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SOME APPROXIMATION RESULTS FOR
BERNSTEIN-KANTOROVICH OPERATORS BASED ON
(p,q)-CALCULUS

M. Mursaleen', Khursheed J. Ansari?, Asif Khan?

In this paper, a new analogue of Bernstein-Kantorovich operators as
(p, q)-Bernstein-Kantorovich operators are introduced. We discuss approzimation
properties for these operators based on Korovkin’s type approximation theorem and
we compute the order of convergence using usual modulus of continuity and also
the rate of convergence when the function f belongs to the class Lipau(c). More-
over, the local approximation property of the sequence of positive linear operators
K,(f’q) has been studied. We show comparisons and some illustrative graphics
for the convergence of operators to a function. In comparison to q-analogoue of
Bernstein-Kantorovich operators, our generalization gives more flexibility for the
convergence of operators to a function.
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1. Introduction and preliminaries

During the last two decades, the applications of g-calculus emerged as a new
area in the field of approximation theory. The rapid development of g-calculus has
led to the discovery of various generalizations of Bernstein polynomials involving
g-integers. The aim of these generalizations is to provide appropriate and power-
ful tools to application areas such as numerical analysis, computer-aided geometric
design and solutions of differential equations.

Using ¢-integers, Lupas [15] introduced the first ¢g-Bernstein operators [4] and
investigated its approximating and shape-preserving properties. Another g-analogue
of the Bernstein polynomials is due to Phillips [25]. Since then several generalizations
of well-known positive linear operators based on g-integers have been introduced and
studied their approximation properties. For instance, g-Bleimann, Butzer and Hahn
operators [3]; g-parametric Szdsz-Mirakjan operators [16]; g-Bernstein-Durrmeyer
operators [17]; g-analogue of Szdsz-Kantorovich operators [18].
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Recently, Mursaleen et al introduced (p, q)-calculus in approximation theory
and constructed the (p,q)-analogue of Bernstein operators [21] and (p, ¢)-analogue
of Bernstein-Stancu operators [22], (p,q)-analogue of Bleimann-Butzer-Hahm op-
erators [23], Bernstein-Schurer operarors [24] and investigated their approxima-
tion properties. The (p,q)-analog of Szész-Mirakyan operators [1], Kantorovich
type Bernstein-Stancu-Schurer operators [5] and Kantorovich variant of (p, ¢)-Szasz-
Mirakjan operators [19] have recently been studied too.

Motivated by above mentioned work, in this paper, authors introduce a new
analogue of Bernstein-Kantorovich operators. Paper is organized as follows: In
Section 2, we define (p,q)-Bernstein-Kantorovich operators and establish a basic
lemma which is used in proving main results. In Section 3, we discuss approximation
properties for these operators based on Korovkin’s type approximation theorem and
we compute the order of convergence using usual modulus of continuity and also the
rate of convergence when the function f belongs to the class Lipas(«). Moreover,
we also study the local approximation property of the sequence of positive linear
operators Kq(@p D In Section 4, we give some examples to show comparisons and
some illustrative graphics for the convergence of operators to a function.

Let us recall certain definitions and notations of (p, ¢)-calculus:

The (p, q)-integer was introduced in order to generalize or unify several forms
of g-oscillator algebras well known in the earlier physics literature related to the
representation theory of single parameter quantum algebras [6].

For any p > 0 and ¢ > 0, the (p, ¢) integers [n], , are defined by

L when pq# 1

n—2 "1 when p=q#1

[nlpg =P 4" g+ 3P A pg" g = P

[n]g, when p=1
n, whenp=qg=1

where [n], denotes the ¢g-integers and n =0,1,2,---.

The (p, ¢)-Binomial expansion is

(x+y)p, = (@+y)(pzr+q) P’z +¢°y) - ("'

and the (p, ¢)-binomial coefficients are defined by

K ] = E T

In [21], we studied Korovkin’s type approximation properties for (p, ¢)-Bernstein
Operators to approximate any continuous functions under the condition 0 < ¢ <
p < 1.
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The (p, q)-Bernstein Operators are as follow:

n—k—1
k1) s s [k] )
Bppa(fiz) = n(n 1)2[ ] > " H (p—qa:)f(k_nl[)?z]),xe[o,l}
P4 5=0 p P W
1
Also, we have
n—1
(1-2), H P —¢*x) = (1 —z)(p — qx)(p* — ¢Px)...(p" ' — ¢" )
s=0
:i Y (k) 1)qk<k2—1> [Z] o
k=0 P,

Note when p = 1, (p, q)-Bernstein Operators given by (1) turns out to be ¢-
Bernstein Operators.

The definite integrals of the function f are defined by

k
p b p
/f dpqr = (¢ — p)a E k+1f<qk+1a>,when - <1,

and

‘ — ¢ ¢ p

/ f(@)dpqx = (p— q)az Tﬂf <k+1a> , when |=| > 1.
0 o P p

Details on (p, g)-calculus can be found in [9, 13, 14, 26, 27].

For p = 1, all the notions of (p, ¢)-calculus are reduced to g-calculus [10].

2. Construction of Operators

Dalmanoglu [7] defined the Bernstein-Kantorovich [11] operators using g-calculus
as follows:

[k+1]q/[n+1]q

Koglfs7) = ankq, )/ fdgt, v 0,1, (2)

(klq/[n+1]q

Pri(g;2) = { Z Lx’“ nﬁl(l - ¢°z).

where K, , : C[0,1] — C[0,1] are defined for any n € N and for any function
feCio,1].
Now, we introduce (p, ¢)-analogue of Bernstein-Kantorovich operators as

[n] n b(p7q)($) %

) p nn ’

KPO(fia) = —2 D0 iy / o fOdpgt, wE[0,1] (3)
== phTRq p.q
P k=0 E—n—1T |

where
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, [0 ] —k
bifkm (@) =] . (@)pq(1 = 2)p 4
L 7 Ipyg
= k p 2z (1 - x);},q
L 7 Ipyg
] P n—k—1
_ . p 2 xk H <ps - qsx)
L -4 DP,q s=0
_ k(k—1)
and (z)k = z(pz)(p’z)-- (p"tz) =p z a*.

For p = 1, operators (3) turns out to be the classical ¢-Bernstein-Kantorovich
operators (2).

First, we prove the following basic lemmas:

Lemma21 Fora:E[O,l], 0<g<p<l1

0 K =1
(li) (t’ .’L‘) =T + [2lp, q[”]p q’
(pﬁq) 2.y — q[n=1lpg 2 P (2¢+p) | piTt p*"
(111) Kn (t ,l’) Tp [n]pzqw + ([3]1) q[n]pq T [”}P,q)x - [3]10 q["]
. (P.@) (14 . 0\2. _ (qln=1pq _ 2 p" (29+p) p” L2
(IV) Kn ) ((t 37) ’x) o (p [nlp.q . 1) T ([3]p,q[n}p,q T [n]p.q [2]p,q["]p,q)m t
p n
[3]p,q'["};2;,q )
Proof. (i)
n 3(Pa) [k+1lp,g
[n]p,q n,k (‘T) k= [n]
KP9(1yz) = — 24 R Mp’q“ dpgt =1
b 2 k=0 F=n=T [n], 4
(ii)
n 1(P:9) _k+1pqg
[n]p, b (@) [ =
K’r(Lp’q)(t; $) = n(np—?) pnfqu /p [k]pyqpq t dp7qt
p 2 k=0 pk—n—1 |

nlp,q

1 " 0P (@) [k + 12, - PR,
= n(n—1) Z k < 2k—2n >

2]p.q[n]p.q p 2 ~Fq p
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Using [k + 1]p.4 = ¢" + p[kp,q, we have

(p.q) 1 1 S bif}f) (@) (0" + [20p.g[klp.q)
Ko <t; x) - n(n-1) Z n—k -k
2lp.g[nlpg P2 e g
L p" < 3 (p.q) zn: (p,9) [k]pq
= B (200 @) + 210 S0 () )
[2]p,q[n]p,qp o) Py ok qu:o n,k Pk
1 p" < n(n—1) n n % k[ ]pq
- e (P07 2 (@)p,q(1 — )y, ’
[2]p7q[”]p,qp L quzzo k v p,q Pag Tk
-1
p" L on [n—l] k1 ey 1
[2]10,61[n]p,q P (2 2 0 k Py P4 pq k+1
-1
pn 1 n |: n—1 :| k k k1 1
= + e (P*ax)(x)F (1 —x) =
[2]p,q[”]p,q p( b 2) =0 k v P.q P, pk
n—1
pn X |: n — 1 :| k bl
2]p.q[n]p.q p( L(n-2) — k o P pq
pTL
[2]19#1[”]1941
(iii)
(p,9) _[k41lp,g
K (P9 (2 2) = [lpg — by i (@) [ tipg 24 4
n ) - n(n-1) pn—qu (Klp.q D,q
P 2 k=0 Ft g

B 1 n b(pq (z) [k+1] 3[k]13;7q
= T e e )

p7qp 2 k= O

: 2
pn 1 ! k], [3]p.q1k] 7
[3]p.qn]2, ) Z bg?kq) (z) <1 + (2¢+p) [ ]])Z q P qzk P,q
pal™lpap™ 2 1o +

2n n n
p (29 +p) @, Epg | Bl 7
— (1 + ee) b(Pk‘I) (z) Zq + @ Z bﬁffIf) (z)
p k=0

I.0
BloalnZ, o

[’f,)_

1 (p.a) . Kb, [n]p,
n(n—1) anzikq () piq = png
P 2 k=0
And
n 2
( ) _ 1 n k n—k [k]p,q
n<n ) prq =) Z [ k } (@)pq(1 = 2)pg P2k
P 2 k=0 g
n—1
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Using [k + 1]p4 = p’C + q[klp,q, we have

n(ﬂ - Z b(P fI)

n—1 k+1 k-1 1 q[k]p,q
n(n D Z [ ] (@)pg (1 —2)py <pk+2 + p2h+2
P.q

2 k= s
p(n =) n—2 ) .
n— k+2 —k—2
T e | "7 ] @
k=0 b,q
p(n D=2 n—2 )
n-— k k k k
WU{ TR D el S [ RS o
k:O b,q
(n=nn=2) (n=2)(n=3)
p p 2 €z
n(n ) { +gq[n — 1]p1q I }
1]pq 2
- n+1x+ 2n+1 x

Using the above equalities, we have

pa) (2. ) = 4= Upa 2, (P"Ca+p) PP P>
) = *(mmmm+vwg T Blall,

S—~

(iv) Using the linearity of the operators K, > q), we have

n

= K’r(zpﬂ) (t27 .:L') _ 2mK7(lp7Q) (t, .:U) + x2KT(lp7q)(1’ x)
2n

_aln—1pg >, (P"24+p) P p o p .2
B p [n]p,q " <[3]p7q[n]p7q " [n]p,q> * {3]17 q[ ]pq 2 < [2]p,q[”]p,q> -

_ (qm—”m_1>x2+<zf;‘](2q+p)+p”‘l oy )HB]I,%Q

P [nlpg palPlp,g Mlpg  [2lpglnlpg P,q [n]p,q

7

3. Main Results

Let C[a, b] be the linear space of all real valued continuous functions f on [a, b] and
let T be a linear operator which maps Cfa, ] into itself. We say that T is positive
if for every non-negative f € Cfa,b], we have T'(f,x) > 0 for all = € [a,]] .
The classical Korovkin approximation theorem [2, 12, 28] states as follows:
Let (7},) be a sequence of positive linear operators from C/a, b] into C[a, b]. Then
limy, [|Tn(f,2) — f()lclap = 0, for all f € Cla,b] if and only if lim,, || T, (fi, z) —
fi(x)llclap = 0, for i = 0,1,2, where fo(z) =1, fi(z) =z and fa(x) = x2.

Remark 3.1. For ¢ € (0,1) and p € (¢,1] it is obvious that lim [n],, = 0 or

n—oo
1

=t In order to reach to convergence results of the operator K,(f’ ’Q)( fiz), we take
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a sequence ¢, € (0,1) and p, € (gn,1] such that lim p, = 1, lim ¢, = 1 and
n—oo n—oo

lim p}! =a, lim ¢ =b with 0 < a,b < 1. So we get lim [n],, 4, = 00.
n—o00 n—o0 n—00

Theorem 3.1. Let 0 < ¢, < p, < 1 such that lim p, =1 and lim ¢, = 1 satisfy-
n—o0 n—oo

ing Remark 3.1. Then for each f € CJ0,1], Ky(lp”’q")(f;x) converges uniformly to f
on [0, 1].

Proof. By the Korovkin Theorem it is sufficient to show that

lim [[KPm4) (6™ 2) — 2™ ¢ =0, m = 0,1,2.

n—o0

By Lemma 2.1 (i), it is clear that
lim || K7 (152) — 1l og,1) = O-

n—oo

Now, by Lemma 2.1 (ii)
|K7(Lpn7Qn)(t;x) —z| = Pn

which yields
lim || KF") (£ ) = 2l|cp. = 0.

n—oo

Similarly,
K ) )

= ’<Qn [n = 1p,. g _ 1>x2 + ( P (2¢n + pn) + oyt >x + vy .
bn [n]pn:Qn [3]pnaQn [n]pn:Qn [n]pn7(In [3]177“(171 [n]pn,qn

< (qn "= Uppgn 1>x2 N < P2+ pa) P >x+ Py .
Pn [n]pn:‘In [3]pn7Qn [n]pn sqn [n]pn sqn [3]}771,% [n]pn,qn

Taking maximum of both sides of the above inequality, we get

-1 (9 n—1 2n
Kt (12, ) — 2| < G [0 = Upngn _q, PR tpn) | PR Dy i

Pn [n]pmqn [3]197“(1" [n]pmqn [n]pn,qn [3]pn,qn [n]pn,qn

which concludes

lim ||K7(Lpn,qn)(t2;$) . ~T2||C[0 =0
n— 00 ’

Thus the proof is completed.

Now we will compute the rate of convergence in terms of modulus of continuity.

Let f € C[0,1]. The modulus of continuity of f denoted by w(f,d) gives the
maximum oscillation of f in any interval of length not exceeding § > 0 and it is
given by the relation

w(f,9) = S_u|p<5|f(:v) —fW)l, z,y €[0,0].

It is known that lim w(f,d) =0 for f € C[0,b] and for any § > 0 one has

6—0t

— )2
0 - 1@ < wtr0) (L5 41), (3.1)
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Theorem 3.2. If f € ([0, 1], then

takes place, where 6, (z) = \/K,(IP’Q)((t —x)2.

Proof. Since K,,(Lp’Q)(l; x) =1, we have

[ KD (f;0) = f(x)]

In view of (3.1), we get

[P (f;2) — f(z)] <

Choosing § = 0y, (z) = K9 ((t — )2, we have

This completes the proof of the theorem.

Now we give the rate of convergence of the operators

elements of the usual Lipschitz class Lip,;(«).
Let f € C[0,1], M > 0 and 0 < o < 1.We recall that f belongs to the class Lip,,(«)

if the inequality

|[KPD(f;2) — f(2)]|< 2w(f, 0n(@))

< KPO(f() - f(a)]; )
X _ktllpg
[n]p.q g brfkq (x) [7F [Z]q,
n(n—1) Z p”*qu Klp.q
p 2 k=0 L e
(p:2) _lktllpg
[lpa N~ bni ($)L/Hw—n[iﬁﬂ (It—-ar2
n(n—1) n—k -k
Pz ko P et
1
ﬁk#wn@—$yﬂj+1}¢ﬁ@

[KPD(f;2) = f ()| < 20(f, 6n(2)).

[f (@) = f(z)| < M|t — [, (¢,z €[0,1])

is satisfied.

52 + 1>dp,qt}w(f, 0)

KT(Lp ) in terms of the

Theorem 3.3. Let 0 < ¢ < p < 1. Then for each f € Lip,,;(«) we have
[KPD(fr2) = f(a)] < M3 (x),

where d,(x) = \/K,(lp’q)((t — )% ).

Proof. By the monotonicity of the operators K,(Zp ’Q), we can write
EPO(|f(t) = f(x)];z)

[n]p,q = bw(lp}fq) (.Z‘)
n(n—1)

|KPD(f;2) — f(x)

<

IN

IN

p 2

k=

0

n

pé‘qu /[

pk=n=1 [n]p 4

b ()

k

M [1]p,q

p

n(n—1)

2

D

k=0

p" kg

k

[k+1]p,q

[k]p,q

[k+1]p.q
Pkfn [nlp,q

[k]p,q

pkfnfl ["]p,q

P f ) — f (@) dy gt

|t — x| dpqt.
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Now applying the Holder’s inequality for the sum with p; = % and py = 2% and

[0
taking into consideration Lemma 2.1(i) and Lemma 2.2(ii), we have

[N]1)

"l O (@) AR
KD (f0) — f@) < MZ{ = <’f—$>2dpyqt}
p pFn=1 [nlp g

p,q
k=0 pk n—1 ["L]p,q
(r,9) N L 3o
% [np.q bmk (%) [ (i 1d +
n(n—1) pnfk;qk (klp,q P,q
p 2 pk—n—l [”]I%q
n (0.9 [k+11p.q 2
[1)p,q ke ()[R g 2
< M n(n—1) n—k -k k] (t - ‘T) dp qt
2 p q Pod
p k=0 pkfnfl [nlp,q
n 309 [kt 1lp.g e
% [n]p q bn,k ( ) PP [nlpq 1d.
n(n—1) pn—k;qk (Klp,q Psq
p 2 k=0 Pkfnfl [nlp,q

= M{K(p"”((t —x)% x)}%

n

Choosing §2(x) = 0%(z) = KP9 ((t — 2)% x), we arrive at our desired result.

Next, we prove the local approximation property for the operators KT(Lp 9 The
Peetre’s K-functional is defined by

K (f,6) = inf[{||f — g|l + dllg"|I} : g € W?],
where
W?={geClo,1]:4,¢" € Cl0,1]}.

By [8], there exists a positive constant C' > 0 such that Ky(f, ) < Cwa(f,V9), § >
0, where the second order modulus of continuity is given by

wa(f,V8) = sup sup | f(z+2h)—2f(x+h)+ f(z)].
0<h<+/6 €[0,1]

Theorem 3.4. Let f € C[0,1] and 0 < ¢ < p < 1. Then for all n € N, there exists
an absolute constant C' > 0 such that

|KPD(f;2) — f(2)| < Cws(f,0n(x)) +w(f om(x))

where

T) = P9 ((t — )22 ﬂan oy = —2
) ¢ 5 P O

Proof. For z € [0, 1], we consider the auxiliary operators K defined by

K (f;2) = KP9O(fio) + f(a) - f<w+ [QMI]D;]M)
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From Lemma 2.1, we observe that the operators K (f;z) are linear and reproduce
the linear functions. Hence

K:l;z) = KPO(Liz)+1-1=1,
pTL
Kitx) = KPD(tz)+x— <x+ ) =,
() 2p,q][nlpq

so K} (t—xx) = Ki(tix)—aK)(1;2) =0.
Let z € [0,1] and g € C%[0,1]. Using the Taylor’s formula

o) = 9@) + @)+ [ (=) o)

Applying K to both sides of the above equation, we have

Ki(gio) —gle) = Ki((6— a9/ wya) + ([ = s

— SR 2x0) + K7 ([0 - 0 wauis )

a:—&-L n
(2p,qllnlp,
_/ p,qllnlp,q <$+ . —u)g”(u)du
x 2p,4)[n]p.q

t
= w0 ( [0 g

o .
[2p,qlln]p,
_/ 2p,qllnlp,q (x—|-p—u>g”(u)du
x 2p,q][n]p.q

On the other hand, since

t t t
/ (t — w)g"(u)du| < / 1t — ullg” (w)ldu < [lg"] / 1t — uldu < (¢ — 2)%lg"]

and

pn

Tt Bpgllnlpg v
/ 2p,qllnlp,q <x+p—u)g”(u)du
z [2p7q] [n]p,q

We conclude that

Kitgio)—g(a)| = [ ([ (0 wa i)

1+L n
[2p,qllnlp,
_/ 2p,qllnlp,q (x+ p —u>g”(u)du
x [2p,q] [n]p,q

5 p2n
" 1"
b,q p,q

= 0n(@)llg"]-

Now, taking into account boundedness of K, we have

K (fi2)| < |[KPD(fi2)| + 2] 1] < 3] £

2n
< WPWHQ

p,alt "ip,q

/IH
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Therefore
KEDia) = 1] < [Kilfio) = @)+ |10 - 5 (o4 )|
< |Ki(f—gi) — (f - 9)(a)|
R R e | RALA R
< KNS =g o) + | (f - 9)(@)]
+|f(z) —f<:c+m> + | K(g;2) — g()]
<l gl v grlpr ) + @I

Hence, taking the infimum on the right-hand side over all g € W2, we have the
following result

|KPD(fi2) = f(2)| < 4Ks(f, 67 (x)) + w(f, an(@)).
In view of the property of K-functional, we get

‘KT(lp,q)(f;x) — f(x)‘ < Cwy(f,6n(2)) + w(f, an(z)).

This completes the proof of the theorem.
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4. Graphical Examples

With the help of Matlab, we show comparisons and some illustrative graphics [20]
for the convergence of operators to the function f(x) =1+ sin(7x).

From Fig. 1 it can be observed that as the value of ¢ and p approaches towards 1
provided 0 < ¢ < p < 1, (p, ¢)-Bernstein-Kantorovich operators converge towards
the function. The parameters ¢ and p adds flexibility in approximation of functions
by positive linear operators.

In comparison to Fig. 1 as the value the n increases, operators given by (3) converge
towards the function which is shown in figure (2).

Similarly for different values of parameters p, q,n convergence of operators to the
function is shown in Fig. 3 and Fig. 4.

Thus in comparison to g-analogoue of Bernstein-Kantorovich operators, our gener-
alization gives us more flexibility for the convergence of operators to a function.
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