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-SEMIHYPERGROUPS AND THEIR PROPERTIES

Dariush HEIDARI!, Sohrab Ostadhadi DEHKORDI?, Bijan DAVVAZ3

Algebraic hyperstructures are a suitable generalization of classical
algebraic structures. In a classical algebraic structure, the composition of
two elements is an element, while in an algebraic hyperstructure, the com-
position of two elements is a set. The concept of I'-semihypergroups is
a generalization of semigroups, a generalization of semihypergroups and a
generalization of I'-semigroups. In this paper, we define the notion of ideal,
prime ideal, extension of an ideal in I'-semihypergroups then we prove some
results in respect and present many examples of I'-semihypergroup. Also, we
introduce the notions of quotient I'-semihypergroup by using a congruence
relation, and introduce the notion of right Noetherian T'-semihypergroups.
Finally, we study some properties of fundamental relations on a special kind
of T'-semihypergroups.
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1. Introduction

In 1986, Sen and Saha [28] defined the notion of a I'-semigroup as a gen-
eralization of a semigroup. One can see that ['-semigroups are a generalizations
of semigroups. Many classical notions of semigroups have been extended to
[-semigroups and a lot of results on I'-semigroups are published by a lot of
mathematicians, for instance, Chattopadhyay [3, 4], Hila [16, 17], Saha [24],
Sen and et. al. [25, 26, 27, 28, 32] and Seth [29].

Let S and I" be non-empty sets. Then S is called a I'-semigroup if there
exists a map S x I' x § — S, written (a,~,b) by ayb, such that satisfies the
identities (aab)Bc = aa(bfc) for all a,b,c € S and o, f € T". Let S be an arbi-
trary semigroup and I'" any non-empty set. Define a map S x I' x § — S by
aab = ab for all a,b € S and a € I'. It is easy to see that S is a ['-semigroup.
Thus a semigroup can be considered as a ['-semigroup. Many classical notions
of semigroups have been extended to I'-semigroups.
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Hyperstructures represent a natural extension of classical algebraic struc-
tures and they were introduced by the French mathematician F. Marty [20].
Algebraic hyperstructures are a suitable generalization of classical algebraic
structures. In a classical algebraic structure, the composition of two elements
is an element, while in an algebraic hyperstructure, the composition of two
elements is a set.

Let H be a non-empty set. Then the map o: H x H — p*(H) is called
a hyperoperation, where p*(H) is the family of non-empty subsets of H. (H, o)
is called a semihypergroup if for every x,y € H, we have xo(yoz) = (zoy)oz.
If for every x € H, x o H = H = H o x, then (H, o) is called a hypergroup. In
the above definition, if A and B are two non-empty subsets of H and x € H,
then we define

AoB = U aob, roA={r}oAand Aox = Ao {z}.

a€ A
beB

Since then, hundreds of papers and several books have been written on this
topic, see [5, 7, 8, 30]. A recent book on hyperstructures [7] points out on
their applications in cryptography, codes, automata, probability, geometry,
lattices, binary relations, graphs and hypergraphs. Another book [8] is de-
voted especially to the study of hyperring theory. Several kinds of hyperrings
are introduced and analyzed. The volume ends with an outline of applications
in chemistry and physics, analyzing several special kinds of hyperstructures:
e-hyperstructures and transposition hypergroups. The theory of suitable mod-
ified hyperstructures can serve as a mathematical background in the field of
quantum communication systems. The concept of H,-structures [30] constitute
a generalization of the well-known algebraic hyperstructures (hypergroup, hy-
perring, hypermodule and so on). Actually some axioms concerning the above
hyperstructures such as the associative law, the distributive law and so on are
replaced by their corresponding weak axioms. Also, many authors studied dif-
ferent aspects of semihypergroups, for instance, P. Bonansinga and P. Corsini
[2], Corsini [6], Davvaz [9], Davvaz and N.S. Poursalavati [10], Fasino and Freni
[12], Gutan [14], Hasankhani [15], Leoreanu [19] and Onipchuk [23]. The con-
cept of a ['-semihypergroup is a generalization of a semigroup, a generalization
of a semihypergroup and a generalization of a I'-semigroup. Recently, Davvaz
and et. al. [22] introduced the notion of I'-semihypergroups.

2. '-semihypergroups and examples

In this section, we recall the concept of a I'-semihypergroup and give
some examples.

Definition 2.1. Let S and I'" be two non-empty sets. Then S is called a I'-
semihypergroup if each v € ' be a hyperoperation on S, i.e., xyy C S for every
x,y € S, and for every o, § € I"and z, y, 2 € S we have the associative property
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that is za(yfBz) = (zay)pz. If for every v € T, (S,7) is a hypergroup, then S
is called a I'-hypergroup. The I'-semihypergroup S is called commutative if for
every x,y € S and for every v € I', we have xyy = yyx. A non-empty subset
A of S is called a I'-subsemihypergroup of S if A'A C A.

Let A and B be two non-empty subsets of S. Then, we define
ArB = | JAyB=U{ayb|a€ A, be Band y €T},
yel’
Let (S,0) be a semihypergroup and let I' = {o}. Then S is a I'-
semihypergroup. So every semihypergroup is a ['-semihypergroup.
Now, we give some other examples of I'-semihypergroups.
Example 2.1. Let S be a non-empty set and let I' be a non-empty subset

of S. If we define xzyy = {x,v,y}, for every 2,y € S and v € T, then S is a
[-semihypergroup.

Example 2.2. Let (5, 0) be a hypergroup and I' = {«, }. We define zay = S
and x(0y = x oy, for every x,y € S. Then S is a I'-semihypergroup.

Example 2.3. Let S be a semigroup and Py, P, - - - , P, be non-empty subsets
of S. Let I' = {ay, as, - -+, }. We define xa;y = x Py for every z,y € S and
a; €', 1 <¢ < k. Then S is a I'-semihypergroup.

Example 2.4. Let (S, <) be a totally ordered set and I" be a non-empty subset
of S. We define zyy = {z € S | z > max{z,v,y}}, for every z,y € S and
v €T'. Then S is a ['-semihypergroup.

Let S be a I'-semihypergroup. We define a relation p on S x I" as follows:
(x,2)p(y, B) <= zas = yfBs,Vs € S.

Obviously p is an equivalence relation. Let [z, a] denote the equivalence class
containing (x,«). Let M = {[z,a] : € S, € T'}. We define hyperoperation
o on M as follows: [z,a] o [y,5] = {[z,0] | z € zay}, for all z,y,z € S and
a, 3,7 € I'. Since (zay)Bz = za(yfz) in S, then

[z, 0] o ([y, 8] o [z,7]) = ([z,a] o [y, B]) o [2,7].
Thus, hyperoperation o is associative, so (M, o) is a semihypergroup. This

semihypergroup is called the left operator semihypergroup of S.

Example 2.5. If we put S = {1,2,3,4,5} and ' = {4,5} in Example 2.4,
then we have

[1,4] = {(1,4),(2,4),(3,4), (4,4)},
[17 5] = {(17 5)7 (27 5), (3, 5)7 (47 5)7 (5, 5)7 (574)}
So M = {[1,4],[1,5]} and the table of hyperoperation o is as follows:
o [[1.4] [L5]
[1,4] | M [L,5]
[1,5] [ [1,5] [1,5]
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We see that (M, o) is a semihypergroup.

3. Ideals of I'-semihypergroup

In this section, we define the notion of a I'-hyperideal of a I"-semihypergroup
and study some properties of it. Also, we consider the extension of a I'-
hyperideal in the commutative ['-semihypergroups. Finally, prime I'-hyperideals
are defined.

Definition 3.1. A non-empty subset [ of a I'-semihypergroup S is called a
left (right) T'-hyperideal, “ideal, for short” of S, if ST'T C I (IT'S C I). S is
called a left (right) simple I"-semihypergroup if has no proper left (right) ideal.
S is called a simple ['-semihypergroup if S has no proper ideal both left and
right.

Example 3.1. Consider Example 2.4. Put S = N with natural order. Then
the subset I, = {n,n+ 1,n+2,---} is an Ideal of S, for every n € N.

Let S be a I'-semihypergroup and « € T, if we define aob = aab for every
a,b € S, then (S, o) becomes a semihypergroup, we denote this semihypergroup
by Sa.

Theorem 3.1. Let S be a I'-semihypergroup. Then S is a simple I'-semihyper-
group if and only if S, is a hypergroup for every a € T'.

Proof. Let S be a simple I'-semihypergroup and a € I', we show that S, is a
hypergroup. For this, we verify the reproduction axiom. Let I = aaS where
a € S. Then I is a right ideal of S, indeed IT'S = (aaS)T'S C aaS = I. Since
S has no proper right ideal, then I = aa.S = S so S, is a hypergroup.
Conversely, let ¢ £ I be a left ideal of S. Let s € S and a € I. Since S,
is a hypergroup so there exists t € S such that s € toa =taa C Sal C I, so
S = I. Similarly, one can prove that S has no proper right ideal. Therefore S
is simple. O

Corollary 3.1. Let S be a I'-semihypergroup. If for some a € T', S, is a
hypergroup, then for every 3 € I, Sg is a hypergroup.

Proof. Since S, is a hypergroup, then by previous theorem, S is a simple I'-
semihypergroup. Thus, for every 8 € I', S is a hypergroup. O

Corollary 3.2. Let S be a I'-semihypergroup. If for some a« € T', S, is a
hypergroup, then S is a I'-semihypergroup.

Proof. By Corollary 3.1, it is trivial. O

Definition 3.2. Let A be a non-empty subset of a ['-semihypergroup S. Then
intersection of all ideals of S' containing A is an ideal of S generated by A, and
denoted by < A >.

Lemma 3.1. Let S be a I'-semihypergroup. If A is a non-empty subset of S,
then < A>= AUAI'SU STAUSTALS.
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Proof. Let B=AUAI'SUSTAUSTALS. Then B is an ideal of S, because

BI'S = (AUATSUSTAUSTATS)IS
— AD'S U AT(ST'S) U STAT'S U STAT(ST'S)
C AT'S U AT'S U STATS U STAT'S
— ADS U STAT'S C B.

Similarly, ST'B C B, so B is an ideal of S.

Now, we show that if C' is an ideal of S contains A, then B C C'. Since
A C (C and C'is an ideal of S, then we have AI'S C CT'S C C and STA C
STC C C. Hence, ATSTA C CT'A C C, therefore B C (' and the proof is
completed. O

One can see that, if S is a commutative ['-semihypergroup and ¢ # A C
S, then < A >= AU AI'S.

Definition 3.3. Let / be an ideal of commutative I'-semihypergroup S and
¢ # A C S. Then the extension of I by A defined as follows:

(A:I)={zx eS| ATz C I}.

If A= {a}, then we also write < {a}:1 > as <a:[>. If I is an ideal
of Sand ¢ #AC B C S, then (B:1)C (A:1I).

Lemma 3.2. Let S be a commutative I'-semihypergroup. If I is an ideal of S,
o+ ACS and vy €T, then the following statement are true:

(1) (A:1) is an ideal of S;

(2) IC(A:I)C(ATA: 1) C (AvA: I);

(3) IfAC I, then (A:I)=S5.

Proof. (1) Let x € (A: 1),y € S and v € T'. Then
Al (zyy) = (ATz)yy C Iy CITS C T

o (A: 1) is an ideal of S.
(2) If z € I, then I[Tx C STI CI. Thusax € (A: ). If x € (A: ), then
(ATA)'z = AT'(AT'z) C AT'l C I. Thus z € (AT'A : I). Finally, if
€ (AT'A : I), then (AyA) [z C (ATA)z C 1. Sox e (AvyA:1).
(3) Let AC I and x € S. Then AT'z C IT'S C I, so z € (A: I). Hence
(A:1)=2S5.
0

Lemma 3.3. Let S be a commutative I'-semihypergroup. Let I be an ideal of
S and o #ACS. Then

(A:I)=(Va:1)=(A\T:1).
Proof. By Lemma 3.2, we have (A : I) C ﬂ cala I). Let x € (,cq(a: ).
Then, al'z C I for all a€ A So (Nyeala :I) € (A:1I). Hence (A : I) =
ﬂaeA(a:I). By Lemma 3.2(3), we have (A : ) = (,cqa: 1) = (A\I : I). O
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Definition 3.4. A proper ideal P of a I'-semihypergroup S is called a prime
ideal, if for every ideal I,J of S, IT'J C P implies I C Por J C P. If I'-
semihypergroup S is commutative, then a proper ideal P is prime if and only
if al'b C P implies a € P or b € P, for any a,b € S.

Example 3.2. Consider Example 2.4. Put S =I' = {1,2,---n} for some
n € N. Then all ideals of S are of the form [; = {i,i+1,---n}, for every i € §
and I, is a prime ideal of S.

Theorem 3.2. Let S be a I'-semihypergroup and P be a left ideal of S. Then
P is prime if and only if for all x,y € S,

x'STy C P implies x € P ory € P.

Proof. If x,y € S and 2I'STy C P, then ST'zI'STy C ST'P C P. Since STz
and STy are left ideals of S, we have either STx C P or STy C P. Suppose
that STz C P. Let [ = STz U{z} be the left ideal of S generated by x. Then
IT'T C STz C P whence we obtain I C P. Hence x € P. Similarly, we can
show that if ST'y C P then y € P.

Conversely, suppose that IT'J C P and I ¢ P. Then, we show that
JCP. Let x € I\ P. Then for all y € J we have zI'ST'y C IT"J C P. Since
x ¢ P, theny € P,soJC P. d

Lemma 3.4. Let S be a commutative I"-semihypergroup and let I be an ideal
of S. Then I is a prime ideal of S if and only if (A:1)=1 for all AZ I.

Proof. Assume that [ is a prime ideal of S and A ¢ I. Choose a € A such
that a ¢ I. Let o € (A: I). Then al'z C I. Since [ is prime, thus z € I. So
(A:1)C I. Now, by 3.2(ii) we have (A: 1) = 1.

Conversely, let (A: 1) =1, for every A € I. If A, B are ideals of S such
that ATBC I and A ¢ I, then B C (A: 1) =1, so [ is a prime ideal of S. [

4. Right Noetherian I'-semihypergroups

In this section, we introduce the notion of right Noetherian I'-semihyper-
groups.

Definition 4.1. Let S be a ['-semihypergroup. Then S is said right Noether-
ian, if S satisfies the ascending chain condition on right ideals. That is, for
any sequence of right ideals {;}3°, of S such that I; C I, C--- C [;--- , there
exists n € N such that I,,, = I,, for each m € N,m > n.

Example 4.1. Let (F,+,-) be a field and G be a subgroup of (F'\ {0},-). Let
F/G ={aG | a € F} and I" = {a, }. Then consider the hyperoperations «
and [ as follows: (aG)a(bG) = {cG | ¢ € aG + bG} and (aG)B(bG) = F/G.
Then F'/G is a simple I'-semihypergroup, so it is right Noetherian.

Example 4.2. Let S ={1,2,3.--- } and I' = {a1, aq, - - - , ax } for some k € N.
Consider the hyperoperations «; as follows: za;y = {z € S| z < min{x,i,y}}.
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Then S is a I'-semihypergroup. Now, we find a chain of right ideals of S that is
not satisfied ascending chain condition. For everyn € N, let [,, = {1,2,--- ,n}.
Then I, is an ideal of S and we have I} & I, & ---. So S is not right Noetherian
['-semihypergroup.

Example 4.3. Let A, = (n—1,n), S=J,~, A, and I' = {o; | i € N}. For
every x,y € S and «; € I', we define za,;y = A,,im, where x € A, and y € A,,.
Then S is a right Noetherian I'-semihypergroup.

Let (H,o) be a semihypergroup. A non-empty subset I of H is called a
left (right) hyperideal of H,if Ho I C I (IoH CI).

Let S be a I'-semihypergroup and M be the left operator semihypergroup
of it. Then for A C M we define AT = {z € S| [z,a] € M, V a € T}.
Similarly, for I C S we define I = {[z,a] € M : zas C I,Vs € S}.

Theorem 4.1. Let S be a I'-semihypergroup and M be its left operator semi-
hypergroup. Then the following statements are true:

(i) If A is a right hyperideal of M, then AT is a right ideal of S.

(ii) If I is a right ideal of S then, It is a right hyperideal of M.

Proof. (i) Let x € AT, y € S and o € T. Then [z,a] € A and since A is
a hyperideal of M, thus [z,a] o [y,a] C A. So {[t,a] : t € zay} C A then
xay C AT, Therefore AT is a right ideal of S.

(ii) Let [z, o] € I and [y, 8] € M. Then for all s € S, zas C I. Now,

[z,0] o[y, 8] = {[t, ] : t € zay} C I
Therefore, I is a hyperideal of M. U

Let S be a I'-semihypergroup and M be the left operator hypergroup of
it. Let I be an ideal of S and A be a hyperideal of M. Then it is easy to see
that I C (I*)* and A C (A™)*. In the following theorem we prove that if I
and A are prime then the equality holds.

Theorem 4.2. Let S be a I'-semihypergroup and M be the left operator hy-
pergroup of it. Let P be a right prime ideal of S. Then P = (P*')*.

Proof. Suppose that P be prime and z € (P*)*. Then 2I'S C P. So 2I'STz C
xI'S C P. Since P is a prime right ideal of S, then by Theorem 3.2, x € P.
So (P*)* C P. Therefore, (P*')* = P. O

Let S be a I'-semihypergroup. If their exist elements e € S and § € '
such that edx = x for every x € S, then S is said to have a left unity. It is easy
to check that if S has a left unity, then [e, d] is a left unity of the left operator
semihypergroup M.

Theorem 4.3. Let S be a I'-semihypergroup and M be its left operator semi-
hypergroup. If I is a right ideal of S, then I = (I*')*.
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Proof. Let x € (I*')*. Then [z,a] € I for every a € T'. So zas C I for
every s € S. Since S has a left unity, thus 2 € I. So I = (I*')*. d

Theorem 4.4. Let S be a I'-semihypergroup with a left unity. If the left oper-
ator semihypergroup M of S is right Noetherian, then S is right Noetherian.

Proof. Let I; C I, C I3 C --- be an ascending chain of right ideals of S. Then
I C I C Iy C--- is an ascending chain of right ideals of M. Since M is
right Noetherian, thus there exists a positive integer n such that I} = [;Lik
Hence previous theorem I, = (1) = (Iﬁik)Jr = Ly, for k=1,2,---. S0 §
is right Noetherian. 0]

Let S be a I'-semihypergroup. If every non-empty set of right ideals
of S, partially ordered by set inclusion, has a maximal element, we say that
maximum condition holds for right ideals of S. That is, for each non-empty
set A of ideals of .S, there is an element M € A such that there is no element
T € A such that T" D M. Equivalently, if T € A such that T" O M, then
T=M.

Theorem 4.5. Let S be a I'-semihypergroup. Then the following are equiva-
lent:

(i) S is right Noetherian;
(ii) S satisfies the mazimum condition for right ideals;
(iii) Ewvery right ideal of S is finitely generated.

Proof. (i)=-(ii) Assume by contradiction that there is a non-empty set of ideals
of S, say A, which has no maximum element. If I; € A then there exists an
element I, € A such that I; C Io; since A has no maximum element. Also,
there exists an element I3 € A, such that I, C I3. By continuing this process
we have the acceding chain Iy C I, C I5 C ---, which is impossible.

(ii)=-(iii) Let I be an ideal of S. Then we show that [ is finitely generated.
Let A = {< A >: A is a finite subset of I}. By (ii), A has a maximal element,
say < Ag > where Ay is finite subset of /. Now, if a € I then < AgU{a} >€ A.
Then by maximality of < Ag > we have a €< Ay >. Therefore, I is a finitely
generated ideal of S.

(iii)=-(i) Let {I; : ¢ € N} be a sequence of ideals of S, such that I; C I, C

- CLC---,andlet I = Ufil I;. One can easily see that [ is an ideal of S.
Then, by (iii), there exist ai,as, -+ ,a; € S such that I =< ay,as, -+ ,a; >.
Clearly ay,a2,--- ,a; € I. Let i, € N such that a € I;,, for k =1,2,--- .
We put n := max{iy,ig, - ,i}. Since iy < n for all k = 1,2,--- ¢, we have
I, C I, forallk =1,2,--- ,t. Henceay € I,,, forallk =1,2,--- ,¢. Since I, is
an ideal of S, thus < ai,as,--- ,a; >C I,,. So I =< ay,as, -+ ,a; >C I, C I.

Then, I,, = 1. So I, = I,,, for all m € N such that m > n. Indeed, let m > n.
Then I =1, C I, C I, thus I, = I,. O
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5. (S,T)-semihypergroups

In this section, we introduce the quotient I'-semihypergroup by using
a congruence relation. Also, we investigate the fundamental relations on I'-
semihypergroups. Then we present a special kind of I'-semihypergroups which
is called (S,T")-semihypergroup and (I", A)-semihypergroup.

An equivalence relation R on a ['-semihypergroup S is called a congruence
relation, if for any a,b,c € S, v € I' and for every t € ayc, there exists t' € byc
such that tRt'.

Let R be a congruence relation on a I'-semihypergroup 5. We set .S /R =
{R(z) |z €S}and ' = {4 |y €T} and ¥ € I and for every z,y € S we
define R(z)yR(y) = {R(2) | z € zyy}.

Lemma 5.1. If R is a congruence relation on a I'-semihypergroup S, then
S/R is a T'-semihypergroup.

Proof. Let x,2',y,y € S and v € I". We show that if zR2’ and yRy’ then
R(z)¥R(y) = R(2')3R(y’). Suppose that R(z) € R(x)yR(y). Then 2z €
vy, where zyRZ'| thus R(z) = R(z1) = R(Z'), so R(x)¥R(y) C R(2)YR(Y).
Similarly, one can see that R(z')YR(y') C R(z)YR(y). Now, let z,y, z € S and
a,3 €TI'. Then

(R(x)aR(y))BR(z) = ({R(t) [t € zay})BR(2)
={R(s)| s €tfz,t € zay}
={R(s) | s € (zay)pz}
={R(s) | s € za(yBz)}
= R(z)&(R(y)BR(2)).
Therefore, S/R is a I'-semihypergroup. O

Let S be a I'-semihypergroup and R be an equivalence relation on S. If
A and B are non-empty subsets of S, then

ARB means that Va € A, b € B, we have aRb.

An equivalence relation R is called strongly regular on the right (on the
left), if for all z € S, aRb implies (acx) R(bax) ((zaa)R(zab)), for every o € T

Definition 5.1. Let S be a I'-semihypergroup and 6 be an equivalence relation
on S. We say that 0 is a fundamental relation on S, if 6 is the smallest strongly
regular equivalence relation on S.

In fact, the fundamental relation @ is the smallest equivalence relation
on I'-semihypergroup S such that the quotient S/6 is a I-semigroup. The fun-
damental relation was introduced on hypergroups by Koskas [18], and studied
by many authors, for example, Corsini, Davvaz, Freni, Leoreanu, Vougiouklis
and others [5, 7, 1, 11, 13, 21, 30, 31].

Let S be a I'-semihypergroup and a,b € S. For every n € N we define
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the relation p on S as follows:

(a,b) € pp <= Fay,...an11 €S,71,..., T €L
> {a,b} Cayy1a2y2 - . . A YnGny1,

Now, set p = |J;~, pn. It is easy to check that p is reflexive and symmet-
ric. Let p* be the transitive closure of the relation p.
Ifay,...a, 1 € S and vq,...,7, € ', then we use following notation

n
a1714272 - - - Yn—10n—1Ynln41 = H A;Yiiy1.
i=1

Theorem 5.1. [22]. Let S be a I'-semihypergroup. Then the relation p* is a
strongly reqular equivalence relation on S.

Corollary 5.1. [22]. Let S be a I'-semihypergroup. Then the quotient S/p* is
a I'-semigroup.

Theorem 5.2. [22]. Let S be a T'-semihypergroup. Then the equivalence rela-
tion p* 1s the smallest strongly regular equivalence relation on S and so p* =0,
where 0 is the fundamental relation on S.

Now, we present a way to obtain a I'-semihypergroup with a semigroup.

Definition 5.2. Let (I, -) be a semigroup and {A, },cr be a collection of non-
empty disjoint sets and S = U'yGF A,. For every z,y € S and v € I" the we
define xyy = A,_,,, where x € A, and y € A, for some 7, € I" and , € I'.
Then S is a I'-semihypergroup and we call it a (S,I" )-semihypergroup.

Theorem 5.3. Let S be a (S,I')-semihypergroup. Then S is I'-heypergroup if
and only if " is a group.

Proof. Let S be a I'-heypergroup. We show that for every o, € I, there
exists v € I' such that oy = 3. Choose z € Ag and y € A,. Since S is a
I~heypersemigroup, thus by Corollary 3.1, for every 6 € I', Sy is a hypergroup.
So there exists z € S. Then there exists 0 € I' such that z € As and z € yfz =
Anps, since { A, baer are disjoint, then Ag = A,ps this means that «(65) = 5.

Conversely, let I' be a group. Then by Corollary 3.1, we should show
that Sy is a hypergroup for every § € I'. If x € S, then there exists § € I" such
that x € Ag. So

208 = | ) Ama =] A, =5
YyEAL ~el

Therefore, (S.0) is a hypergroup. O

Now, we present a way to obtain a I'-semihypergroup with a A-semigroup.

Definition 5.3. Let I" be a A-semigroup, {A,},er be a collection of non-
empty distinct sets and S = Uyer A,. For every z,y € S and § € A, we
define x0y = A,sp where x € A, and y € Ag for some o, 3 € I'. Then S is a
A-semihypergroup and we call a (T', A )-semihypergroup.
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We will prove some properties of (I, A)-semihypergroups.

Lemma 5.2. Let S be a (T, A)-semihypergroups. Then S is a commutative
A-semihypergroup if and only if T is a commutative A-semihypergroup.

Proof. The proof is trivial. 0

Lemma 5.3. Let S be a (T', A )-semihypergroups. If I is an ideal of I, then
St = Uper Ao is an ideal of S. Conversely, if St = Uy, Ao s an ideal of S,
then I is an ideal of T'.

Proof. Let I T, x € Sand § € A. If x € A, and a € T", then

208 = 6 (U A9> = <U x5A9> = Ao € S1.

el el aecl

Conversely, suppose that Sy is an ideal of S. If y €', § € A and 0 € I,
we should show that 760 C I. Choose z € A, and y € Ag. Then zdy C Sy, on
the other hand zdy = A,50 C S;. So there exists 0 € I such that Avso = Agr,
soyd0 =60 € I. O

Lemma 5.4. Let S be a commutative (T, A)-semihypergroups and P be an
ideal of I'.  Then P is a prime ideal of T' if and only if Sp = Uyep Ao is a
prime ideal of S.

Proof. Let P be a prime ideal of I' and aAb C Sp, where a € A,, b € Ag and
a,B € I'. Then (Jsep Aass € Sp. Hence aAB C P. Since P is a prime ideal
of I', thus aw € P or B € P. Therefore, a € A, C Sporbe Az C Sp.
Conversely, let Sp be a prime ideal of S and aAf C P. If we choose
x € Ay and y € Ag, then xAy = Ayap € Spsox € Sp or y € Sp. Therefore,
a€e PorpgeP. O

Let S be a I'-semigroup and S be a I-semigroup. If there exists a map
®: S — S and a bijection f: ' — I" such that

O(zyy) = (2) f(7)®(y),

for all z,y € S and v € I'. Then we say (®, f) is a homomorphism between
S and S. Also, if ® is a bijection then (®, f) is called an isomorphism, and S
and S are 1somorphic.

If T" is a A-semigroup, then we say that I' is idempotent whenever I' =
FAT. If S is a (I', A)-semihypergroup where I' is an idempotent A-semigroup
and p* is the fundamental relation on it, then by Corollary 5.1 the quotient of
S on p*is a [-semigroup and we will prove that it is isomorphic to I

Theorem 5.4. Let S be a (T, A)-semihypergroup such that S = UweF A, and
I’ is a idempotent A-semigroup. If p* is the fundamental relation on S then

S/p*=T.
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Proof. It x € S then there exists 7, € I" such that x € A, . Now, we define
the map ® as follows:
o: S/pr —T
pr(x) — Y
andf:f‘—>Fbyf(‘y):’y, for all 4 € T'.
Let p*(x) = p*(y). Then there exist © = xy,x9, -+ ,2, = y € S such
that © = x1proprs- -, Ty 1px, = y. Thus, there exist ky, ka, - - - k,, € N, {u;; €
Ay 1<i<nl1<j<k}and{§; el:1<i<n—-11<j<k —1} such

that
ki—1

{:Cl7xl+1} C H uzjfsljuz (j+1) = AH )

j=1 "ij zg7z(g+1)
j=1

for 1 <i <n—1. Now, since the elements of {A, : v € '} are disjoint and
for every 1 <i < n, we have

T; € A NA k1
v 115, L Y1813 V1) (1) I1550 viidijvigi+1)’
then
A k;—1 == A k;—1 .
IT55: Y—1)30G—1)iV(—1)G+1) IT550 vigdiivigi+1)

If we put v = H;“:_ll Y15;01;71(j+1) then z,y € Ay, so

(p"(x)) =7 =2(p*(y)).
Thus ® is well-defined.
Now, we show that (P, f) is a homomorphism. If z,y € S and § € A
then x € A, and y € A,, for some 7,7, € I'. Then

D(p*(2)op*(y)) = @({p*(2):
= QI>({p (2) 12 € Aysyn})

(p* ()P (p*(y))
= @(p (2)) £(0)2(p* (y))-

Let ®(p*(z)) = ®(p*(y)) and v € T such that z,y € A,. Then there
exist a, 3 € I' and § € A such that v = adB. Now, if we choose an element
21 € Ay and 2y € Ag, then {z,y} C A, = Aysp = z1022. Thus p*(x) = p*(y).
Obviously, ® is onto. Therefore, (®, f) is an isomorphism and the proof is
completed. 0]

z € z0y})
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