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TOTAL EDGE IRREGULARITY STRENGTH OF STRONG
PRODUCT OF CYCLES AND PATHS"

Ali AHMAD?, Omar AL-MUSHAYT?, Muhammad Kamran SIDDIQUI?

As an edge variant of the well-known irregularity strength of a graph G = (V,E) we
investigate edge irregular total K -labeling ¢@:VUE —{1,2,...,k} such that
o(U)+ V) + (V) #pU)+pUV)+ (V') for every pair of different edges
uv,u’v’ € E . The smallest possible K is the total edge irregularity strength of G . We determine

the exact value of the total edge irregularity strength of the strong product of graphs over cycles
and paths.

Keywords : irregular assignments, total edge irregularity strength, edge irregular
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1. Introduction

An irregular assignment is a k -labeling of the edges f:E —{1,2,...,k}
such that the vertex weights (label sums of edges incident with the vertex) are
different for all vertices of G. The smallest k for which there is an irregular
assignment is the irregularity strength. The notion of irregularity strength was
introduced by Chartrand et al. [8] and studied by numerous authors, see
[6,10,11,14,17,19,21].

Motivated by these papers, BaCa et al. [5] started to investigate a total edge
irregularity strength of graphs. For a graph G they define a labeling
o:VUE —-{1,2,...,k} to be an edge irregular total k -labeling of the graph G
if for every two different edges uv and uVv' of G one has
W, (Uv) = @(u) + p(uv) + (V) = p(U') + p(UV') + (V') = W, (U'V') . The minimum k
for which the graph G has an edge irregular total k -labeling is called the total
edge irregularity strength of G, tes(G).

In [5] is given a lower bound on the total edge irregularity strength of a graph,

tes(G) > maxﬂl EQ) ﬂ, [A(sz

W} where A(G) is the maximum degree of
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G . The authors of [5] present also a few families of graphs for which they found
the exact values of the total edge irregularity strength. Recently lvanco and

Jendrol [13] determined the total edge irregularity strength for any tree and
posed a conjecture that for every graph G with size E(G) and maximum degree

A(G), that is different from K, tes(G) is equal to its lower bound.

The conjecture has been verified for complete graphs and complete bipartite
graphs in [15, 16], for the Cartesian product of two paths [18], for corona product
of a path with certain graphs [20], for large dense graphs with
|E(G)]|+2 < A(G)+1
3 2

toroidal grid [9] and for categorical product of two paths [2], for strong product of
two path [3], for hexagonal grid graph [4].

In this paper we deal with the strong product of cycles and paths. The strong
product G,XG, of graphs G, and G, has as vertices the pairs (u,v) where

ueV(G,) and veV(G,). Vertices (u,,v,) and (u,,v,) are adjacent if either u,u,
is an edge of G, and v, =v, or if u, =u, and v,v, is an edge of G, or if u,u, isan
edge of G, and v, is an edge of G,, see e.g. [12].

For integers a and b let [a,b] be an interval of integers c, a<c<b. If we
consider graph G, as a cycle C, with V(C)={u :ie[l,n]},
E(C,)={uu,,ie[l,n-1]}u{uu} and graph G, as a path P, with
V(R,)={v;:jell,m]}, E(R)={v,v;,: je[l,m-1]} then

V(C,XP,) ={(u;,v,):i€[1,n], je[1,m]} is the vertex set and

E(C, 3P, ={(u;,v;)(u,,,v;)iie[l,n-1], je[1, mI}o{(u.,,v))(U,v;,):
ie[l,n-1], je[l,m-11}o{(u;,v))(U;,, V) 1 €[ln-1], je[l,m-1]}

Ay, ij)(ui’Vj+1) fie[ln], jell,m _1]}U{(u1’vj)(un1vj+l) je[l,m-1]}

AU, ViU, v) g e[l m=1Fo{(u,, v;)(u,,v;) : j=1,m}

is the edge set of C, XIP,. Thus |V (C,XP,)|=nm and | E(C, X P, )|=n(4m-3).
We show that the strong product C, XIP, has total edge irregularity strength equal
to its lower bound.

[7], for the categorical product of a cycle and a path [1], for

2. Preliminary Lemmas

The total edge irregularity strength of C XP, for small values of n we
determine in the following lemmas.

Lemma. 1. 1Let m>2. Then tes(C,XP,) = [12m—7"‘ .
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Proof. From lower bound of the total edge irregularity strength we have
tes(CsﬁPm)Zmax{PE(C3®Pm)Hﬂ,[A(Q&Pm)’Ll”:FZ”;_?—‘:k. The

3 2

converse inequality proves the existence of the optimal labelings.
Let us consider three cases.
Case 1. m = 2. Define the total labeling ¢, as follows:

@ (U, ) =2,¢,(u,,v,) =4,
@ (U, V) = @ (U, v,) =1, (U3, ) = 9, (U, v,) = 6,
@ (U, i) (U, v,)) = @ (U, V) (U, V) = 91 (U, V5 ) (U5, V) =1,
@1 ((uy, V1)U, V5)) = 9, (U, V) (U, V) = 1 (U, v3)(U,,V,)) = 2,
@ (U, V1) (U5, v,)) = @1 ((Ug,v,)(U3, V,)) = ¢, ((U3, 1) (U, V,)) = 5,
@1 (U, V) (U3, V) = 1 ((U,,v,) (U5, V) = 6,0 ((Uy, V) (Ug, V,)) = 5,
@ (U, V) (U, v,)) = 3,9, ((uy, V) (Us, ) = 4, ¢, (U, v)(U, V,)) = 2.
Case 2. m = 3. Construct the total labeling ¢, in the following way:
@, (U, V) = 9, (U, V,) = 9, (U, v3) =1, 0, (U,,v;) = 3,
@, (Ug, V1) = @, (Ug, V) = 0, (Ug, V3) =10, 9, (U,,V,) = 5,9, (U,, V) =8,
@, ((Uy, Vi )(U;,V,)) = @, (U, ;) (U, V) = 9, (U, V,) (U, V) = 1,
@, (U3, V) (U1, V3)) = 0, (U, V1) (U, V7)) = 90, (U, V) (U, V5)) = 2,
@, (U, V1) (U, V1)) = 2, (U, V,)(Ug, V) = 90, (U, V5) (U3, V5)) = 9,
@, (U3, V1)(Uy,Vv,)) = @, (U3, V,)(U,,V5)) = @, (U, v3)(U3, V5)) = 8,
@, (U, V) (U3, V,)) = 2, ((Uy, V5 ) (U, V5)) = 2,0, ((Ug, V5 )(U,, V5)) =1,
@, ((Uy, V) (U3, V3)) = 9, ((Uy, V1) (U5, V) = 3,90, ((Us, v, ) (Uy, V3)) = 5,
@, ((U,, ;) (U,,V,)) = @, (U3, V1) (U, V,)) = 4,9, ((Uy,v;)(U5, ) = 6,
@, (U, V1) (U3, V,)) = @, (U3, V1) (U3, V) = 8,0, (U3, V,)(Ug,V3)) = 9,
@, (U3, V) (U3, V,)) = 9, ((U,,V,) (U, V3)) = 7,9, ((U,, V,) (U3, V3)) = 10.
Case 3. m>4. Construct the total labeling ¢, in the following way:
@5 (Uy, V) =M, 3 ((Uy, Vi) (Uy, ) =1, 05 ((Uy, V) (U, V) = 7TM =K =3,
@5 ((Uy, V) (U, V1)) = 2, 95 (U, V1) (U, V,)) = Tm—K -2,
@5 ((u,, vp)(Uy,v,)) = 2m =2, ¢, ((U,, V,)(U,, ;) = 2Zm —6.
If  1<j<m then we  put @, (U, v;) =1, @, (U3, V) =K and
¢3((u1’vj)(u3’vj)) =6m-k-2+j.
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I 2<j<m then we put gy(uv,)=m—4+3], oi((U,V))(Uyv)=2 and
¢3((U2,Vj)(u3,vj)):7m_k_2.

If 1<j<m-1 then we put ¢, ((u,v;)U,V,) =, @5((U,v;)U,V,,)) =1,
¢3((u1’vj)(u3ivj+1)) =4m-k+ ] '¢3((u3*Vj)(u11Vj+1)) =5m-k—-1+j,
@5((Ug, V) (U, V1.0) = TM =K =3, 0y ((Us,V,)(Us,Vyop)) = TM—k =4+ .

If 2< j<m-1 then we put ¢,((u,,v;)(u,,V,,,)) =3,

¢3((u2’vj)(u3’vj+1)) =7m-k-1.

If 3<j<m-1thenwe put ,((u,,v;)(U,,V;,,)) =dM+2-5j .

It is easy to verify that in each case all vertex and edge labels are at most k and
that weights of the edges are pairwise distinct. It proves that total labelings ¢,, ¢,

and ¢, are optimal labelings. O
le—lOW

Lemma. 2.2 Let m>2. Then tes(C, X P,) = [

16m-10

Proof. Suppose that m>2 and k ={ ] From lower bound of the total

16m-10

edge irregularity strength we have that tes(C, X P,) 2[ -‘ It is enough to

prove the converse inequality. We construct the function ¢, as follows:

i, if i =1,2
0y (U, V) = k—m+j, ifi=3
K, ifi=4
1 ifi=1
P UV )) = 24 (U V) (U, v, ) = {BM—K =3, hi=2
12m-2k-7+j, ifi=3
3m-1-j, ifi=1
0o (U V(U1 V0)) = 48M —k =4 ], ifi=2
15m—2k —8, ifi=3
om— |, ifi=1
4m-2-j, ifi=2
CUVIUNVD = e ke ifi3

15m-2k—-9+j,  ifi=4
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¢4((ulivj)(u4’vj)) =10m-k -6, ¢4((UI,VJ.)(U4,V]+1)) =8m-k-4and

¢4((u4vvj )(uy, Vj+1)) =9m-k-6.
Observe that under the total labeling ¢, all vertex and edge labels are at most k
and moreover the edge weights create the integer interval [3,16m—10], i.e. are

pairwise distinct. Thus, ¢, is the desired edge irregular total k -labeling. O
Lemma. 3. 3 Let m>2. Then tes(C,XP,) = (ZOmg—lﬂi
Proof. Again from lower bound of tes(G) it follows that
tes(C, X P,) > (ZOm—lﬂ. Let m>2 and k= [ZOm—lﬂ. Define a vertex
labeling ¢, :V(C,XIP,) —>{1,2,...,k} in the following way:

Js ifi=12

@5 ((u;,Vv;)) =1k +m(i—5) + j, ifi=3,4
k, ifi=5

To complete the labeling ¢, to a total one we label the edges of the graph
C,XP, as follows:

(1) o5 ((u,v;)(U,,V))) = o5 ((U,,v)(uy,vy,,)) =1 for all j. For edge weights we
have w, ((u,V;)(uy,V;)) = @5 ((Us,V;)) + 95 (U, V;)(Uy, V) + 05 ((U,, ) = 2] +1 for
1< j<mand

W, (U, Vi) (U V1)) = @5 (U, V) + 95 (U, V) (U VL)) + 05 (U Vo)) = 2 + 2

for 1< j<m-1.

(i) @5 ((uy,v)(uy,v;,,)) =2m— ] for 1< j<m-1. Then
W, (U V;)) + 05 (U V(U V1)) + 5 (U, V) = 2m+ 41 For 1< j<m—1.

(i) @V V) =3m-2  and (U, V(U V) =3m-1  for
1< j<m-1. For edge weights we have W, ((uy,v;)(u,,v;,,)) =3m+2j-1 and
W, ((uy,v)(Uy,vy,,)) =3m+2j for 1< j<m-1.

(V) @s((UpV;)(UsV))) = 05 (U, V,)(U,, ;1)) = TM—k =3 for all . Then
W(ps((uz,vj)(us,vj)):5m+2j—3 for 1<j<m and

W{/)S((uz,vj)(ua,vj)) =bm+2j-2 for 1< j<m-1.
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(V) ¢5((ulvvj)(u5’vj+l))=7m_k_3 and ¢5((u5vvj)(ulvvj+1))=8m_k_5 for
1< j<m-1. For edge weights we have W(ps((ul,vj)(us,vjﬂ)):7m+j—3 and
W, ((ug,v;)(u,v;,,))=8m+ j—4 for 1< j<m-1.

(vi) o5 ((u,v;)(Us,v;)) =9m—k -5 for 1< j<m,

Then w¢5((ul,vj)(u5,vj)) =9m+ j-5.

(vii) o5((u,,v;)(Us,V;,,)) =12m—k =7 and ¢, ((u;,V,)(Us,V;,)) =14m -2k -6 for
1<j<m-1. Then W, ((uy,vj)(us,v;,,)) =10m+2j -6 and
W, ((ug,v)(Ug,v;,4)) =10m+2j =5 for 1< j<m-1.

(viii) o, ((u,v;)(u,, V) = @5 ((u,,V;)(Us,V;,,)) =15m—2k -8 for all j. For edge
weights we have W(ps((us,vj)(u4,vj))=12m+2j—8 for 1<j<m and
w¢5((u4,vj)(u3,vj+1))=12m+2j—7 for 1< j<m-1.

(iX) ¢5((u3,vj)(u4,vj+l))=17m—2k—10 and ¢5((u4,vj)(u4,vm))=16m—2k—9
for 1<j<m-1. Then W, ((ug,v;)(U,,v5,,)) =14m+2j -9 and
w¢5((u4,vj)(u4,vj+l)) =14m+2j-8 for 1< j<m-1.

() @5 ((u,,v;)Us,V))) = @5 ((Us,V;)(U,,V},,)) =17m -2k =11+ j for all j. Then
W{/)S((u4,vj)(u5,vj)) =16m+2j-11 for 1<j<m and
W, ((us,v;)(u,,v,,;)) =16m+2j-10 for 1< j<m-1.

(xi) o, ((u,,v;)(Us,V;,,)) =19m -2k —11 ,and

@5 ((Us,V;)(Us, V1)) =19m -2k —12+ j for 1< j<m-1. For edge weights we
have w%((u4,vj)(u5,vj+1))=18m+j—11 and wws((us,vj)(US,vj+1))=19m+j—12
for 1< j<m-1.

It is routine matter to check that under the labeling ¢, the edge labels are at most

k and the weights of the edges successively attain values from 3 up to 20m—-13.
Thus the total k -labeling ¢, has the required property. 0

3. Main Result

Theorem. 1. 4 Let n>3, m> 2 be positive integers and C X P, be the strong
product of cycle C, and path P, . Then
tes(Cn X Pm) = [M—‘

3
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Proof. According to the lower bound of the total edge irregularity strength we
have that tes(C, XP,)> P EC, E;Pm) | +2W = [n(4m ;3)+ 2
the converse inequality, it only remains to describe an edge irregular total

[n(4m—3)+2-‘
3

] In order to show

-labeling.

The cases when m>2 and 3<n<5 were discussed in the previous lemmas. Now

we suppose that n>6, m>2 and k = {”(4”‘;33)”}
Define the function ¢, :V(C,XR,) —{1,2,...,k} as follows:
Js ifi=1

. . e - n
m(i—2)+ j, ifi e[zhﬂ
k—m(n—i)+j, ifieHg—‘H,n—l}

k, if i=n.

To complete the vertex labeling ¢, to a total edge irregular one we label the edges
of the graph C XIP, and describe the corresponding edge weights in the
following way:

(1) o5 ((uy, v, )y, V) = 9 ((U,,v;)(Uy,v;,,)) =1 for all j. For edge weights we
have — w, ((uy,v;)(U,,V})) = @ (U, V) + @ (U, V) (Uz, Vi) + 95 (U, V) = 2] +1
for je[1,m]and w, ((up,V;)(Uy,V;.1)) = 05 ((Uz,V;)) + 0 (U, V) Uy, V1)) +

@ ((Uy,v;,,)) =2j+2 for je[l,m-1].

(i) @ (U, v;)(Uy,V;,,)) = 2m— jfor j e[1,m—1]. Then
W, ((Uy, V) + @6 (U, V(U Vip)) + 9 (U, vy,g)) = 2m+ j+1 for je[l,m-1].

(i) 24 (U, V; (U, V;.,1)) = 3m = 2and g (U, V; (U, v;,,)) = 3m—1for je[1,m-1].
For edge weights we have W, ((u,vj)(uy,v;,,))=3m+2j-1 and

¢6((uiivj)) =

W, ((uy,vj)(uy,v;,,)) =3m+2j for je[l,m-1].
(V) @ ((u;, V)0, V) = @6 (U, V(U V) = (2m=3)i+3 for all j and

ie[z,m—l]. Then w, (U, V;)(U.1,v;)) = (4m—3)i—-3m+2j+3 for je[1,m]
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and w%((um,vj)(ui,vm))=(4m—3)i—3m+2j+4 for je[l,m-1] and

i e[z,[ﬂ—l] .

(V) @5 (U, V) (Ui, VL)) = 2m=3)i+2m +1 and
Ps (U1, V) (Ui, V1)) = @M =3)i—m+5 for je[l,m-1] and ie[Z,B—‘—l]. For

edge weights we have w¢6((ui,vj)(ui+l,vj+l)):(4m—3)i—m+2j+2 and

W, (U V(U V) = @m-3)i-m+2j+3  for  je[Lm-1]  and
i e[Z,[g—‘—l] .

(Vi) 25 (U v, ) Uy, V1)) = (4m—3)F%1—3m _Kk+4 and

05 (U V) (U v, 1)) = (4m—3)F21—2m _Kk+2 for je[l,m-1]. For edge weights
we have w%((ul,vj)(un,vm))=(4m—3)F%1—3m+j+4 and
W, (V)Y )) = (4m—3)F21—2m+ j+3 for je[L,m-1].

(vii) %((ul,vj)(un,vj))=(4m—3)F21—m—k+2 for  je[Lm]. Then

W (@)U, V) = (m=3) T1-m+ 2,
(viii)
05 ((urgw WV, )(urgm’vi ) = o ((uF%M, v, )(urgw Vi) = (2m - 3)|_%—| +m(n+1)+1—k

. _ el . .
for all j. Then w%((u(?,vj)(u(ghl,v.))—(4m 3)(21+21+1 for je[1,m] and

W¢76 ((ur n

UV = (4m—3)F21+2j +2 for je[L,m-1].
(i) @5 ((um,vj )(um 1,vm)) =(2m —3)|_2_| +m(n+3)-k-1land

o5 ((U VU, 1,VM))=(2m—3)(F21)+2(mn—k) for je[l,m-1]. Then
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_ n .
W, ((“rgw WV, )(urgm,vm)) = (4m - 3)F51 +2mM+2] and

L (4m—3)|_2-|+2m+2j +1for je[l,m-1].
2 +

() @6 ((U;, Vi) (U, V5)) = @6 (U, V(U VL)) = @M =3)i+m(2n-1) -2k +1  for

W‘/’e ((Ufghl’vj )u

v;))=(@4m-3)i+2j+1 for

i+1?

all j and ie[B}l,n—z]. Then w, ((u,.v,)(u

je[l,m] and w%((ui+1,vj)(ui,vj+1)):(4m—3)i+2j+2 for je[l,m-1] and

ie[(ﬂ—l,n—z].

(xi) ¢, ((u, ’Vj)(ui+1’vj+l)) =(2m-3)i+m(2n+1) -2k -1 and
(U VU V) = @M-3)(-1)+2(mn k) for  je[lm-1]  and

ie [E}l, n-2]. For edge weights we have

W, (U, V), V,,)) = (Am=3)i+2m+2] and

W, (U0, V(U V)) = (@M =3)i+2m+ 2 +1 for je[l,m-1] and

ie[mu,n—z].

(i) g (U, 1, V)(Uy V) = @5 ((Ug, Vi) Uy 1, Vjg)) = M(4n=3) -2k —3n+4+ ] for
all j. Then W%((unfl,vj)(un,vj)) =(@m-3)n-4m+2j+4 for je[l,m] and
W, (U0, VU, Vy,)) = (M =3)n—4m+2j+5 for je[l,m-1].
(xiii) @, ((U,5,V;)(U,,V;,,)) = N(4m—3) -2k —m+4 and
@s((U,,V;)(U,, V1)) =@M =3) =2k —m+3+ | for je[l,m-1].  Then
W, (U, V)WL, V)) = (@M =3)n-2m+ j+4 and
W%((un,vj)(un,vj+1)):(4m—3)n—m+3+j for je[1,m-1].
One can see that the edge weights under the total labeling ¢, receive distinct
labels from the set {3,4,...,n(4m-3)+2} and that ¢, is an edge irregular total
labeling having the required property. 0
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