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THE GENERALIZED RICCATI EQUATION TOGETHER
WITH THE (G’/G) -EXPANSION METHOD FOR THE (3+1)-

DIMENSIONAL MODIFIED KDV-ZAKHAROV-KUZNETSOV
EQUATION

Hasibun NAHER! , Farah Aini ABDULLAH? and Abdur RASHID?®

We construct new exact travelling wave solutions including solitons and
periodic solutions of the (3+1)-dimensional modified KdV Zakharov-Kuznetsov
equation involving parameter by applying the generalized Riccati equation together

with the(G'/G) -expansion method. In addition, in this method,

G'=n+1G+mG? is used, as the auxiliary equation, called the generalized
Riccati equation, where |, m and n are arbitrary constants. Further, the solutions

are expressed in terms of the hyperbolic function, the trigonometric function and the
rational functional form. Moreover, some of obtained traveling wave solutions are

presented in the figures with the aid of commercial software Maple.

Keywords:'The generalized Riccati equation, the (3+1)-dimensional modified
KdV Zakharov-Kuznetsov equation, the (G'/G)-expansion method,

exact traveling wave solutions, nonlinear evolution equations.
1. Introduction

The study of exact traveling wave solutions for the nonlinear partial
differential equations (PDEs) is one of the attractive and remarkable research
fields in all areas of science and engineering, such as, plasma physics, chemical
physics, optical fibres, solid state physics, fluid mechanics, chemistry and many
others [1-41]. In the recent years, many researchers implemented various methods
to study different nonlinear differential equations for searching traveling wave
solutions. For example, the inverse scattering method [1, 2], the homogeneous
balance method [3], the Backlund transformation method [4, 5], the Jacobi elliptic
function expansion method [6], the tanh-coth method [7, 8], the Hirota’s bilinear
transformation method [9], the direct algebraic method [10], the Exp-function
method [11-14] and others [15-18].
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Recently, Wang et al. [19] introduced the (G’/G) -expansion method to

construct traveling wave solutions for the nonlinear evolution equations (NLEES).
In the method, they employed G"+ AG'+ 4G =0, as an auxiliary equation, where

A and g are arbitrary constants. After that many researchers studied various
nonlinear PDEs by using (G'/G) -expansion method for obtaining exact traveling
wave solutions, for example [20-30].

Zhu [31] presented the generalized Riccati equation mapping method to
construct non- traveling wave solutions for the (2+1)-dimensional Boiti-Leon-
Pempinelle equation. In generalized Riccati equation mapping method, the
auxiliary equation G’'=n+1G+mG? is considered. Salas [32] applied the

projective Riccati equation to obtain exact solutions for a type of generalized
Sawada-Kotera equation while Gomez et al. [33] studied the higher-order
nonlinear KdV equation to construct traveling wave solutions by using this
method. In Ref. [34], Li and Dai implemented the generalized Riccati equation

mapping with the (G'/G)-expansion method to construct traveling wave

solutions for the higher dimensional Jimbo-Miwa equation whilst Guo et al. [35]
investigated diffusion-reaction and modified KdV equation with variable
coefficient by using the Riccati equation mapping method. Bekir and Cevikel [36]
constructed analytical solutions via the tanh-coth method combined with the
Riccati equation of nonlinear coupled equation in mathematical physics. Naher
and Abdullah [37] executed the generalized Riccati equation together with the

basic (G'/G)-expansion method to generate traveling wave solutions for the

modified Benjamin-Bona-Mahony equation whereas they [38] constructed exact
solutions of the (2+1)-dimensional modified Zakharov-Kuznetsov equation by
applying the same method and so on.

Many researchers used different methods for obtaining exact traveling
wave solutions for the (3+1)-dimensional modified KdV-Zakharov-Kuznetsov
equation. Such as, Xu [39] utilized an elliptic equation method and its applications
to obtain exact solutions of this equation. Naher et al. [40] applied the Exp-
function method to construct traveling wave solutions for the same equation.

Zayed [41] investigated this equation by using the (G'/ G)-expansion method,
whereas, he applied the second order linear ordinary differential equation (LODE)
as an auxiliary equation. But, to the best of our knowledge, the generalized Riccati
equation together with the (G'/G)-expansion method has not been applied to

generate traveling wave solutions for the (3+1)-dimensional modified KdV-
Zakharov-Kuznetsov equation.
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In this article, we have obtained twenty seven new traveling wave
solutions herein include soliton solutions, periodic solutions, and rational
solutions for the (3+1)-dimensional modified KdV-Zakharov-Kuznetsov equation
involving parameters by using the generalized Riccati equation together with the

(G'/G) -expansion method combined.

3. Description of the generalized Riccati equation together with the
(G'/G) -expansion method Equations

Suppose the general nonlinear partial differential equation:
P(u,ut,ux,uy,uz,un,uxt,u uxy,uyy,uw,uzz,uzt,uzx,uzy,...)=0, (1)

where u=u(x,y,zt) is an unknown function (the subscripts denote the partial

XX 1

derivatives), P is a polynomial of u=u(x,y,zt) and various partial derivatives
of u= u(x, Y, z,t) including higher order derivatives and the nonlinear terms.

The main steps of the generalized Riccati equation together with the (G’/G) -
expansion method [19, 31] are:
Step 1. Consider the traveling wave variable:

u(x,y,z,t)=w(n), mn=x+y+z-St, 2)
where Sis the wave speed. Now using Eg. (2), Eq. (1) is converted into an
ordinary differential equation for w(7):

H(w,w',w",w",..)=0, (3)
where the superscripts stand for the ordinary derivatives with respect to.

Step 2. According to possibility, Eqg. (3) is integrated term by term one or more
times, thus it yields constant(s) of integration. For simplicity, the integral
constant(s) may be zero.

Step 3. Suppose that the traveling wave solution of Eq. (3) can be expressed in the
form [19, 31]:

r G' k
W(77) = Z a [_j 4
=0 \G
where a, (k=0,1,2,...,r)and a, =0, with G=G(), the solution of the Riccati
equation:

G' =n+IG+mG?, (5)
where |, m,n are arbitrary constants and m = 0.
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Step 4. To determine the positive integer r, taking the homogeneous balance
between the highest order nonlinear terms and the highest order derivatives
appearing in Eg. (3).

Step 5. Substitute Eq. (4) along with Eq. (5) into the Eqg. (3), then collect all the
coefficients with the same order; the left hand side of Eqg. (3) converts into

polynomials in G'(7) and G'(#),(i=0,12,...). Then equating each coefficient
of the polynomials to zero, yields a set of algebraic equations for
a (k=012,..,r),I,mn and S.

Step 6. Solve the system of algebraic equations obtained in step 5 with the aid of
algebraic software Maple and we obtain values for a, (k=0,1,2,..,r) and S.
Then, substituting the obtained values in Eq. (4) along with Eq. (5) with the value
of r, obtained at step 4, we get exact traveling wave solutions of Eq. (1).

We have the following twenty seven solutions including four different types’
solutions of  Eq. (5).

Family 2.1: When 1>’~4mn>0 and Im=0 or mn=0, the solutions of Eq. (5)
are:

Q :%[I ++/I7 —=4mn tanh[—'lz_;mnnﬂ,

IZ

Q, =_—1[I +~/I1> —4mn coth [%U

Q3—%(I+\/I2—4mn(tanh \/I2—4mnn)iisech( I2—4mn77))),
Q4=_—n11(l+\llz—4mn(coth JIZ—4mnp icsch( I2—4mn77))),
Q; =% 2I+\/I2—4mn{tanh{w 77}“:0”{@77]}}
M?+N2)(I? —4mn) —M~/I1*> -4 h(v/I? -4
g ) 0 o )|
2m Msinh( I2—4mn77)+N
1 \/(NZ—MZ)(I2—4mn)+M 12— 4mn sinh(\/lz—4mn77)
S ,
% = om Mcosh( I2—4mn77)+N

where M and N are two non-zero real constants and satisfy N*—~M? > 0.
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2ncosh

(\/Iz 4mn }
2

- >4 ”—4
\/I2—4mnsinh( 5 mn n]—lcosh[ —amn ]
—2nsinh{ —4mn n
®° JIZ —4mn 12_4mn )
Isinh f” —+/I” =4mn cosh #77
2n<:osh(\ll2 —4mn 77)
Qu = ,
B \/I2—4mnsinh( I2—4mn77)—lcosh( I2—4mn77)4_ri\/I2—4mn
2nsinh('\/l2 —4mn 77)
Q= :
B —Isinh(«/lz—4mn77)+\/lz—4mncosh( I2—4mn77)i 1> —4mn
12 12
4ns|nh(|_4rnn77]cosh [I_‘”nn nj
4 4
Q. =

mn
cosh
4 4

2 2
ot sin I —4mn (W ,7}

1

X
[ 2
2~/17 —4mn coshz{ldflmn UJ_ I —4mn

Family 2.2: When 1> =4mn<0 and Im=0 or mn=0, the solutions of Eq. (5)

]

1
13=2— —l++/4mn—1? tan

{2

I+\/4mn—l2 tan(\/4mn—l2 )+sec(\/4mn—l2 77)))
| ++/4mn—1? cot(\/4mn—l2 )+csc( 4mn—|277))),

-3
[| + 4mn ? cot
“anl
“anl

%’IH%’IH %’IH
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Q, = N BT NJamn—1? (tan (—AT_IZ UJ —~ cot{—“d'mdrn_l2 UJB

1 \/(MZ—NZ)(4mn—I2) M+/4mn — 12 cos(\/4mn 77)
S
= om| Msin( 4mn—|277)+N

1 \/(MZ—NZ)(4mn—I2)+M\/4mn Izcos( 4mn— 77)
Qo =5—| -1+

2m Msin(\/4mn—lzn)+N ’

where M and N are two non-zero real constants and satisfy M? —N? > 0.

e

—-2NCos

QZOZ ’
/ 2 / 2
\/4mn—lzsin(4mg_|77}+lcos(4m;_lnj
/ 2
2nsin[4m;_I UJ
Q1 = / 2 / 2 )’
—Isin(d'm;_ln]ﬂan —I? cos(‘"n;_ln]
—2ncos(\/4mn—lzn)
Q = 1
” \/4mn—lzsin( 4mn—|277)+Icos(\/4mn—I277)J_r\/4mn—l2
2nsin(\/4mn—lzn)
Q = )
8 —Isin(\/4mn—lz77)+\/4mn—lzcos(\/4mn—lz77)J_r\/4mn—l2
/ 2 / 2
4nsin MU cosS Mn
4 4
Qu =

—2lsin cos

[\/4mn—l2 J (\/4mn—l2 J
4 g 4 T

1

- :
2\/4mn—lzcos [ .4m2—| 77}—\/4mn—l2
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Family 2.3: when n=0 and Im = 0, the solutions of Eq. (5) become:

—lc
Qs = m(c+cosh(ln7)—sinh(lz7)) ’

~I(cosh(lr)+sinh (1))
m(c+cosh(ln)+sinh(l7)) ’

26

where c is an arbitrary constant.
Family 2.4: when m=0 and n=1=0, solution of Eqg. (5) becomes:
-1

where p, is an arbitrary constant.

3. Applications of the method

In this section, we construct new exact traveling wave solutions by using
this powerful and straightforward method. We consider the (3+1)-dimensional
modified KdV-Zakharov-Kuznetsov equation with parameter considered by
Zayed [41]:

U +aU?u, +U,,, +U, +U,, =0, (6)
where « is nonzero constant.
Now, we use the transformation Eq. (2) into the Eq. (6). This yield:

- SW+aww +3w" =0, )

now integrating once the above equation with respect to 7, it yields:
K—SW+%0{WS+3W"=0, 8)

where Kis constant of integration that could be determined later. We
consideredr =1, taking the homogeneous balance between the highest order
nonlinear terms and the highest order derivatives appearing in Eq. (8). Therefore,
the solution of Eqg. (8) is of the form:

w(n)=a,/(G'G)+a,. 9)
Using Eg. (5) with Eq. (9), it gives:
w(n)=a,(1+nG™"+mG)+a, (10)

where I,m and nare free parameters. By substituting Eqg. (10) into Eq. (8),
collecting all coefficients of G' and G (i=0,1,2,...) setting them equal to zero,
we obtain a set of algebraic equations for a,,a,,I,m,n,K and S (for simplicity,

algebraic equations are not displayed). Solving the system of algebraic equations
with the aid of algebraic software Maple, we obtain
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a0:$gli\/z, a1:i3i\/z, S:_—3I2—12mn, K:ii18lmn\/z,
2 \a a 2 a

where |, m,n are free parameters and « = 0.
Family 3.1: The soliton and soliton-like solutions of Eq. (6) (when 1> —4mn >0
and Im=0 or mn=0) are:

2d%sech? (d
W1:i3i\/z sech (®n) $§Ii\ﬁ,
a |1+2® tanh(®n) 2 Va

where ®=%\/I2—4mn, n=x+y+z+(glz+12mnjt and I,m,n are arbitrary

constants.

2d% csch(®
W, = +3i, | = csch(®n) 3 12
a 2®cosh(®7)—Isinh(®n) 2 Na
3 ‘3i\F 4M®2(M—Nsinh(2®7y)+ (M2+N2)cosh(2®77))
:+ —_—
' a(lMsinh(Z(Dy;)+IN+2<D (M2+N2)+2M®cosh(2®n))

x L —§|i\ﬁ
(Msinh(207)+N) "2 Vo'

where M and N are two non-zero real constants and satisfy N*—~M? > 0.

2
w, =¢3i\ﬁ 20" csch(®r) :ﬁi\ﬁ.
a 2®cosh(®n)-Isinh(®dn) 2 Na

Family 3.2: The periodic form solutions of Eg. (6) (when 1> —4mn <0 and

Im=0 ormn=0):
2A%sec’ (A
Wla:_gi\ﬁ _2A"sec(An) 3.2
a -l+2Atan(An) 2 Na

+

where A=%J4mn—l2, =X+ y+z+@l2+12mnjt and I, m,n are arbitrary

constants.

[2 20° csch(dn) 3. [2
W, ==+3i,[— - F=li,[—.
a 2®cosh(®7)—Isinh(®n) 2 Na
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7 4M A7 (VM7 = N7 cos(287) + Nsin(247)+M )(M sin(247)+N)
W, :¢3i\/:
* a (IM sin(ZAn)—ZMAcos(ZAn)HN—ZA\/MZ—NZ)

1 3,.12
F—li,[—,
><(M2cosz(ZAn)—Mz—N2—2MNs,in(2A77))+2 Vo

where M and N are two non-zero real constants and satisfy M? —N? > 0.

.2 2A% sec(An)(2Asin(An)+Icos(An)) 3.2
W20—+3I\/£2(| +—|I\/;,

?—2mn)cos® (An)+4lAsin(An)cos(An)+4A* 2

.2

w,, =+3i,|—
“ \/; 2(1% —2mn)cos’ (An)+4lAsin(An)cos(An) - I? "2
Family 3.3: The soliton and soliton-like solutions of Eq. (6) (when n=0 and

Im=0):
3|2 I(cosh(I77)—sinh(177)) 3, [2
" __3\/; p+cosh(lr)—sinh(lz) EI \/;'

.2 Ip \/E
—+3i = =24, | <,
s I\/; p+cosh(l) +sinh(l7) " 2 Wa

where p is an arbitrary constantand 7=x+y+z2 +@I2 +12mnjt.

2A% csc(An)(1sin(An)—2Acos(A7)) 3 \/z

+l

w

Family 3.4: The rational function solution (when m=0andn=1=0):

W, = +3 \Ei
a mnp+d;

where d, is an arbitrary constant 77 = x+y +z.

4. Results and discussion:

It is imperative to declare that one of our solutions is in good agreement
with already published results which are described in the table 4.1. Furthermore,
some of newly obtained solutions are illustrated in the figure 1 to figure 8 in the

following subsection.

Table 4.1
Comparison between Zayed [41] solutions and newly obtained solutions
Zayed [41] solutions Present solutions
i.If A=0,B=lL,a=-1and V =-1, i.1fd =0m=La=-1,S=-1and

from section 3 in example 4, solution Eq.

(3.39) becomes: W.

,7(17)=u(&), solution W,, becomes:
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u(x,yzt)= +3\/_(X+y+z+tj

u(x,y,zt)= +3\/_( ]
X+Y+z+t

i.If A=0,B=1,aa=-1and V =1,
from section 3 in example 4, solution Eq.
(3.39) becomes:

u(x,y,z,t)= +3\/_(

X+y+2-— t]

i.lfd,=0m=1a=-1,S=1and

W. (77) =u(§), solution W27 becomes:

27

u(x,y,zt)= +3\/_(

X+y+2-— tj

ii. f A=0,B=1La=1and V =—%,

from section 3 in example 4, solution Eq.
(3.39) becomes:

u(xy2,t)= +'3‘f[mj

ii. fd,=0m=La=1,S =—% and

W,, (7)=u(&), solution W,; becomes:

u(xy.2,t)= +'3*/_((XT+Z)+I]

iv.If A=0,B=1L,a=1and V :%,from

section 3 in example 4, Eq. (3.39) becomes:

u(xy,zt)= IB\/_(WJ'

iv.If d,=0,m=1a=1,S :% and

W,, (7)=u(&), solution W,; becomes:

u(xy,zt)= +'3\F((><T+z)t}

Beyond the table, we have constructed new exact traveling wave solutions w,

to

w,, Which have not been reported in the previous literature.

4.2 Graphical representations of the solutions

The graphical descriptions of the solutions are shown in the figures with the aid

commercial software Maple:

of

Figure 1: Solitons solutions for /=3, m=4, n=2, ;=2

Figure 2:Periodic soluwionsfor /=2, m=3, n=3, o=3
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3

Figure 4: Solitons solutionsfor /=1, m=2 n=1 x=2

40 20 0 _3p 40 4p 20 0 -20-40

r

Figure 5: Solitons solutions for /=3, m=3, n=3 o= 1
Figure 6: Solitons solutionsfor /=3, m=1, n=2, m=1

Figure 8: Solitons solutions for /=3, m=4, n=1 a=3

Figure T: Periodic solutions for /=353, m=6, n=1, x=0.3

5. Conclusions

In this article, we have applied the generalized Riccati equation together
with the (G G)-expansion method to construct abundant exact traveling wave

solutions of the (3+1)-dimensional modified KdV-Zakharov-Kuznetsov equation.
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The solutions of the higher dimensional nonlinear evolution equations have many
potential applications in Mathematical Physics, Engineering Sciences and other
technical arena. The traveling wave solutions are described herein for four
different families including solitons and periodic solutions. In addition, it is worth
declaring that one of our solutions is in good agreement with already published
results and some are new. Therefore, the extended generalized Riccati equation
mapping method will be more effectively used to investigate many nonlinear
evolution equations which frequently arise in scientific real time application
fields.
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