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IMPLICIT TYPE FIXED POINT THEOREMS FOR BOUNDED 
MULTIMAPS 

Muhammad Usman ALI1,2, Tayyab KAMRAN3,2, Quanita KIRAN4 

In this paper, we prove some implicit type fixed point theorems for bounded 
multimaps in a partial metric space by introducing a new family of mappings from 

( )4+R  to +R . Our results generalize some existing fixed point theorems. We also 
construct some examples to establish the generality of our results. 
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1. Introduction and Preliminaries 

Matthews [1] introduced the notion of a partial metric space by using the 
idea that in many problems the distance between same points is not always zero. 
This notion has many applications not only in mathematics but also in computer 
sciences [1]. Several authors compliment the work of Matthews and proved 
several fixed point results in this setting, see for example [2-15]. We collect some 
basis definitions and results to work with a partial metric space. 

 
Definition 1.1 [1] Let X  be a nonempty set. A mapping ),0[: ∞=→× +RXXp  
is a partial metric on X , if for all Xzyx ∈,, , we have   
(P1) ( ) ( ) ( )yxpyypxxp ,=,=,  if and only if yx = ;  
(P2) ( ) ( )yxpxxp ,, ≤ ;  
(P3) ( ) ( )xypyxp ,=, ;  
(P4) ( ) ( ) ( ) ( )yypzypyxpzxp ,,,, −+≤ .  
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Remark 1.2 ([1]) If ( ) 0=, yxp  then ( )1P  and ( )2P  implies yx =  but converse is 
not true in general.  
Lemma 1.3 [1] Every metric space is a partial metric space.  
Example 1.4 [1] Let [ ]{ }bababaX ≤∈ ,,:,= R . Define a function 

+→× RXXp :  by, [ ] [ ]( ) { } { }cadbdcbap ,min,max=,,, − . Then ( )pX ,  is a 
partial metric space. Note that p  is not a metric on X .  
Remark 1.5 [1] Every partial metric p  on X  generates a 0T  topology pτ  on X  
with base consisting of open balls ( )balls−p  ( ){ }0>,:, εε XxxBp ∈ , where  

 ( ) ( ) ( ){ }.,<,:=, εε +∈ xxpyxpXyxBp  
Definition 1.6 [1] Let ( )pX ,  be a partial metric space. Then,   
(a) A sequence { }nx  in ( )pX ,  is said to be convergent to a point Xx∈  with 
respect to pτ  if and only if ( ) ( ).,lim=, nn

xxpxxp
∞→

  

(b) A sequence { }nx  in X  is said to be a Cauchy sequence if and only if 
( )mnmn

xxp ,lim
, ∞→

 exists and is finite.  

(c) A partial metric space ( )pX ,  is called a complete partial metric space if every 
Cauchy sequence { }nx  in X  converges with respect to pτ  to a point .Xx∈   
Remark 1.7 [1] For a partial metric space p  on X , the function  

 ( ) ( ) ( ) ( ).,,,2=, yypxxpyxpyxd p −−  
defines a metric on .X   
Lemma 1.8  [1] Let ( )pX ,  be a partial metric space. A sequence { }nx  in ( )pdX ,  
is said to be convergent to a point Xx∈  if and only if  

 ( ) ( ) ( )mnmnnn
xxpxxpxxp ,lim=,lim=,

, ∞→∞→
. 

Lemma 1.9  [1] Let ( )pX ,  be a partial metric space. Then   
(a) A sequence { }nx  in X  is Cauchy in ( )pX ,  if and only if it is Cauchy in 
( )pdX , . 
(b) A partial metric space ( )pX ,  is complete if and only if the metric space 
( )pdX ,  is complete.  

By Aydi . alet  [16], a subset A  of a partial metric space ),( pX  is said to 
be bounded, if there exist Xx ∈0  and 0≥M  such that for all Aa∈  we have 

( )MxBa p ,0∈ , that is, ( ) ( ) Mxxpaxp +000 ,<, . A subset A  is closed, if 
closedness is taken from ( )pX τ,  where pτ  is the topology induced by p . Let 

( )XBp  be the family of all nonempty bounded subsets of the partial metric space 
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( )pX , . Now we recollect some important notions from [16]. Let ( )XBBA p∈, , 
then 
( ) ( ){ }AaaxpAxp ∈:,inf=, , 
( ) ( ){ }ByAxyxpBAp ∈∈ ,:,inf=, , 

the function ( ) ( ) +→× RXBXB ppp :δ  is defined as  
( ) ( ){ }BbAabapBAp ∈∈ ,:,sup=,δ . 

Remark 1.10 [16] If ( ) ( ){ }AaaxdAxd pp ∈:,inf=, , then it is easy to prove that 
( ) 0=, Axp  implies that ( ) 0.=, Axd p   

Matthews [1] proved the Banach contraction principle in the setting of 
partial metric spaces as follows:  
 
Theorem 1.13 [1] Let ),( pX  be a complete partial metric space and let 

XXT →:  be a mapping such that there exists [0,1)∈α  satisfying  
),(),( yxpTyTxp α≤  

for each Xyx ∈, . Then T  has a unique fixed point.  
In this paper, we introduce a new class of implict type mappings, then by 

using it we prove some implicit type fixed point theorems for bounded 
multivalued mappings in partial metric space, as well as in partial metric space 
endowed with a partial order relation. Haghi . alet  [8] showed that the fixed point 
theorem for mapping satisfying the given contractive condition in 0 -complete 
partial metric space may follows from the corresponding fixed point theorem for 
mapping satisfying the same contractive condition in a complete metric space. It 
is worth mentioning that the contractive condition we will use is new even in the 
setting of metric space. 

2. Main result 

Let )[0,)[0,: ∞→∞ψ  be a nondecreasing mapping such that 

∞∑∞ <)(
1=

tn
n
ψ  for all 0≥t  and tt <)(ψ  for all 0>t . By ψΦ  we denote the 

family of functions )[0,=)(: 4 ∞→ ++ RRφ , satisfying the following conditions:   
(i) φ  is continuous and nondecreasing in each coordinate;  
(ii) let +∈R21,uu  such that if 21 < uu  and ),,,( 21221 uuuuu φ≤ , then )( 21 uu ψ≤ . If 

21 uu ≥  and ),,,( 11211 uuuuu φ≤ , then 0=1u ;  

(iii) if +∈Ru  such that ⎟
⎠
⎞

⎜
⎝
⎛≤ uuu

2
1,0,0,φ , then 0=u .  

Following are some examples of ψφ Φ∈ :   
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• Let },,,{max=),,,( 432143211 uuuuuuuu αφ  with tt αψ =)( , where [0,1)∈α .  
• Let 443212 =),,,( uuuuu αφ  with tt αψ =)( , where [0,1)∈α .  
• Let },,{max=),,,( 32143213 uuuuuuu αφ  with tt αψ =)( , where [0,1)∈α .  
• Let },{max=),,,( 3243214 uuuuuu αφ  with tt αψ =)( , where [0,1)∈α .  
• Let 143215 =),,,( uuuuu αφ  with tt αψ =)( , where [0,1)∈α . 

• Let )(
2

=),,,( 3243216 uuuuuu +
αφ  with tt

2
=)( αψ , where [0,1)∈α . 

• Let 
⎭
⎬
⎫

⎩
⎨
⎧ + 432143217 ),(

2
1,max=),,,( uuuuuuuu αφ  with tt αψ =)( , where 

[0,1)∈α . 
• Let 432143218 )(=),,,( cuuubauuuuu +++φ  with tcbat )2(=)( ++ψ , where 

cba ,,  are nonnegative real numbers such that [0,1)2 ∈++ cba .  
• Let 13243219 =),,,( cubuauuuuu ++φ  with tcbat )(=)( ++ψ , where cba ,,  are 
nonnegative real numbers such that [0,1)∈++ cba .  
Theorem 2.1  Let ),( pX  be a complete partial metric space and )(: XBXT p→  
be a mapping such that for each Xyx ∈, , there exist ψφ Φ∈  and 0≥L  with  

⎟
⎠
⎞

⎜
⎝
⎛ +≤ )),(),((

2
1),,(),,(),,(),( TyxpTxypTyypTxxpyxpTyTxp φδ  

                                    )).,(),(( yypTxypL −+                                                      (1) 
Then T  has a fixed point.  
Proof. Let }{ nx  be a sequence in X  such that nn Txx ∈+1  for each {0}∪∈Nn . If 

NN xx =1+  for some {0}∪∈NN . Then Nx  is a fixed point of T. Suppose 

nn xx ≠+1  for each {0}∪∈Nn . From (1), we have  
  ),(),( 121 +++ ≤ nnpnn TxTxxxp δ  

 

⎟
⎠
⎞

⎜
⎝
⎛ +≤ +++++ )),(),((

2
1),,(),,(),,( 11111 nnnnnnnnnn TxxpTxxpTxxpTxxpxxpφ  

 )),(),(( 111 +++ −+ nnnn xxpTxxpL  

⎟
⎠
⎞

⎜
⎝
⎛ +≤ +++++++ )),(),((

2
1),,(),,(),,( 2112111 nnnnnnnnnn xxpxxpxxpxxpxxpφ  

 (0)L+  

.)),(),((
2
1),,(),,(),,( 2112111 ⎟

⎠
⎞

⎜
⎝
⎛ +≤ +++++++ nnnnnnnnnn xxpxxpxxpxxpxxpφ    (2) 
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We claim that ),(<),( 121 +++ nnnn xxpxxp  for each {0}∪∈Nn . Suppose on 
contrary that ),(),( 121 +++ ≥ nnnn xxpxxp  for some n . Since φ  is nondecreasing, by 
using this in (2), we have  
    )).,(),,(),,(),,((),( 212112121 +++++++++ ≤ nnnnnnnnnn xxpxxpxxpxxpxxp φ             (3) 
 By (3) and property (ii) of ψΦ , we have  

0.=),( 21 ++ nn xxp  
 Which is a contradiction to our assumption, i.e. nn xx ≠+1  for each {0}∪∈Nn . 
Thus ),(<),( 121 +++ nnnn xxpxxp  for all n . From (2), we have  

)).,(),,(),,(),,((),( 1211121 +++++++ ≤ nnnnnnnnnn xxpxxpxxpxxpxxp φ             (4) 
 By (4) and property (ii) of ψΦ , we have  

{0}.  )),((),( 121 ∪∈∀≤ +++ Nnxxpxxp nnnn ψ  
 Consequently, we get  

{0}.  )),,((),( 10
1

21 ∪∈≤ +
++ Nnforallxxpxxp n

nn ψ                                    (5) 
 Let mn > , we have  

 

),(),(),(),(),(
1

1=
1211 ii

n

mi
nnmmmmnm xxpxxpxxpxxpxxp ∑

−

+
−+++ −+++≤ "  

 ),(),(),( 1211 nnmmmm xxpxxpxxp −+++ +++≤ "  
 )),(()),(()),(( 10

1
10

1
10 xxpxxpxxp nmm −+ +++≤ ψψψ "  

 )).,((= 10

1

=

xxpi
n

mi

ψ∑
−

 

 Thus, we have  

.<)),((2),(2),( 10

1

=

∞≤≤ ∑
−

xxpxxpxxd i
n

mi
nmnmp ψ  

Therefore, we conclude that }{ nx  is a Cauchy sequence in ),( pdX . Since ),( pX  
is a complete partial metric space, by Lemma 1.9-(b), ),( pdX  is a complete 

metric space. Then there exists Xx ∈∗  such that Xxxn ∈→ ∗  with respect to pd , 
as ∞→n . By Lemma 1.8, we have  

0.=),(lim=),(lim=),(
,

mn
mn

n
n

xxpxxpxxp
∞→

∗

∞→

∗∗                                          (6) 

 From (1), we have  
  ),(),( 1

∗∗
+ ≤ TxTxTxx npnp δδ  

 ⎟
⎠
⎞

⎜
⎝
⎛ +≤ ∗∗∗∗∗ )),(),((

2
1),,(),,(),,( TxxpTxxpTxxpTxxpxxp nnnnnφ  
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 )),(),(( ∗∗∗ −+ xxpTxxpL n  

 ⎟
⎠
⎞

⎜
⎝
⎛ +≤ ∗

+
∗∗∗

+
∗ )),(),((

2
1),,(),,(),,( 11 TxxpxxpTxxpxxpxxp nnnnnφ  

 )).,(),(( 1
∗∗

+
∗ −+ xxpxxpL n  

 By using the triangular inequality, it further implies that  
   ),(),(),(),( 1111 ++

∗
++

∗∗∗ −+≤ nnnpnp xxpTxxxxpTxx δδ  

 ),(),( 11
∗

++
∗ +≤ Txxxxp npn δ  

 ),,(),,(),,((),( 11
∗∗

+
∗

+
∗ +≤ Txxpxxpxxpxxp nnnn φ  

     ))),(),(),((
2
1

1
∗∗∗

+
∗ ++ Txxpxxpxxp nn  

                    )).,(),(( 1
∗∗

+
∗ −+ xxpxxpL n                                                    (7) 

Letting ∞→n  in (7), we have  

    (0))),((0
2
1),,(0,0,),( LTxxpTxxpTxxp +⎟

⎠
⎞

⎜
⎝
⎛ +≤ ∗∗∗∗∗∗ φδ  

 .),(
2
1),,(0,0, ⎟

⎠
⎞

⎜
⎝
⎛≤ ∗∗∗∗ TxxTxx pp δδφ                                              (8) 

By (8) and property (iii) of ψΦ , we have 0=),( ∗∗ Txxpδ . Hence }{= ∗∗ xTx .  
  

Corollary 2.2 Let ),( pX  be a complete partial metric space and )(: XBXT p→  
be a mapping such that for each Xyx ∈,  , we have  

⎭
⎬
⎫

⎩
⎨
⎧ +≤ )),(),((

2
1),,(),,(),,(max),( TyxpTxypTyypTxxpyxpTyTxp αδ  

)),(),(( yypTxypL −+  
where [0,1)∈α  and 0≥L . Then T  has a fixed point.  

  
Proof. Let },,,{max=),,,(=),,,( 4321432114321 uuuuuuuuuuuu αφφ  with tt αψ =)( , 
where [0,1)∈α . From (1), we have  

⎭
⎬
⎫

⎩
⎨
⎧ +≤ )),(),((

2
1),,(),,(),,(max),( TyxpTxypTyypTxxpyxpTyTxp αδ  

)),,(),(( yypTxypL −+  
for all Xyx ∈, . Therefore by Theorem 2.1, T  has a fixed point.  
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Example 2.3 Let 
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ (0,1),

2
10,,

4
10,(0,0),=X  be endowed with partial metric 

p  define by },{max},{max=),( 2211 yxyxyxp +  for each Xyx ∈, . Define 
)(: XBXT p→  by  

 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛∈

.(0,1)= 
2
10,

2
10,=   

4
10,(0,0),

4
10,(0,0),   {(0,0)}

=

xif

xif

xif

Tx  

 Consider },,,{max
2
1=),,,( 43214321 uuuuuuuuφ  with tt

2
1=)(ψ  and 0=L . Now, 

it can be easy to see that (1) holds. Hence by Theorem 2.1, T  has a fixed point.  
Theorem 2.4  Let ),( pX  be a complete partial metric space and XXT →:  be a 
mapping such that for each Xyx ∈, , there exist ψφ Φ∈  and 0≥L  with  

⎟
⎠
⎞

⎜
⎝
⎛ +≤ )),(),((

2
1),,(),,(),,(),( TyxpTxypTyypTxxpyxpTyTxp φ

)).,(),(( yypTxypL −+  
Then T  has a fixed point.  
Proof. Proof of this theorem follows on same lines as of Theorem 2.1.  

 
Let ),( pX  be a partial metric space endowed with ordering  and )(XN  

is a set of all nonempty subsets of X . For )(, XNBA ∈ , we have following 
relations [17]:   
• BA 1≺ , if for each Aa∈  there exists Bb∈  such that  ܽ ع  ܾ.  
• BA 2≺ , if for each Bb∈  there exists Aa∈  such that ܽ ع  ܾ. 
Note that 1≺  and 2≺  are not partial orders on )(XN  for detail see [18, Remark 
3.5]. 

 
Theorem 2.5  Let ),( pX  be a complete partial metric space endowed with 
partial ordering . Let )(: XBXT p→  be a mapping satisfying the following 
conditions:   
(i) there exists Xx ∈0  such that 010}{ Txx ≺ ;  
(ii) for Xyx ∈, ݔ , ع implies TyTx ݕ 1≺ ;  
(iii) if }{ nx  is a nondecreasing sequence in X  such that xxn → , then ݔ௡ ع  ݔ 
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for each {0}∪∈Nn ;  
(iv) there exist ψφ Φ∈  and 0≥L  such that  

⎟
⎠
⎞

⎜
⎝
⎛ +≤ )),(),((

2
1),,(),,(),,(),( TyxpTxypTyypTxxpyxpTyTxp φδ  

                          )),,(),(( yypTxypL −+                                                        (9) 
for each Xyx ∈,  with ݔ ع     .ݕ
Then T  has a fixed point.  

  
Proof. By hypothesis (i) there exists Xx ∈0  such that 010}{ Txx ≺ . Then there 
exists 01 Txx ∈  such that ݔ଴ ع ଵ. By hypothesis (ii) we have 110ݔ TxTx ≺ . Then for 

01 Txx ∈  there exists 12 Txx ∈  such that  ݔଵ ع  ଶ. Continuing in this way we haveݔ
a sequence }{ nx  in X  such that nn Txx ∈+1  for each {0}∪∈Nn  and  
଴ݔ                         ع ଵݔ ع ଶݔ ع ଷݔ ع ڮ ع ௡ݔ ع ௡ାଵݔ ع  (10)                            ڮ
  
If there exists some {0}∪∈NN  such that 1= +NN xx , then Nx  is a fixed point of 
T. Suppose 1+≠ NN xx  for each {0}∪∈NN . As ݔ௡ ع ௡ାଵ for each nݔ . From (9), 
we have  
   ),(),( 121 +++ ≤ nnpnn TxTxxxp δ  

 

⎟
⎠
⎞

⎜
⎝
⎛ +≤ +++++ )),(),((

2
1),,(),,(),,( 11111 nnnnnnnnnn TxxpTxxpTxxpTxxpxxpφ  

 )),(),(( 111 +++ −+ nnnn xxpTxxpL  
 

⎟
⎠
⎞

⎜
⎝
⎛ +≤ +++++++ )),(),((

2
1),,(),,(),,( 2112111 nnnnnnnnnn xxpxxpxxpxxpxxpφ  

 (0)L+  
 

.)),(),((
2
1),,(),,(),,( 2112111 ⎟

⎠
⎞

⎜
⎝
⎛ +≤ +++++++ nnnnnnnnnn xxpxxpxxpxxpxxpφ              (11) 

We claim that ),(<),( 121 +++ nnnn xxpxxp  for each {0}∪∈Nn . Suppose on 
contrary that ),(),( 121 +++ ≥ nnnn xxpxxp  for some n . Since φ  is nondecreasing, by 
using this in (11), we have  
      )).,(),,(),,(),,((),( 212112121 +++++++++ ≤ nnnnnnnnnn xxpxxpxxpxxpxxp φ            (12) 
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By (12) and property (ii) of ψΦ , we have 0=),( 21 ++ nn xxp , i.e., 21 = ++ nn xx . 
Which is a contradiction to assumption that 1+≠ nn xx  for each {0}∪∈Nn . Thus 

),(<),( 121 +++ nnnn xxpxxp  for each {0}∪∈Nn . By using it in (11), we have  
)).,(),,(),,(),,((),( 1211121 +++++++ ≤ nnnnnnnnnn xxpxxpxxpxxpxxp φ           (13) 

By (13) and property (ii) of ψΦ , we have  
{0}. )),((),( 121 ∪∈∀≤ +++ Nnxxpxxp nnnn ψ  

Consequently, we get  
{0}. )),((),( 10

1
21 ∪∈∀≤ +

++ Nnxxpxxp n
nn ψ                                           (14) 

Let mn > , we have  

      ),(),(),(),(),(
1

1=
1211 ii

n

mi
nnmmmmnm xxpxxpxxpxxpxxp ∑

−

+
−+++ −+++≤ "  

 ),(),(),( 1211 nnmmmm xxpxxpxxp −+++ +++≤ "  
 )),(()),(()),(( 10

1
10

1
10 xxpxxpxxp nmm −+ +++≤ ψψψ "  

 )).,((= 10

1

=
xxpi

n

mi
ψ∑

−

 

 Thus, we have  

.<)),((2),(2),( 10

1

=
∞≤≤ ∑

−

xxpxxpxxd i
n

mi
nmnmp ψ  

Therefore, we conclude that }{ nx  is a Cauchy sequence in ),( pdX . Since ),( pX  
is a complete partial metric space, by Lemma 1.9-(b), ),( pdX  is a complete 

metric space. Then there exists Xx ∈∗  such that Xxxn ∈→ ∗  with respect to pd , 
as ∞→n . By Lemma 1.8, we have  

 0.=),(lim=),(lim=),(
,

mn
mn

n
n

xxpxxpxxp
∞→

∗

∞→

∗∗                          (15) 

By hypothesis (iii), we have ݔ௡ ع for each {0}∪∈Nn כݔ . Thus, from (9), we 
have  
     ),(),( 1

∗∗
+ ≤ TxTxTxx npnp δδ  

 ⎟
⎠
⎞

⎜
⎝
⎛ +≤ ∗∗∗∗∗ )),(),((

2
1),,(),,(),,( TxxpTxxpTxxpTxxpxxp nnnnnφ  

 )),(),(( ∗∗∗ −+ xxpTxxpL n  

 ⎟
⎠
⎞

⎜
⎝
⎛ +≤ ∗

+
∗∗∗

+
∗ )),(),((

2
1),,(),,(),,( 11 TxxpxxpTxxpxxpxxp nnnnnφ  

 )).,(),(( 1
∗∗

+
∗ −+ xxpxxpL n                                                         (16) 
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 By using the triangular inequality, it further implies that  
  

  ),(),(),(),( 1111 ++
∗

++
∗∗∗ −+≤ nnnpnp xxpTxxxxpTxx δδ  

        ),(),( 11
∗

++
∗ +≤ Txxxxp npn δ  

         ),,(),,(),,((),( 11
∗∗

+
∗

+
∗ +≤ Txxpxxpxxpxxp nnnn φ  

       )).,(),(())),(),(),((
2
1

11
∗∗

+
∗∗∗∗

+
∗ −+++ xxpxxpLTxxpxxpxxp nnn (17) 

Letting ∞→n  in (17), we have  

     (0)),(
2
1),,(0,0,),( LTxxpTxxpTxxp +⎟

⎠
⎞

⎜
⎝
⎛≤ ∗∗∗∗∗∗ φδ   

                .),(
2
1),,(0,0, ⎟

⎠
⎞

⎜
⎝
⎛≤ ∗∗∗∗ TxxTxx pp δδφ                                                     (18) 

By (18) and property (ii) of ψΦ , we have 0=),( ∗∗ Txxpδ . Hence }{= ∗∗ xTx . 

Moreover ∗x  is a fixed point.  
  

Corollary 2.6 Let ),( pX  be a complete partial metric space endowed with 
partial ordering  ع. Let )(: XBXT p→  be a mapping satisfying the following 
conditions:   
(i) there exists Xx ∈0  such that 010}{ Txx ≺ ;  
(ii) for Xyx ∈, ݔ , ع implies TyTx ݕ 1≺ ;  
(iii) if }{ nx  is a nondecreasing sequence in X  such that xxn → , then ݔ௡ ع  for  ݔ
each {0}∪∈Nn ;  
(iv) there exist [0,1)∈α  and 0≥L  such that 

 
⎭
⎬
⎫

⎩
⎨
⎧ +≤ )),(),((

2
1),,(),,(),,(max),( TyxpTxypTyypTxxpyxpTyTxp αδ  

)),(),(( yypTxypL −+  
for all Xyx ∈,  with ݔ ع   .ݕ
Then T  has a fixed point.  

  
Proof. Let },,,{max=),,,(=),,,( 4321432114321 uuuuuuuuuuuu αφφ  with tt αψ =)( , 
where [0,1)∈α . From (9), we have  

⎭
⎬
⎫

⎩
⎨
⎧ +≤ )),(),((

2
1),,(),,(),,(max),( TyxpTxypTyypTxxpyxpTyTxp αδ  

)),(),(( yypTxypL −+  
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 for all Xyx ∈,  with ݔ ع Therefore by Theorem 2.5, T .ݕ  has a fixed point.  
  

Example 2.7 Let 
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ (1,0)(0,1),,

2
10,,

4
10,(0,0),=X  be endowed with partial 

metric p  define by },{max},{max=),( 2211 yxyxyxp +  for each Xyx ∈,  and 
partial ordering is defined as follows  

ሺݔଵ, ଶሻݔ ع ሺݕଵ, ଶሻݕ .= 2211 yxandyx ≤⇔  
Define )(: XBXT p→  by  

⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛∈

(1,0)=   (0,1)}{(1,0),

(0,1)=   
2
10,

2
10,=   

4
10,(0,0),

4
10,(0,0),   {(0,0)}

=

xif

xif

xif

xif

Tx  

Consider },,,{max
2
1=),,,( 43214321 uuuuuuuuφ  with tt

2
1=)(ψ  and 0=L . Now, 

it can be easy to see that (9) holds. For (1,0)=0x  we have 010}{ Txx ≺ . Also, if 
ݔ ع then TyTx ,ݕ 1≺ . Hence all conditions of Theorem 2.5 holds. Therefore, T  
has a fixed point.  

  
Remark 2.8 Note that Theorem 2.1 is not applicable on above example, when 

0=L . To see consider (0,0)=x  and (1,0)=y .  
  

Theorem 2.9 Let ),( pX  be a complete partial metric space endowed with partial 
ordering ع. Let )(: XBXT p→  be a mapping satisfying the following conditions:   
(i) there exists Xx ∈0  such that }{ 020 xTx ≺ ;  
(ii) for Xyx ∈, ݔ  , ع implies TyTx ݕ 2≺ ;  
(iii) if }{ nx  is a nonincreasing sequence in X  such that xxn → , then ݔ௡ غ  for ݔ 
each {0}∪∈Nn ;  
(iv) there exist ψφ Φ∈  and 0≥L  such that  

⎟
⎠
⎞

⎜
⎝
⎛ +≤ )),(),((

2
1),,(),,(),,(),( TyxpTxypTyypTxxpyxpTyTxp φδ  
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)),(),(( yypTxypL −+  
 for each Xyx ∈,  with ݔ غ   .ݕ 
Then T  has a fixed point. 
 
Proof. The proof follows on the same lines as in Theorem 2.5. 
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