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A NOTE ON THE NUMBER OF PARTITIONS OF n INTO k&
PARTS

Mircea Cimpoeas!

We prove new formulas and congruences for p(n,k) := the
number of partitions of n into k parts and q(n, k) := the number of parti-
tions of n into k distinct parts. Also, we give lower and upper bounds for
the density of the set {n € N : p(n,k) = i(mod m)}, where m > 2 and
0<:<m-—1.
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1. Introduction

A partition of a positive integer n is a non-increasing sequence of positive
integers whose sum equals n. We define p(n) as the number of partitions
of n and for convenience, we define p(0) = 1. Let p(n,k) be the number
of partitions of n with exactly & summands. Let ¢(n,k) be the number of
partitions of n with k& distinct parts and let ¢(n) total number of partitions
of n with distinct parts. For instance, there are 5 partitions of 8 with three
summands 1+1+6, 14245, 1+3+4, 24+2+4, 2+3+3, hence p(8,3) = 5 and
q(8,3) = 2. Obviously, p(n, k) = 0 if and only if n < k. Also, g(n, k) = 0 if and
only if n < k + (§). Moreover, p(n) = Y_p_, p(n, k) and q(n) = Y_p_, ¢(n. k).
The function p(n, k) was studied extensively in the literature; see for instance
[8]. However, there is no known closed form for p(n, k).

Let a = (ay,...,ax) be a sequence of positive integers and let p,(n) be the
restricted partition function associated to a; see Section 2. In Theorem 3.2, we
prove new formulas for p(n, k) and ¢(n, k), using their intrinsic connection with
the restricted partition function associated to the sequence k := (1,2,..., k).
In Proposition 3.3, we give another formulas for p(n, 3) and ¢(n,3). In [5] we
proved that if a certain determinant is nonzero, then the restricted partition
function p,(n) can be computed by solving a system of linear equations with
coefficients which are values of Bernoulli polynomials and Bernoulli Barnes
numbers. Using a similar method, we prove that if a certain determinant
A(k), which depends only on k, is nonzero, then p(n, k) and g(n, k) can be
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expressed in terms of values of Bernoulli polynomials and Bernoulli Barnes
numbers; see Theorem 3.4.

In Theorem 4.2, respectively in Corollary 4.3, we provide formulas for
P(n, k) = the polynomial part of p(n, k), respectively for Q(n, k) = the poly-
nomial part of ¢(n, k). In Proposition 5.2 we prove formulas for the ”waves” of
p(n, k) and ¢(n, k), defined analogously as the Sylvester ”waves” (see [11],[12])
of the restricted partition function py(n).

In Proposition 6.1 we give new formulas for p(n, k) and ¢(n, k) in terms
of coefficients of a reciprocal polynomial and, as a consequence, in Corollary
6.2, we prove some congruence relations for p(n, k) and ¢(n,k). In a recent
preprint [9], K. Grajdzica found lower and upper bounds for the density of the
set {n € N : pa(n) = i(mod m)} for a fixed integer 0 < ¢ < m — 1. Using
this, we prove lower and upper bounds for the density of the set {n € N
p(n, k) = i(mod m)}; see Theorem 6.3.

2. Preliminaries

Let a := (ay,aq,...,ax) be a sequence of positive integers, k& > 1. The
restricted partition function associated to ais pa : N — N, pa(n) := the number
of integer solutions (xy,...,zx) of Zle a;x; = n with x; > 0. Note that the
generating function of p,(n) is

;pa(n)z” - (1 —zm) 1 (1— o) (2.1)

Let D be a common multiple of ay, as,...,a;. Bell [3] has proved that p,(n)
is a quasi-polynomial of degree k — 1, with the period D, i.e.
pa(n) = dap_1(n)n" 1+ + dar(n)n + dap(n), (2.2)

where da;m(n+ D) = dam(n) for 0 <m < k—1and n >0, and day—1(n) is
not identically zero. Sylvester [11],[12] decomposed the restricted partition in
a sum of “waves”:

pa(n) = Z VVJ(n7 a): (23)

j>1
where the sum is taken over all distinct divisors j of the components of a and
showed that for each such j, W;(n,a) is the coefficient of ¢! in

—vn nt

y e
_ YW p—agt) . .. _ YOk ,—agt)’
0<v<j, ged(v,j)=1 (1 Py € ' ) (1 pj € ¥ )
where p; = ¢ and ged(0,0) = 1 by convention. Note that W;(n,a)’s are
quasi-polynomials of period j. Also, Wi(n,a) is called the polynomial part of
pa(n) and it is denoted by Pa(n).

It is well known that p(n, k), the number of partitions of n with exactly
k summands, equals to the number of partitions of n whose largest part is k.
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It follows that
D — >
p(n, k) = { (1,2, k)(n k)’ nzk . (2.4)

There is a 1-to-1 correspondence between the partitions of n with k distinct
parts and the partitions of n — (g) with k parts, given by

g <ay<...<ap—=a;<a—1<---<a,—(k—1).

Hence

_ = (5). k), n>k+ ()
q(n, k) = {O, < bt (g) ) (2.5)

From (2.1), (2.4) and (2.5) it follows that

[e'¢) . Zk ©° n Z'IH_(g)
nz;)p(n,k)z = (=)0 =22 (1= ) nz;)Q(n,k)z = 1—2)(1—22)-(1—2F)

are the generating functions for p(n, k) and ¢(n, k) respectively.

3. Main results
Let Dy be the least common multiple of 1,2,... k.
Proposition 3.1. We have that
p(n, k) = frpi(n)n" 4+ fri(n)n+ fro(n) for alln >k,
where frm(n) = dxm(n —k), andk =(1,2,...,k).

Proof. 1t follows from (2.2) and (2.4). O
Theorem 3.2. (1) Forn > k we have that:
k-1 4 . .
- 1 n—k—j1—2j—...—kji
0<ji< Bt . 0<p< D1 =1

J1+2j2++kjpr=(n—k) mod Dy,
(2) Forn >k + (g) we have that:
k—1 k . . .
1 n—k—()—jl—ng—...—k:]k
q(n, k) = o) Z E ( 2 D —|—€> .

0<j1<BE 1, ,..,0<5u <5k -1
j1+2]2++kjkz(n7k7(§)) mod Dy

Proof. (1) The result follows from [4, Corollary 2.10] and (2.4).
(2) It follows from (1) and (2.5). O

The unsigned Stirling numbers m are defined by the identity

(z)" ::x(x+1)~~(x+n—1)zzn:[Z}xk.

k=0
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The Bernoulli numbers B,’s are defined by the identity

Bozl,Blz—%,BQZ ,B4:—%andanoisnisoddananL

D=

Proposition 3.3. (1) Forn > 3, we have that:

3
(_1)m71 BZ1B12B13 o Qi -1
H=S 2 _ 2070 2 giagis 1y _ 3ym
p(n.3) Z6(m—1)! - ;2 FTATN (n=3)""+
i1+io+iz=2—m

3 2
- 0<51<5, 0<52<2, 0<53<1
j1+2j2+3j35f( mod ])

3
(_1)m—1 Bi1BiQBi3 io i m—1
=3 s BB g

" i1tiztiz=2—m

3 J 2

D3PI D e N I S TR PR i
j 0<5j1<5, 0<52<2, 0<j3<1

J1+2j2+3j3=¢( mod j)

Proof. (1) Since 1,2, 3 are coprime, the conclusion follows from [6, Proposition
4.3] and the fact that p(n,3) = pa23)(n — 3) for n > 3.
(2) Follows from (1) and the fact that ¢(n,3) = p(n—3,3) forn > 6. O

The Bernoulli polynomzials are defined by

By(z) = i (Z) Bo_nz".

k=0
For a = (ay,...,ax), the Bernoulli-Barnes numbers (see [1]) are
j . ,
1+t =y
We consider the determinant:
Bi(py) Bi(1) Bi(p;) Bi(1)
Ba(p) Bi1(1) Bi1(p,) Bi41(1)
Alh) = . , — St
Bka(%k) Bka (1) BkaJrkfl(DLk) Bka+k,1(1)
kD, T kDy, T kDj+k—1 e kDj+k—1
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Theorem 3.4. If A(k) # 0, then p(n, k) can be computed in terms of Bj(5-),
1<v<k,1<j<kDyand B;(k),0<j <kDy, wherek = (1,2,....k).

Proof. According to [5, Formula (1.8)], we have that:

k—1 Dy

o Bapmaa(3) (=1
> D (i e tn) ((nlk)! Bo(K) —Son, (V)0 >0, (3.1)

m=0 v=1

where dg, is the Kronecker’s symbol. Giving values 0 < n < kD, — 1 in
(3.1), and seeing di,,(v)’s as variables, we obtain a system of kDj linear
equations, with the determinant equal to =DX A(k) for some integer N > 1.
By hypothesis, A(k) # 0, hence we can determine dy ,,(v) by solving the
system. From (2.2), one has

pe(n) = dig_1(n)n™ !+ 4 dici (n)n + dap(n).
Hence, the conclusion follows from (2.4) and (2.5). O

4. The polynomial part of p(n, k) and ¢(n, k)

We recall the following basic facts on quasi-polynomials [10, Proposition
4.4.1]:

Proposition 4.1. The following conditions on a function f : N — C and
integer D > 0 are equivalent.

(i) f(n) is a quasi-polynomial of period D.

(ii) Y02y f(n)z" = ALJ((ZZ)), where L( ), M(z) € Clz], every zero A of M(z)

satisfies \P = 1 (pmmded has been reduced to lowest terms), and
deg L(z) < deg M(z).

(ili) For alln >0, f(n) = > \p_y Fx(n)A™", where each Fy(n) is a polyno-
mial function. Moreover, deg F)\(n) < m(A\) — 1, where m(\) = multi-
plicity of \ as a root of M(z).

We define the polynomial part of f(n) to be the polynomial function
F(n) = Fi(n), with the notation of Proposition 4.1. The polynomial part
F(n) of a quasi-polynomial f(n) gives a rough approximation of f(n), which
is useful for studying the asymptotic behaviour of f(n), when n > 0. If
a = (ay,...,ax) is a sequence of positive integers and p,(n) is the restricted
partition function associated to a, we denote P,(n), the polynomial part of
pa(n). Several formulas of P,(n) were proved in [2], [7] and [4].

We consider the following functions:

P(n,k) = Pag,..p(n—Fk), n>k,

Q(n, k) = Pua,. .k (n—k— (g)) ., n>k+ <I;),

and we called them, the polynomial part of p(n, k) and q(n, k), respectively.
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Theorem 4.2. For n > k, we have that:

k—1

1) Pn k)= ——— N\
(1) P(n, k) Di(k—1)! . 2 N H< Dy I
0<ii<BE—1, .., 0<jp< B 1 (=1
k—1
1 (—1)v Bi, -+ Bi, ) .
(2)P(n,k)_ﬁz:om Z Wll“.kk(n_k) )
u= i1t =u

Proof. (1) It follows from [4, Corollary 3.6] and (2.4). See also [7, Theorem
1.1].
(2) Tt follows from [4, Corollary 3.11] and (2.4). See also [2, p.2]. O

Corollary 4.3. Forn >k + (g), we have that:

k—1 k . . .
_ 1 n—k—(2)—j1—2]2—‘..—]€jk
(D) Q. k) = 55—y > ( Dy - g) '
0<ji<BE -1, ,.,0< k< B —1 651
k—1 k—1—u
_ l =N Bi, --- By, i1, ik L. k
(Q)Q(”’k)_krz_:o(k—1—u)!, Zf g Lk (” ¥ <2>) '
u= 11+ Fir=u
Proof. 1t follows from Theorem 4.2 and (2.5). O

5. The Sylvester waves of p(n, k) and ¢(n, k)

Let k := (1,2,...,k). According to (2.3), the restricted partition func-
tion px(n) can be writen as a sum of "waves”, px(n) = Zle W;(n, k). We
define the functions

Wi(n, k) = W;(n — k, k), n >k, (5.1)

—~ k k

Wi(n, k) :==W;n—k— (2),k), n>k+ (2>, (5.2)
and we call them the "waves” of p(n, k) and ¢(n, k), respectively.

Remark 5.1. Note that P(n, k) = Wi(n, k) and Q(n, k) = Wi(n, k) are the
polynomial parts of p(n, k) and gq(n, k).

Proposition 5.2. (1) For any positive integers 1 < j < k < n, we have
that:

Wi(n, k) = Dk(kzll)' Zk: Zj:pﬁ' i [tf J (= <mt 1>'

m=1 /=1 t=m—1

—t . . t_ +1 _1
Z Dk (]1+"‘+k3]k) m (n_k.)m .
0<j1 <Dg—1,. 0SS ZE—1
J1+-+kjr=L( mod j)
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(2) For any positive mtegers 1<j<kandn>k+ (k), we have that:

J k—1 "
778 1 tm+1 .
Wi, = i IZ}%Z e (L)
e, .\t AN
> DL+ ki = = ()

0<j1 <Dg—1,..,0<Gp < Tk -1
J1+-+kjr=£¢( mod j)

Proof. (1) It follows from [6, Proposition 4.2] and (5.1).
(1) It follows from [6, Proposition 4.2] and (5.2). O

6. New formulas and congruences for p(n, k) and ¢(n, k)

We consider the function:
f(n, k) :=#{(1, -, Jr) : 1+2Jot+ - +kjr=n, 0 < j; < Tk—l, 1 <i<k},

where Dy, is the least common multiple of 1,2,... k. Let dy := kD) — (k;rl)
Note that f(n,k) = f(d—n, k), for 0 <n <d, and f(n,k) =0 for n > d+1.
It follows that F'(n,k) = Zzlio (n, k)a* is a reciprocal polynomial. With the
above notations we have:

Proposition 6.1. (1) For n > k we have that:
[ k+j—1
so= Y (T k- in)
-]

k

(2) Forn>k+ (’;) we have that:

V’ﬁ(’ﬁ)
Dy
k+j—1 K
TR DI G VIUEV B () BN}
i=| B |-k
Proof. (1) It follows from [6, Proposition 2.2], [6, Corollary 2.3] and (2.4).
(2) It follows from (1) and (2.5). O

Corollary 6.2. (1) For n > k we have that:
(k—Dp(n,k) =0 mod (j+L+1)G+L+2)---(j+k—1),
n— n+t
where ¢ = {D—kkJ — [ D( )—‘ + k.

n—k—(k

(2) Forn>k+ (g) and ' = { Br Q)J - [DLJ + k we have that:

(k—1Dlg(n,k)=0 mod (j++1)(Gj+0+2)---(j+k—1),
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Theorem 6.3. (1) The inequality limy_,o, SN2 k) 1(mod 2)} 2, holds
for infinitely many positive integers k. Moreover, zf the above mequahty

is not satisfied for some positive integers k, then it holds for k + 1.

(2) Let m > 1 be a positive integer. For each positive integer k we have

lim #{n <N : p(n,k) # 0(mod m)} S 1

N—oc0 N - (k;rl) '

The above results hold if we replace p(n, k) with q(n, k).

Proof. (1) Since p(n,k) = px(n — k) for n > k, where k = (1,2,...,k), the
result follows from [9, Theorem 4.2]. (2) Follows from [9, Theorem 5.2]. The
asymptotic behavior is the same if we replace py(n) with p(n, k) or g(n, k). O

7. Conclusions

We proved new formulas and congruences for p(n, k) (and g(n, k)), the number
of partitions of n into k parts (into k distinct parts), and their polynomial parts.
Also, we gave lower and upper bounds for the density of the set {n € N : p(n,k) =
i(mod m)}. Our method can be adapted for other partition functions.
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