d-homology, and
in [7] have defined extended d-homology in more general categories. In this section
we have given the definition of d-homology, extended d-homology and some of the
results obtained in [5]. In Section 2, we have compared the standard homology as
given in [9] and the d-homology, by giving a natural transformation from the stan-
dard homology functor to the d-homology functor. Standard homology and extended
d-homology have been compared in [4]. In Section 3, we have compared the d- ho-
mology and the extended d-homology, by giving a natural transformation from the
extended d- homology functor to the d-homology functor. Then we have considered
conditions under which this natural transformation is a natural isomorphism. Also
we have shown, in an abelian category, the d- homology is the extended d-homology
with respect to a particular kernel transformation d. Some other results are also
given at the end of this section. In Sections 4 and 5, respectively we have com-
pared the extended homology functors and homology functors with respect to two
kernel transformations. Throughout the manuscript we let R-mod be the category
of R-modules over a commutative ring with unity.

To this end, for a pointed category €, following the notation of [1, 5, 7], we
recall:
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k s
(i) for f: A — B, the maps Kf—f>A, BLCf and Pf*>41>A are re-
)

spectively, the kernel, the cokernel and the kernel pair of f; so Equ(f, g)eL(f’g) A

f7
denotes the equalizer and B Coe—(f)C’oe( f,g) the coequalizer of a pair A —= B .
g

(ii) [2, 5]. The image Iy of f is the coequalizer of the kernel pair of f. Furthermore
[ =myoes in which ey = coe(m,m2).

(iii) [5]. Given the diagram below in which the squares are commutative and the
rows are coequalizers, ¢ is the unique map making the right square commute.
Furthermore, 7 is a regular epi.

A—=B—1sC

g :
f! v

A/*)Bﬁcl
q g

For a pointed category € with pullbacks and pushouts, let € be the arrow

category and C be the pair-chain category of €. Pair-chains are compos-

able pairs, (f,g), of morphisms of €, such that gf = 0 and morphisms from

(f,9) to (f',d') are triples (v, 3,7) making the following squares commutative:
f g

A——B——C

S
A ——- B ——= ('
! g/
Let K :C — C be the kernel functor and I :2 — € be the image functor
see[5]. Define K =: K opry: € — Cand I=Topr; : C — €.
(iv) The natural transformation j : I — K : € —» @ takes the object (f,g) € C
to jfy and the morphism (a, 3,7) : (f,9) — (f’,¢’) to the following commu-

tative square.
Jfg
Iy = Ky
I(avﬁ)l \LK(@”/)
Ty —
4 Jf'g!
In a pointed regular ( homological, semiabelian or abelian ) category j, is
monic. See [2, 5].
(v) The homology functor H* that takes the object (f, g) € Cto H}, = Coker(js,)
is called standard homology functor. See [2, 8, 9]
(vi) Let S be the squaring functor. A kernel transformation in a € is a natural
transformation d : S o K — K : € — € such that for all (f,g) in €, the
pullback, jjjg : Rpg — Kg2, of jrs along dy and the coequalizer of the pair

g/
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(vii)

(viii)

(ix)

j1 =prio j;;g and jo = pro o j;ig exist, where pri and pro are the projection
maps.

Let R be a commutative ring with unity. Any kernel transformation in R-mod
is of the form d = rpry + spro, for some r,s € R.

The d-homology functor H% : ¢ — @ takes (f,g) € € to H}lg = Coe(j1,j2)
and the morphism (o, 3,7) to H%(«a, 3,7). We have the following commutative
diagram.

q1 d
Ky —— Hj,
K(ﬁﬂ)l lHd(a,Bn)
d
Kg/ T‘ Hf/g/
Let m: A — C and j : B — C be two maps in €. Define A +¢ B also

denoted by A+ B by the pushout of the pair («, ) where B -~ Pjp “ A

is the pullback of (7, m).

Let d be a natural transformation from S o K to K, (f,g) € € and A
be the diagonal map. we have the maps mg,a, lg,n, — Ky (such that
Md,A,€d,Ay, = dgAg) and jfg :If — Kg. The sum IdgAg + If is therefore
obtained by the following diagrams:

Pj, —> Iy, and p; S Iyyn,
vl pb \LmdgAg vl po ih
IfTKg If‘ﬁ-)IdgAg"i_If

Commutativity of the left diagram implies that there is a unique map S :
Ig,n, + Iy — K, making the following diagram commute.
b

«

IdgAQ

With ﬁ?g = (3, the cokernel of 3, we have:

For each morphism (0,8,¢) : (f,9) — (f',¢') in G, there is a unique map
H%0,6,() : ];_chlg — ];_I]Ccl,g,, such that the following diagram commutes:

] =d
Kg—>Hfg

K(&C)l iH‘i(U,&C)
rrd
Ky — 7 Hiy
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The mapping H? : € —» € that takes the object (f,g) € € to HJ‘?Q and the
morphism (o, 3,7) to H%(«, 8,7) is a functor.

The functor H? :¢ —» € is called the extended d-homology or the extended
homology functor with respect to the kernel transformation d.

2. Standard homology versus d-homology

In this section, unless stated otherwise, we assume € is a pointed category with
pullbacks, cokernels and coequalizer of kernel pairs, and we investigate the relation
between the standard homology and the d-homology.

For two morphisms f : C' — A and g : C' — B there is a unique morphism
(f,9) : C — A x B such that pry o (f,g) = f and prao (f,g) = g.

Theorem 2.1. [6]. Let d be a kernel transformation in €. There is a pointwise
reqular epi natural transformation p :H® — H%:C — €.

Proof. Since jody o (1,0) = dg o (j,0) for h : Iy — 0 and Ry, is a pullback of the
pair (jrg,dgy), there are unique maps ¢ and p;/ﬁg such that j* ot = (4,0) and the

following diagram commutes.

If —/=K, —>ng

v

Ry, —= — Ky — > Hj,
2

Furthermore by (iii) of 1, p¢, is regular epic. Simillarly there are unique maps

¢ and p?g such that joo¢ = j and j; o = 0. Since P;fgocj =q= p?gocj, p;f)g = p?g
and we denote it by py,. (| O
Lemma 2.1. If for (f,g) € €, 0 It — Rypg or ¢ : Iy — Ry, is epic, then
H; =~ HY

fg fg
Proof. H}lg = Coe(j1,j2) = Coe(j1 01, jo 0 Yp) = Coker(j) = Hj,. O

Theorem 2.2. [5]. In an abelian category C if d = pri — pra, then H = H®.

3. d-homology versus Extended d-homology

In this section we assume C is a pointed category with pullback and pushout
and for a given natural transformation d :S o K — K we find relations between the
d-homology H? and the extended d-homology H?.

We know there are natural transformations p : H* — H® and u : H® — Hd
which are pointwise regular epic. Furthermore for (f,g) € C there are 1 : I ¢+ — Ry
and i : Iy — Iy + Ig,n, such that foi = j and j; o9 = j. Then we have:

Lemma 3.1. If i is epic, then there is an eping, : ﬁ?g — H?g.

Proof. By Lemma 3.2 uy, in [4] is an isomorphism. Define n¢, = psq 0 u;gl O
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Theorem 3.1. If for all (f,g) € é, 1 1S epic, then there is a pointwise regular ept
natural transformation n : H* — H?.

Proof. By hypothesis u is a natural isomorphism. Define n = pou™!. p is a regular
epi, so is n. O

To the end of this section we assume C is an abelian category.

For (f,g) € é, let j* be the pullback of j along d, and g be the coequalizer
(pr1j*, praj*). Then q = coker(prij* — praj*) = coker(dj*) in which § = pry — pro.
Factoring §5* as 05* = me, since e is epic, ¢ = coker(me) = coker(m).

Lemma 3.2. Let (f,g) € e. qdgAg =0 if and only if dyA, factors through m, i.e.
there is o 1Ky — Isj« such that dgAgy = ma.

Proof. Since m is monic, m = ker(coker(m)) = ker(q). The result then follows. O

Note: In the proof of theorem 2.1 there exists a unique map %, such that
j* = (4,0). Furthermore j = 6(j,0) = §j*¢ so that ¢j = o5 = 0.

Lemma 3.3. Let (f,g) € C. With the map 3 dg,n, + 1y — Ky and 55 = me,
qf = 0 if and only if dyA, factors through m.

Proof. Suppose ¢3 = 0. Since Sh = mg,a, and mg,a, eq,n, = dglg, qdgA, =
qmd,A,€d,n, = qBheq,n, = 0. By the above lemma d,A, factors through m.
Conversely suppose dyA, factors through m, so by the above lemma gd,A, =
0. So gmg,a,edq,n, = 0. Since €d,A, 18 €epic, gmg,a, = 0. Since mg,a, = Bh,
qBh = 0. On the other hand since qj = 0 and j = B, ¢6¢ = 0. The pushoutness of
Ig,n, + Iy implies g3 = 0. g

Proposition 3.1. Let (f,g) € e. If dgAgy factors through m, then there is an epi
Ntg :Hfg — Hjclg Furthermore H}lg = Ck:nf

Proof. By the above theorem g3 = 0, so there is a unique map nyg H — H?g,
such that ny,cg = ¢. Since q is epi, so is nyy,. The last assertion follows from the
fact that C' is an abelian category. O

Theorem 3.2. If for all (f,g) € é, dgAg factors through m, then there is a pointwise
reqular epi natural transformation n :H* — H?.

Proof. By the above proposition, there is a unique ng, :Hjclg — H}lg such that
nggcg = q. To show n = {nysy} is a natural transformation, given (o,6,¢) :(f,g) =
(f',¢') in C, by (vii) of 1,
H%(0,6,()q = ¢ K(6,¢), and by (ix) of 1, H%(0,6,()cs = cg K (5,(). So
HY0,6,()nfgcs = HY0,6,()q = ¢ K(6,() = npycak(s,) = npgHY0,6,()cs
Since cg is epic, the following diagram commutes.

Hfg Hfg
ﬁd(a,é,C) i i Hd(U@O
Hf/g nf/ ’ Hf/



210 M. Z. Kazemi Baneh*, S. N. Hosseini

and so n :H? — H?:@ — € is a natural transformation. O

Corollary 3.1. For d = rpri+spro, with r,s € Z, there is a natural transformation
n:H¢ — HY,

Proof. Let (f,g) € €. Since dg(s,—r) = 0, there is a unique morphism 7 : Kz —
Ry, such that the following triangles commute.

Kg 0
\\\n\\
dg
— 7
<577T> \\\ ng /
ul o |
N\

K i K,

We have q(r+s) = qd(s, —r) = qdj*n = 0n = 0. But dgAy = r+5 = My4s€rts
and so gmy4sérts = 0. Since e,45 is epic, gmy4s = 0. But myys = Md,A, = Bh,
hence ¢Bh = 0. We know ¢fi = qj = 0 too. It follows that g8 = 0. The result then
follows from Lemma 3.3 and Theorem 3.2 g

Let d = rpr1 + spry and (f,g) € €. With d* the pullback of d along j, we
have:
cpdgj™ = cpjdy = cpfid* = 0id* = 0 and so cgrprij* + cgspraj* = 0. On the other
hand,
cg(r+s) = cgMyqsris = cgBhers = Ohers = 0 and so cgrprij* + cgsprij* = 0.
It follows that cgsdj* = 0. Since the square

K, —~K,

| Jos
7d 7d
Hfg s Hfg
commutes, scgdj* = 0. g

Corollary 3.2. Let d = rpri+spry. If for all A, s :A — A is monic, then n :H% —
HY is an isomorphism.

Proof. Let (f,g) € €. Since s is monic, cgdj* = 0. Since ¢ is a cokernel, there exists
a unique map n’ : H¥ — H? such that n’q = cg. It then follows that n'n = 1 and
nn' = 1. Hence ny, : ﬁ}lg = H}lg is an isomorphism. O

Remark 3.1. For C = R-mod Corollaries 3.1 and 3.2 can be generalized to the
case r,s € R. Also if for all R- module A, s:A — A by s(a) = sa is monic, then
Hé=~ H4.

Example 3.1. Let C be the category of R-modules and (f,g) € C. Ford = rpri—+prs
or d = pry + rpro with r € R we have:

d _ mgd _ K,
Hfg - Hfg - (1+r)lgg+1f



Comparison of Standard and (Extended) d-homologies 211

4. Extended homologies with respect to Two Kernel Transforma-
tions

In this section we let € be a pointed with pullbacks and pushouts and we
investigate the relation between extended homologies with respect to two kernel
transformations.

Theorem 4.1. Let d and d’ be two kernel transformations. If for (f,g) € é, Md,A,

actors through mg A, then there is a unique morphism pro :H% — H? such that
92 fa g fa
PfgCsy = €, - In addition py, is regular epic.

Proof. By hypothesis, there is [ :Ij,n, — Id/gAg such that m'l = m, where m =
ma,n, and m' = Mg A, - So we have the following pullbacks:

«

/11
'Ffjm I P]m/ o If
U
l ’
IdgAg Id,’gAg = KQ
/1]
m
Since in the diagram:
P, = I
X \
v P 5[/ Iy
h
IdgAg . If + Idg i’
\ l V
l y N
Ta A, Iy + 1g A,

(i)
the front and back squares are pushouts and the left and the top squares are
commutative, there exists unique map v such that the right and the bottom squares
are commutative.
Since B4t = j = Byt = Bgvi and Bgh = m = m/l = Byh'l = Byvh, by
pushoutness of the back square, 84 = Byv. Since cg,84 = cg, Bav = 0, there is a
unique map pyq such that the following diagram commutes.

Ba
I+ Ia,a, - K, H;lg

v épfg
Y

If+ld’ ﬁ-K Td/-Hfg
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By (iii) of 1 pyg is regular epic. O
We know m :I — cod : © — € is a natural transformation. O

Theorem 4.2. Let d and d' be two kernel transformations. If for all g € e, mg, A,
factors through My A then there is a pointwise regular epi natural transformation

p:H — Y.

Proof. Let (5,6,¢) :(f,9) — (f',¢") be in €. By (ix) of 1, we have H%(a, ¥, Q)ep, =
cg, K (6,¢) and HY (0,4, C)eg, = Cﬂ;/K((S, ¢). By Theorem 5.1, psycs, = cg, and
Prgcs, = g, So pyrgHY0,6,()cs, = HY (5,6, ¢)prgcs,- Since cg, is epic, the
following square commutes.

rd Pfg rd
Hyy — Hi,
Hd(o,d,()l \LH‘# (0,6,C)
H

d rrd
e
O

Corollary 4.1. Let d and d' be two kernel transformations. If for all g € é, Md,A,
factors through ma A, by l:Ig,n, — Id’gAg and 1 is epic, then p :H? — HY is a
natural isomorphism.

Proof. Let (f,g) € C. Since [ is epic and the front square in the diagram (i) of
Theorem 5.1 is a pushout, the morphism v obtained in that diagram is epic. It follows
that cg, = coker(Ba) = coker(Byv) = coker(fq) = cg, and so py, : ﬁ}lg = ﬁ}l; is
an isomorphism. ]

Example 4.1. Let € be an abelian category, d = rpri + spro and d' = r'pry + s'pry
such thatr +s=1'+s. Then H* = HY .

Proof. Since dA =r+s=1"+5 = d A, the result follows. O

5. Homologies with respect to Two Kernel Transformations

In this section we let € be a pointed regular category with coequalizers and
we investigate the relation between homologies with respect to two kernel transfor-
mations.

Recall [2] for each morphism f : A — B in the category C, there is a functor
f=1: Sub(B) — Sub(A) in which f~Y(m): f~1(M) — A for a subobject m : M
B, is the pulback of m along f. Since K : C>Cisa functor, we can rewrite the
natural transformation d: So K - K :C— Ctod: SoK — K : € — €. We know
d(jg) = Ity d=Y(Iy) = Ryy — Kg2 for (f,g) € €. Then the following diagram is
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a pullback in the category F unct(é, ©) of functors from ¢ to €.

I
d_l(j)i J{j

SoK ——K
d

Theorem 5.1. Let d and d' be two kernel transformations and (f, g) € e. If 7% < 4™
i.e. d7'(jrg) = j* factors through d’fl(jfg) = j'*, then there is a unique map
Dfg - H]‘?g — H]‘?; such that psg 0 q = ¢q'. In addition ps, is regular epic.

Proof. By assumption there is a map ¢ such that j* o ¢ = j*. Then jj o ¢ = j1
and jj o ¢ = jao. Therefore there is a unique map py, : H?g — H]‘f/g such that the
following diagram commutes.

Ji J
ngHK —>Hf

J2 :
¢l i Pfg
i Y
/ d/
ng > K T H
3

O

Theorem 5.2. Let d and d' be two kernel transformations. If d=1(j) < d'~1(j),
then there is a pointwise regular epi natural transformation p : H¢ — HY .

Proof. Let (0,6,¢) :(f,9) = (f',¢") be in C. By (vii) of 1, we have H%a, 4, Q)fg =
qp g K(6,¢) and H% (0,0, Ody, = q},g,K(é, (). By the above theorem, pfyqry = ¢},

and pygqpg = qpy. SO H% (0,4, Opredrg = Py HY(0,6,()qry. Since qp, is epic,
the following square commutes.

d Pfg d!
Hfg Hfg
H%(0,6,0) l lHd’ (0,6.0)
d d’
Hf/g Dyrgl Hflgl
O

Corollary 5.1. Let d and d’ be two kernel transformations. If d=1 < d'™', then
there is a pointwise reqular epi natural transformation p : H* — H?

Corollary 5.2. Let C be an abelian category and let k be an integer. If d' = kd,
then there is a natural transformation p : H* — HY,

Proof. Since for (f,g) in e, kjtg = jrgk, there is a unique ¢ such that the following
diagram commutes.
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ng ;

Sk
Ifg

So j}g < j}*g and hence there is a unique map py, : H?g — H}l:q which is regular
epic. ]

Corollary 5.3. Let € = R-mod and k € R. If d = kd, then there is a natural
transformation p : H* — H® .

6. Conclusions

The d-homology and the extended d-homology functors are introduced and
studied in [5, 6, 4] and [7]. In order to further study and investigate the properties of
these homology functors, here we have done a comparison of the standard homology,
the d-homology and the extended d-homology functors.
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