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ITERATIVE ALGORITHMS FOR THE
PROXIMAL SPLIT FEASIBILITY PROBLEM

by Yonghong Yao!, Mihai Postolache?, Xiaolong Qin® and Jen-Chih Yao*

The proximal split feasibility problem is considered. An iterative algorithm has
been constructed for solving the proximal split feasibility problem. Strong convergence
result is given.
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1. Introduction

Let H; and Hy be two real Hilbert spaces. Let p: 5y — RU {400} and ¢: Hy —
R U {+0o0} be two proper and lower semi-continuous convex functions. Let A: H; — Fo
be a bounded linear operator with its adjoint A*. Let A be a given positive number. The
Moreau envelope of ¢ of index A, also known as the Moreau[9]-Yosida[28] approximate,
Yosida approximate or Moreau-Yosida regularization, is defined as

va@) = min {v() + o5 lu—2l}, 2 € 96,

The proximity operator of ¢ is defined by
1 2
= i — Hs.
proxy, (z) arg min {w(u) + 2>\Hu z|| }, x € Hy

Recall that the subdifferential 9y (') of 1 at 2 is defined as follows
op(xt) = {a* € Hy - p(at) > p(al) + (@, 2t — 2T), Vat € 3o},
It is easy to see that
0€(zl) =2 = proxw(a:T).
This is to say that the minimizer of any function is the fixed point of its proximity operator.
We can apply this equivalent relation to solve optimization problems by using fixed point

methods.
Recall that the proximal split feasibility problem is to find a point ' € H; such that

min {p(a') + vr(Aa")}. (1.1)
ztedH;
In the sequel, we use I' to denote the solution set of the problem (1.1).
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If ¢ and ® are the indicator functions of two nonempty closed convex sets C' C H;
and @ € Ho, respectively, then

0, if zt € C,

400, otherwise;

0, if 2t € Q,
400, otherwise.

#lal) = bolal) = { b(at) = do(a*) = {

In this case, the problem (1) reduces to

xgréijril{éc(ﬂ) + (5Q)/\(Axf)},

which is equivalent to

1
O NIE
min {17 - projg)(Aah) |2}, @)
where proj, is the metric projection from s onto Q.

Solving (2) is exactly to solve the split feasibility problem of finding 2t such that

zf € C and Azt € Q. (3)

The split feasibility problem (3) has received much attention due to its applications in signal
processing and image reconstruction [5] with particular progress in intensity modulated
therapy [3]. Recently, the split feasibility problem (3) has been studied extensively by many
authors (see, for instance, [1, 2, 4, 6, 7, 8, 11, 13, 14], [16]-[25] and [27, 29]).

Note that problem (1) can be converted to the fixed point problem. By the differen-
tiability of the Yosida-approximate ), we have
I — prox,,,

Op(a") +¥a(Aa")) = dp(at) + A" (1) (Axh). (4)

The optimality condition of (4) is 0 € dp(z') + A* (%) (AxT), which can be

rewritten as
0 € puXdp(z) + pA*(I — proxw)(AxT).
This relation is equivalent to the following fixed point equation

x" = prox,,, (z7 — pA*(I — proxw)(flx]h)). (5)

HAP

By using the above fixed point equation (5), Moudafi and Thakur [10] presented the
following split proximal algorithm to solve problem (1).

Algorithm 1.1
1. Given an initialization xy € H;.
2. Assume that {z,} in H; has been constructed. Compute
8(zn) = VIVEEIE + Vi) 2
where h(z,) = (|(I — proxy,, JAz, ||> and I(z,) = (T - Prox, y,)Znll*.
If (zy,) = 0, then the iterative process stops, otherwise
3. Compute

Tn41 = ProxX, o (xn — ppA* (I - prox)\w)‘Axn)

where the step size u, = pn% in which 0 < p,, < 4.

Subsequently, in [26], Yao et al. presented a regularized algorithm. We observe,
however, that the stepsize sequence {u,}, which appeared in Algorithm 1.1, seems to be
implicit because of the terms I(x,,) and (z,,). Very recently, Shehu and Iyiola [12] suggested
the following split proximal algorithm to solve problem (1).
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Algorithm 1.2

. Given u € H; and x; € H;y, starting points.

Set n = 1 and compute:

Yn = QpU + (1 - an)xn

- 0(yn) = [IA*(I — proxy,, ) Ayn + (I — prox,, )yn ||

Zn = UYn — pn%(ﬂ*(l — prox,,, ) Ay, + (I — prox,,)yn.)

. Then compute z,+1 = (1 — Byn)yn + Bnzn

- If A*(I — proxyy, ) Ay, = 0 = (I — prox,,, )y, and 41 = T,, the iterative
process stops, otherwise

8. Set n <+ n + 1 and repeat steps 3-6.

N O U AW

Remark 1.1. Note that in Algorithm 1.2, A*(I —prox,,)Ay, = 0 = (I —prox, )y, implies
0(yn) = 0. In this case, we can not compute z, and 1.

In the present paper, our main purpose is to suggest a modified proximal split fea-
sibility algorithm for solving the proximal SFP (1). We prove that the generated sequence
converges strongly to a solution of the proximal SFP (1) under some appropriate conditions
on the iterative parameters.

2. Preliminaries

Let H be a real Hilbert space with the inner product (-, ) and the norm || - ||, respec-
tively and C' be a nonempty closed convex subset of H. Recall that a mapping T: C' — C
is said to be:

(i) nonexpansive if

[Tz =Tyl <z —yll, Vr,yeC,
(ii) firmly nonexpansive if
1T = Ty|* < llz =yl = (I = T)x — (I = T)yl*, Va,yeC,
where I denotes the identity, which is equivalent to
|72 — Ty|]? < (Tx — Ty, 2 - y)

for all z,y € C. Also, the mapping I —T is firmly nonexpansive. Throughout, Fix(T) stands
for the set of fixed points of T'.
Note that the proximal mapping of ¢ is firmly nonexpansive, namely,

<p1"0X,\w($) — PTOX )y, (y),z —y) > Hproxw(x) — PTOX )y, (?/)HQ

for all z,y € Hy and it is also the case for complement I — prox,,,.

For all z € 3, there exists a unique nearest point in C, denoted by proj-(x), such
that

|+ = proje(z)|| < [l —yll
for all y € C'. The mapping proj. is called the metric projection of 7 onto C. It is well
known that proj. is a nonexpansive mapping and is characterized by the following property:

(x = projc(x),y — projo(z)) <0
forallz € H and y € C.
Now, we introduce two lemmas for our main results in this paper.

Lemma 2.1 ([15]). Let {a,} be a sequence of non-negative real numbers satisfying the
following relation:
ant1 < (1= an)ay + anop +6,,m >0,
where
(1) {antnen € [0,1] and Y07 | an = 00;
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(i) limsup,,_, ., o5 < 0;
(iif) >°07 6, < 0o

Then lim,, oo an, = 0.

3. Main results

Now, we are in a position to introduce a modified proximal split feasibility algorithm
for solving problem (1). In the sequel, assume that problem (1) is consistent, i.e., I' £ ().

Algorithm 3.1
1. Given fixed point u € H; and initial value z1 € H;.
Assume that the current iteration xz,, € H; has been constructed.
Compute

0(z,) = A*(I — prox,,, )Az, + (I — prox,,)Ty,.
If 0(x,,) = 0, then stop iteration, otherwise proceeds the next step.
3. Compute the next iteration for n > 1,

Tt = (1= Ba)(antt+ (1= an)an) + Bn [x - pﬂm”ﬁ’@(ﬂ]
where h(z,) = 1||(I — proxy, )Az, || and I(z,) = (I — prox,, ), 2.

Remark 3.1. In Algorithm 3.1, if 6(z,) = 0, then z,, is a solution of the proximal split
feasibility problem (1). As a matter of fact, taking any Z € T, we have Z = prox,,Z and
Az = prox,,AzZ.
Note that I — prox,,, and I — prox,,, are firmly-nonexpansive. Hence,
0= {(0(zn),zn — T)
= (A*(I — prox,, JAz, + (I — prox,,)on, Tn — 7)
= (A*(I — prox,,, JATn, Tn — T) + (I — Prox,,)Tn, Tn — ) (6)

((I = proxyy JAzy, Az, — AZ) + ((I — prox,,,)Tn, v, — T)
> ||(I = proxyy)Azn|® + [|(I — proxy, )a .

Thus,
(I = prox,,)Az, =0 and (I — prox,,)z, = 0.
Therefore, x,, € Fix(prox)\@) and Az, € Fix(prox,,), i.e., v, € ",

Theorem 3.1. Suppose the real sequences {ay}, {Bn} and {pn} satisfy the following con-
ditions:

(4) {an} C (0,1) with limy, 0 0, = 0 and >0~ | ay = +00;

(i7) {Bn} C (0,1) with 0 < liminf,,_, B, <limsup,_, . Bn < 1;

(113) {pn} C (0,+00) with liminf, o pn(4 — pn) > 0.

Then sequence {x,} generated by Algorithm 3.1 strongly converges to the solution
z € ', where z = projr(u).
Proof. Set y, = ayu+ (1 — ap)x, and z, = x, — pn%ﬂxn) for all n > 1.

It follows that

”Zﬂ - Z||2 = Hifn — 2= Pn ||0(xn)||2 g(l'n)H
~llon = =17 = 20,218 0(2,) 2, - 2 ™

|
P (h(@n) + U(zn))?

N TTE 2
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By (6), we deduce
(O(xn), 20 — 2) 2 (I = proxyy ) Az |* + [[(I — prox,, )z ®)
= 2h(zy) + 2l(zy).

From (7) and (8), we get
zn — 2|? T, — 2| - M
20 — 2|17 < lzn — 2[1° — 2pn L ATE
P2 (h(x) + U(x,))?
B TTENIE o

— Nl — 212 — _ (h(zn) + U(zn))?

(2h(xn) + 2l(xy))

<l — 2|12
Note that
yn — 2| = llan(u — 2) + (1 — an)(zs — 2)||

Sanflu—zl[+ 1 —an)|z. — 2.

Thus,
[Zn+1 = 2l = (1 = Bn)(Yn — 2) + Bnlzn — 2)|
< (1= Bu)llyn — 2l + Bullzn — 2|
< an(l=Bp)llu—z[| +[1 —an(l = Bu)lllzn — 2|
< max{[ju — 2|, [[n — 2]}
An induction induces that
[n — 2] < max{[lu — z], [|zo — 2|}
This implies that {x,} is bounded. Consequently, {y,}, {Az,} and {z,} are all bounded.
At the same time, we have

lyn = 2017 = llon (u = 2) + (1 = o) (w0 — 2)I?

= adllu—z[]* + (1 — an)?[|zn — 2| (10)
+ 20, (1 — ap)(u — 2,2, — 2),
and
2nt1 — 2112 < (1= Ba)llyn — 21I° + Bullzn — 2% (11)
In light of (9)-(11), we obtain
[@ng1 — 212 < (1= Bu)laillu— z[I* + 20 (1 — an) (u — 2,2, — 2)
+ (1 - Oén)2||93n - 2”2] + Bullwn — Z||2
(h(zn) +1(20))?
_ 4_ ) T8\ ))
G TP e
(12)

< (1= Bn)an |anl|u — z||2 +2(1 — ap)(u—z,x, — 2)

) L (b))
P R T TP T

+ [1 —an(1— Bn)]Hxn - Z||2
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Set 8, = ||z, — z||* and
On = anllu—z|* +2(1 — o) (u — 2, x, — 2)
h(zyn) + U(zn))? (13)
_Bnpn(4_pn> ( ( ) ( )) 2"
an (1= Bn)[16(zn) |
for all n > 1.
By virtue of (12) and (13), we obtain
Ont1 <[1— (1= Bn)an)dn + (1 — Br)anon,n > 1. (14)

Next, we show that limsup,,_, ., oy, is finite. From (13), we get
on < apllu—2)? +2(1 = an)(u = 2,20 — 2) < Jlu—2[* +2[lu — 2] s — 2|
Since {zy} is bounded, it follows that limsup,,_,., oy < +00.

Next we prove limsup,,_,., 0n > —1 by contradiction. If we assume on the contrary
limsup,, ,., 0n, < —1, then there exists mg such that o, < —1 for all n > mg. It then
follows from (14) that

571—1—1 S 6n - (1 - Bn)an
for all n > mg.

By induction, we have

n

Ont1 < Omy — Z (1 - Bi)a. (15)

’i:mo
By taking limsup as n — oo in (15), we have

n

limsup d,, < dp, — lim Z (1 - B))a; = —oo,

n—oo n—oo .
1=mo

which induces a contradiction. So,

—1 <limsupo, < +oo.

n—oo
Hence, limsup,,_, ., o, exists. Thus, we can take a subsequence {nj} such that
limsupo, = lim o,,
n—o00 k—o0

= lim |an,|ju—z]? +2(1 — ap, ) (u — 2,2, — 2) (16)

k— o0
(h(xn,) + 1(zn,))?
— By Prs (4 - pnk)ank(l _ ﬁnk)HQ(xnk”P )

Since z,,, is a bounded real sequence, without loss of generality, we may assume limy_, o0 T, =
2t Consequently, from (16), the following limit also exists

. (h(zn,) + l(znk))Q
1 npPng\* = Png '
o sy Ty

Note that limy_,o ap, = 0. It follows from (17) that

(h(zn,) + l(m"k))Q
k=oo |0z, )2

(17)

=0.

Noting that 6(x,, ) is bounded, we deduce immediately that
lim (h(zn, ) + (s, )) = 0.
k—o0
Therefore,
lim h(z,,)= lim I(z,,) =0.

k—o0 k—o0
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By the lower semicontinuity of h, we have
0 < h(z") < liminf h(z,,) = 0.
1— 00

Thus, we obtain
1
h(z") = L proxy,, Az =0,
that is, Az" € Fix(prox,,,).
Similarly, from the lower semi-continuity of [, we derive
0 <1(z") < liminf(z,,) = 0.
1— 00

Therefore,
1
I(z1) = I = prox,,)z'[|* = 0,
that is, 2t € Fix(prox,,). Hence 2t el
So,

limsup(u — z,, — z) = lim {u — 2,2, — 2)
n—o00 100

=(u—2z2"—2)
<0.

It follows from (16) that limsup,, ,., o, < 0.
Finally, applying Lemma 2.1 to (14) to get that x,, — z. This completes the proof. O

We can apply our algorithm and theorem to the split feasibility problem (3).
Algorithm 3.2

1. Given fixed point v € H; and initial value z; € H;
2. Assume that the current iteration x,, € H; has been constructed.
Compute

0(zy,) = A*(I — projg)Az, + (I — projc)Tn.
If (z,,) = 0, then stop iteration, otherwise proceeds the next step.
3. Compute the next iteration

Tpy1 = (1= Bn)(anu+ (1 = an)zy) + Bn {xn - anH(xn)] yn>1,

where h(x,) = 3||(I = projg) Az, ||? and I(z,) = §||(I — projo)z.|*.

Corollary 3.1. Assume that C N A~Y(Q) # (). Suppose the real sequences {a,}, {Bn} and
{pn} satisfy the following conditions:

(4) {an} C (0,1) with lim,, o0 0, = 0 and >_7 | @ = +00;

(i3) {Bn} € (0,1) with 0 < liminf,_,eo By < limsup,_, B < 1;

(#1) {pn} C (0,400) with liminf, o pn(4 — ppn) > 0.

Then sequence {x,} generated by Algorithm 3.2 strongly converges to the solution
z€ CNATQ), where z = projona-1(g)(u).
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