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MULTIVALUED TYPES OF KRASNOSELSKII'S FIXED
POINT THEOREM FOR WEAK TOPOLOGY

Cesim Temel!

In this paper, we aim to prove some new results of Krasnoselskii's fixed point
theorem for multivalued operators under weak topology acting in Banach spaces. In
particular, the existence of fixed points of multivalued operator L+S is discussed,
where L is based on the generalized D-Lipschitzian, S has weakly sequentially
closed graph, and 1 — L may not be injective.
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1. Introduction

Recently, many authors have been interested in the various types of
Krasnoselskii's fixed point theorem in Banach spaces [1-5, 9, 13, 14, 16, 18]. Using
the combining of Banach and Schauder fixed point theorems, Krasnoselskii [16]
proved that if operators L and S of a convex subset U of a Banach space into itself
satisfy the following conditions:

(i) Sisa continuous and compact operator,

(if) L is a contraction operator,

(iii) Lu+ SveU foreach u,veU,

then equation u = Lu + Su has a solution u in U .

Burton [9] improved the condition (iii) and proved that if u=Lu+ Sv for
each veU, then ueU. This result provides significant convenience in the
applications of functional differential equation, integral equation and stability
theory. The existence of the solutions of these nonlinear equations for weak
topology was presented by the works [1, 2, 5, 14, 15]. In [12, 13], Dage introduced
the multivalued version of Schauder's fixed point theorem and the fixed point
theorems of multivalued operators in Banach algebras. In particular in [18], Liu and
Li gave some results of Krasnoselskii's fixed point theorem in Banach spaces by
approaching the operator with multivalued operators which are much more useful
in finding out the inverse of operator.

We introduce the solutions of nonlinear operator equations under weak
topology of the form
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u=L(Uu)+S(), ueU, (1)
where L and S are weakly sequentially continuous operators.

We also establish the existence of fixed points of inclusions of
Krasnoselskii-type multivalued operator for the weak topology of the form

uel(@)+S(u), ueU, (2)
where L and S have weakly sequentially closed graph.

It is well known that the single-valued and multivalued versions of L+ S
for the weak topology in Banach spaces may not be solved by the combination of
the classic Schauder theorem and Banach fixed point theorem (see [1, 2, 5, 13-15,
18]). In particular, such equations in the transport equation (or the growing cell
population) may not be solved under weak topology in Banach spaces. So, we
should establish suitable conditions to guarantee the existence of fixed points of the
single-valued and multivalued types of the operator L +S under weak topology on
Banach spaces.

This work aims to present some new results of Liu and Li [18] for the weak
topology. The work also establish the existence of fixed points of multivalued
operator L+S, where L is based on the generalized D-Lipschitzian and S has
weakly sequentially closed graph.

For this, the injectivity of | —L plays crucial role in the solutions of
operator equation L +S. Especially, it is very difficult to find the solutions of such
equations in the weak topology when | — L is not injective. As it is, the inverse of
I — L could be seen as a multivalued operator as mentioned in Avramescu [4]. In
order to investigate the solutions of the single-valued nonlinear equation (1)
according to the weak topology, we approach the single-valued operator equation
with the multivalued operator, and then improve the results of Liu and Li [18] for
the weak topology. In order to detect the existence of fixed points of the inclusion
(2) relative to the weak topology, we introduce the concept of the generalized D-
Lipschitzian and prove a result for the fixed points of the multivalued operators.

2. Preliminaries

Let A be a Banach space with zero element 0. Assume L:U c A— 2" is a
multivalued operator which assigns to each element u U a subset L(u) c A,

where 2* denotes the class of all subsets of A. Set L(U) is identified by
LU)=Uy ey LU).
For every subset V < A, we put
L' V)={ueU:Lu)NV =J}.
The graph of L is determined by
G(L)={(u,v)eUxA:ueU, veLu).
Let d,(.,.) denote the Hausdorff metric such that
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d, :2*x2* 5> R U{eo}
defined by d,, (U,V )= max{sup,, d(u,V), sup,.,d(U,v)}
for each (U,V)e 2" x2*, where

d(u,V)=inf,u-v| and d(U,v)=inf
Hausdorff space with the metric d,, (.,.)is a metric space.

Recall that an operator L of A into itself is called weakly compact if the
closure of L(V) is weakly compact for each bounded subset V < A. An operator
L of A into itself is called weakly sequentially continuous (w.s.c., for short) if for
each weakly convergent sequence (u,) in A with u, —*—>u, there exists

u-v|.

uelU

L(u,)—%—>L(u), where —“— denotes weak convergence. Let cIL(U ) denote the
the closure of L(U) and by coL(U) the closed convex hull of L(U).

The multivalued operator L:U — 2" is called weakly sequentially upper-

semicontinuous (w.s.u.sco., for short) if L™(V) is sequentially closed for weak
topology in U for any weakly closed subset V of U . The operator L is said to
have weakly sequentially closed graph (w.s.c.g., for short) if for each
(u,)cU, u, —“>u in U and for each (v,) with (v,)e L(u,), v, —~—>v in A
implies v e L(u).
Remark 2.1. Note that every single-valued operator L, =U < A — A can be
identified with a multivalued operator L:U < A — 2* by setting L(u) = {L,(u)}
for each u eU (see [20, pp. 447]).

It is seen that if for a weakly compact subset U of A, a multivalued operator

L:U — 2" is w.s.u.sco., then the operator L is a weakly upper-semicontinuous
operator (see [1, Theorem 2.2]).
We shall require the following theorem (see[1, Theorem 2.3]).

Theorem 2.2. Let U be a closed convex subset of Banach space A. Assume

L:U — 2" is a weakly compact and w.s.u.sco. multivalued operator. Then L has
a fixed pointin U .

3. Krasnoselskii's fixed point theorem for weak topology by means of
multivalued operators

Here we present the existence of nonlinear operator equation (1) for weak
topology in Banach spaces. In particular, we establish the weak topological version
of the results of Lui and Li [18].

As the some main results of our work we give the following theorems.
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Lemma 3.1. Let U be a weakly closed convex subset of Banach space A. Let
L:U —2Y be a multivalued operator such that L has w.s.c.g, and L({U) is
relatively weakly compact. Then there is an u e L(u) for some ueU .

Proof. Since L has aw.s.c.g. and L(U) is relatively weakly compact, then L is a
w.s.u.sco. multivalued operator on U . Therefore for any weakly closed subset V
of U, L™'(V) is sequentially closed for the weak topology on U . Hence L™(V) is
weakly compact by [10, 13.1]. So, L (V) is a weakly closed set. Hence the

multivalued operator L is weakly upper-semicontinuous. Therefore if Arino et al.
[2, Theorem 1] and Theorem 2.2 are applied to the multivalued operator L on U,
then there is an u e L(u) for some ueU . O

Theorem 3.2. Let U be a weakly closed and bounded convex subset of Banach
space A.Assume operators L,S:U — A are w.s.c. such that

(i) sU)=(1-L)V),

(i) S(U) is relatively weakly compact in U

iii) If (1 —Lu, —~—>v, then there is a weakly convergent subsequence

(ukn) Of (un)'

(iv) Forall ve (I -L)U),

W, ={ueU:(1-Lu=v}

is weakly closed convex.
Then v = Lv + Sv has a fixed pointin U .
Proof. If (1 —L)™ exists on S(U), then we obtain that (I —L)™ is a w.s.c. operator
using assumption (iii). Hence, using assumption (i), the operator (I — L)’1 of the
space S(U) into itself is defined by

v (I=L)"(u)=5(v)

for each veU . Therefore if Boyd and Wong [7, Theorem 1] is used, then there
existsan u=u, in A such that for each ve U,

(1-1)"(u,)=5(v)
This means that L(u,)+S(v)=u,.
Hence we obtain that u, e U using assumption (iv). It follows that we have
(1-L)"sU)cu.
Since (1 -L)™ and S are w.s.c. operators, then (I —L)™S is a w.s.c. operator.

-1

Moreover, since (I —L)™ is a w.s.c. operator and S(U) is a relatively weakly

compact set in U , then
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colel(1 - L) *s(u))
is a weakly compact set using the Krein-Smulian Theorem [10, 13.4]. Thus the
operator (I —L)™S is weakly continuous, and then using Arino et al. [2, Theorem
1], we obtain that the operator (1 —L)™S has a fixed point u=u, in U .

If I —L is not invertible, then (1 —L)™ could be seen as a multivalued
operator as mentioned in Avramescu [4]. Thus multivalued operator F :U — 2"

can be defined by
F(v):=(1-L)™"S(v)

for any v eU . By assumption (i), the multivalued operator F is well defined. It
suffices to show that F is a w.s.u.sco. multivalued operator on U . For this, it will
be shown that F has w.s.c.g. Let ueU and sequence (u,)cU such that
u,—“>u.Let v, e F(u,) with v, —“v. If the definition of F is taken into
account, then we obtain that (1 — L)v, )=S(u, ). Since | —L and S are w.s.c., then
we have
(1-L)v,)—>(1 -L)v) and S(u,)—~>S(u).
Hence it turns out that (I — L)v)=S(u). Therefore we have ve (I —L)"S(u). It

follows that the graph of F is sequentially closed for the weak topology on U .
Thus the multivalued operator F has w.s.c.g. Thus, using assumption (iv), F(u) is

a nonempty weakly closed convex set for each u e U . It will also be demonstrated
that F(U) is relatively weakly compact. Let (v,)c F(U) and (u,)c U such that
v, € F(u, ). By the definition of F, we have
(I=L)v,)=5(u,).
Since the operator S are w.s.c., then for (u,)c U with u,—*>u in U,
S(u,)—~—>S(u).
By assumption (ii), there is a subsequence (wnk) of (w,)c S(u, ) such that (wnk)

-1

converges weakly to w e S(u). In addition, since the operator (1 —L)™ is w.s.c.,

then we get
(1= L) (w, )—2(1 L) (w) e F(u).
Hence there is a subsequence (Vnk )c (v, ) such that converges weakly to an element

v of 2Y. Hence F(U) is relatively weakly compact. Since F(U) is relatively

weakly compact and F has w.s.c.g., then F is a w.s.u.sco. multivalued operator
on U . Using Lemma 3.1, we obtain that u e F(u) for some u €U . This shows that

ueL(u)+S(u) forsome ueU. O
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Similarly, we can verify the proof of the following two results using the
methods used in Theorem 3.2.

Theorem 3.3. Let A be a Banach space. Assume operators L,S: A— A arew.s.c.
such that

(i) S(A)= (1 - L)A),

(if) S is a weakly compact operator,

(i) If (I - L)un —* v, then there is a weakly convergent subsequence

(ukn) Of (un)'
(iv) Forall ve (I -L)U),
W, ={ueA:(I —L)u=v}
is weakly compact convex.
Then v = Lv + Sv has a fixed pointin U .

Theorem 3.4. Let U be a weakly closed and bounded convex subset of Banach
space A.Assume operators L,S:U — A are w.s.c. such that

(i) (1-S)U)c= L),
(i) (1 —S)U) is contained in a weakly compact set of U ,
(iii) If Lu, —— v, then there is a weakly convergent subsequence (ukn ) of

(u,).
(iv) Foreach ve L(U),
W, ={ueA:Lu=v}
is weakly compact convex.
Then v = Lv + Sv has a fixed pointin U .

4. The fixed points of the sum of multivalued operators for weak
topology

Now we aim to give some results for the existence of the fixed points of the
inclusion (2) of the multivalued operators in Banach spaces for weak topology case.
This inclusion is based on the generalized D-Lipschitzian and the weak sequential
closed graph of multivalued operators.

For this, we need to the following definition and a result of multivalued
operators with generalized D-Lipschitzian contraction.

The multivalued operator L:U < A— 2" is said to be the generalized
contraction if d,, (L(u), L(v)) < k|u -]

for each u,veU and fixed k [0].
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Definition 4.1. The multivalued operator L:U < A— 2" is said to be the
generalized D-Lipschitzian if there is a continuous nondecreasing function
7 :R" >R suchthat 7, (0)=0,forany r>0, 7 (r)<r and

d(u,L(v)) < d, (L) LK) < 7 (Ju—v]) for all u,veU .

The generalized k-contraction is a generalized D-Lipschitzian, but the
converse is generally not true. Therefore the class of the generalized k-contraction
is a subclass of the class of the generalized D-Lipschitzian.

Example 4.2. Let A=C(%,[01]) and assume that L:A—2* and
h: 9% x[0,1] > [0.1] are defined by

(L(u)Xs) = {hls,u(s))} = {u(s) - u>(s)+sin(s)}
for every ue A and s e R.

The operator L is a generalized D-Lipschitzian, but it is not a generalized k-
contraction: Assume for each u,ve A and any s e R,

u(s)-v(s)” =u?(s)+v?(s)—2u(s\(s) < u?(s)+v2(s)+ u(s(s).

From this inequality, we have
|Lu(s)— Lv(s) = ‘u(s)— u(s)-v(s)+ vs(sj
= |u(s)—v(s)”(1— (uz(s)+v2(s)+ u(s)v(s))}

<lu(s)- v(s)|(1— lu(s)- v(s)|2)
Hence it follows that

0 (L) L) < Ju =~ Ju=vIF )= 7. (u-v])
by taking sup over s. This shows that the multivalued operator L is a generalized
D-Lipschitzian.
Now for the rest of the assertion, suppose that the operator L is a
generalized k-contraction. Therefore there is a k e [0,] such that

dy (L(u), L(v)) < k|u-v]
foreach u,veU .Nowlet 0 <& <1-k and W < Ax A is identified by

W = {(u(s)v(s)): u?(s)+V2(s)+u(s\(s) =1k —&}.

dy (L(u), L(v)) < k|u-v]
forall u,veU ,itisclearthat W = &.
For given two constant valued functions u, and v, with (u,,v,)eW,
dy (Lo ) L(vy)) = (K + &)Jug — Vo] > Klug — V|-
This is a contradiction. For this reason, the multivalued operator L does not have
to be a generalized k-contraction.

Since
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As the some main results of our work we give the following theorems.
Lemma 4.3. Let U be a nonempty weakly closed convex subset of Banach space

A. Suppose that the multivalued operator L:U — 2" is a generalized D-
Lipschitzian and has w.s.c.g. Then there isan u e L(u) for some ueU .

Proof. Since L isageneralized D-Lipschitzian, there is a continuous nondecreasing
function 7, such that 7 (0)=0, forany r >0, 7 (r)<r,
d(u, L(v) < d,, (L)L) < 7 (Ju—Vv])

for all u,veU . Hence, let u, eU and choose u, € L(u,) with r=|u, —u|>0
and 7, (r)<r,

d(ul’ L(Ul)) <d, (I—(uo )v L(ul)) <7 (“uo - ul”)
so that there exists an u, e L(u,) such that d(u,,u, )<z, (Ju, —u,|). If this process
is continued, it can be constructed a sequence (u, ) such that for any n e X,

TL(“un - Un+1||)< Jun = Upa
and
u,, eL(,), du,,u,,)< rL(“un —Un+1||)-
Since L has w.s.c.g., then L(u) is a nonempty weakly closed set for all ueU .
Therefore if the continuity of function z, with 7 (0)= 0, and Boyd and Wong [7,
Theorem 1] are applied to the last inequality, then we get
d(Uy., L) < dy (L(u,) L) < 7 Ju, ~u]) > 7 (0)=0

as n — oo. It follows that there isan u e L(u) for some ueU . O
Theorem 4.4. Let U be a nonempty weakly closed convex subset of Banach space
A.Assume L:U —» 2" and S:U — 2" have w.s.c.g. such that the multivalued
operators L and S satisfy

(i) L is ageneralized D-Lipschitzian,

(i) S(U) is relatively weakly compact,

(iii) For each veU , u e L(u)+S(v) implies u eU .
Then there isan u e L(u)+S(u) for some ueU .
Proof. By assumption (i), there exists an inverse of | — L such that it is continuous
on S(U). Moreover, by Lemma 4.3, we can define multivalued operator T on U
by

T:U—>2Y,
{ v Tv)=(1-L)"S(v).
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Thus the multivalued operator T is well defined on U. Now let's show that
T(U)cU: Let ueU and choose we(l-L)"S(u), then there is ve S(u). It

follows that w e (I —L)™(v). Hence we have w e L(w)+v < L(w)+S(u).
As a result of assumption (iii), we can easily see that weU . Thus we obtain
TU)cU.

Now it will be shown that it is enough to prove that T has w.s.c.g, and the
set T(U) is relatively weakly compact: To see this, first we will verify that T has
aw.s.c.g.LetueU and (u,)cU suchthat u,—“—»u inU and v, €T(u,) such
that v, —*—v in U . By the definition of T, we get (1 —L)v,)eS(u, ).

Since L hasaw.s.c.g, and S(u) is relatively weakly compact for every u e U , then
(1-L)v)e S(u). Using Lemma 4.3, we have v e T(u)=(1 - L)™"S(u).

This implies that T is a weakly closed multivalued operator. It follows from the
definition of | —L and the weak closeness of the operator T that T(u) is a
nonempty weakly closed convex set for each u eU .

Then, we demonstrate that T(U) is a relatively weakly compact set. Let
(v,)cT(U) such that for each ueU, v, e T(u). Using the definition of T, we
get a sequence (z, )< S(u) such that (1 —L)v,)=z,.

By taking into account assumption (ii), sequence (z,) has a subsequence which
converges weakly to z € S(u) . So, (I —L)™(z,) converges weakly to

(1-L)*(z)eT(u).
Thus (v,) has a subsequence (v, ) (v,) such that v, —*—v, in 2". Hence

T(U) is relatively weakly compact. Therefore if T has w.s.c.g, and T(U) is
relatively weakly compact, then using Lemma 3.1, we have an u e T(u) for some
ueU . This means that u € L(u)+ S(u) for some ueU . O

5. Conclusions

It is well known that the single-valued operator equation (1) and the
inclusion (2) cannot have a solution without the certain conditions upon operators
in Banach spaces. In particular, these types of nonlinear operator equations and
inclusions in the transport equation (the growing cell population or the hereditary
systems) may not be solved on Banach spaces. That’s why suitable conditions were
established to guarantee the existence of fixed points of the single-valued operator
equation (1) and the inclusion (2) on Banach spaces. For these, in order to find the
solutions of the single-valued nonlinear equation (1) according to the weak
topology, we approached the single-valued operator equation with the multivalued
operator. Then we improved the results of Liu and Li [18] for the weak topology.
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Then, in order to detect the existence of fixed points of the inclusion (2) with respect
to the weak topology, the definition of the generalized D-Lipschitzian was
presented for multivalued operators. Then we proved new multivalued types of
Krasnoselskii’s fixed point theorem using the generalized D-Lipschitzian and the
weak sequential closed graph of multivalued operators.
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