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NOTES ON RIEMANNIAN MAPS 

Bayram ŞAHIN1 

In this paper, we first find necessary and sufficient conditions for the total 

space of a Riemannian map to be an Einstein manifold and then we obtain various 

inequalities in terms of the scalar curvatures of the base space, fibers and images. In 

the equality cases of those inequalities, we obtain harmonicity and totally 

geodesicity of such maps. 
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1. Introduction 

Smooth maps between Riemannian manifolds are useful for comparing 

geometric structures between two manifolds. Isometric immersions (Riemannian 

submanifolds) are basic such maps between Riemannian manifolds. In 1992, 

Fischer introduced Riemannian maps between Riemannian manifolds in [3] as a 

generalization of the notions of isometric immersions and Riemannian 

submersions. Let ),(),(:
NM

gNgMF   be a smooth map between Riemannian 

manifolds such that },{<<0 nmminrankF , where mdimM =  and ndimN = . 

Then we denote the kernel space of 
*F  by 

*kerF  and consider the orthogonal 

complementary space )(= *kerFH  to 
*kerF . Then the tangent bundle of M  has 

the following decomposition 

 .= * HkerFTM  

We denote the range of 
*F  by 

*rangeF  and consider the orthogonal 

complementary space )( *rangeF  to 
*rangeF  in the tangent bundle TN  of N . 

Since },{< nmminrankF , we always have {0})( * rangeF . Thus the tangent 

bundle TN  of N  has the following decomposition  

 .)()(= **

 rangeFrangeFTN  

Now, a smooth map ),(),(:
N

n

M

m

gNgMF   is called Riemannian map at 

Mp 1  if the horizontal restriction )()(:
1

*
1

*
1

* pp

h

p rangeFkerFF   is a linear 
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isometry between the inner product spaces )|)(,)((
)

1
*

(1
1

* 



p
kerFM

p pgkerF  and 

)|)(,( )
1

*
(2

1
*

p
rangeF

N
p pgrangeF , )(= 12 pFp . Therefore Fischer stated in [3] that a 

Riemannian map is a map which is as isometric as it can be. It follows that 

isometric immersions and Riemannian submersions are particular Riemannian 

maps with {0}=*kerF  and {0}=)( *

rangeF . It is known that a Riemannian map 

is a subimmersion which implies that the rank of the linear map 

NTMTF pFpp )(* :   is constant for p  in each connected component of M  [1] 

and [3]. A remarkable property of Riemannian maps is that a Riemannian map 

satisfies the generalized eikonal equation rankFF =
2

*  which is a bridge 

between geometric optics and physical optics [3]. 

Riemannian maps between semi-Riemannian manifolds have been defined 

in [7] by putting some regularity conditions. On the other hand, affine Riemannian 

maps have been also investigated and decomposition theorems related to 

Riemannian maps and curvatures are obtained in [6] (For Riemannian maps and 

their applications in spacetime geometry, see: [7]). Riemannian maps and related 

topics are now very active research area in differential geometry, see: [4], [5], 

[10], [11]. 

In this paper, we first obtain necessary and sufficient conditions for the 

total space of a Riemannian maps to be an Einstein manifold. Then we calculate 

the scalar curvatures of the base, space, fibers and image )( *rangeF  and obtain 

several inequalities. By using these inequalities, we obtain new conditions for a 

Riemannian map to be harmonic or totally geodesic. 

2. Preliminaries 

Let ),(
M

gM  and ),(
N

gN  be Riemannian manifolds and suppose that 

NMF :  is a smooth map between them. Let )(= 12 pFp  for each Mp 1
. 

Suppose that 
N

  is the Levi-Civita connection on ),(
N

gN . Then the second 

fundamental form of F  is given by  

 )()( =),)(( *** YFYFYXF
M

XX

N
F   (1) 

 for )(, TMYX  , where 
N

F  is the pulback connection of 
N

  It is known that 

the second fundamental form is symmetric. First note that in [12] we showed that 

the second fundamental form ),)(( * YXF , ))((, *

 kerFYX , of a Riemannian 

map has no components in 
*rangeF . More precisely we have the following. 
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Lemma 2.1.  [12]  Let F  be a Riemannian map from a Riemannian   

manifold ),(
M

gM  to a Riemannian manifold ),(
N

gN . Then 

))((,,0,=))(),,)((( ***

 kerFZYXZFYXFg
N

. 

Let F  be a Riemannian map from a Riemannian manifold ),(
M

gM  to a 

Riemannian manifold ),(
N

gN . Then we define T  and A  as 

 ,=,= FFFFFF
M

E

M

EE

M

E

M

EE HVVVTHVVHA VVHH   

 for vector fields FE,  on M , where 
M

  is the Levi-Civita connection of 
M

g . In 

fact, one can see that these tensor fields are O’Neill’s tensor fields which were 

defined for Riemannian submersions. For any )(TME  , 
ET  and 

EA  are skew-

symmetric operators on )),(( gTM  reversing the horizontal and the vertical 

distributions. It is also easy to see that T  is vertical, 
EE VTT =  and A  is 

horizontal, 
EE HAA = . 

We now state the following curvature relations between the base manifold 

),(
N

gN  and the total manifold ),( gM , [2], [9] and [13]. 

       ),(),(),),(ˆ(=),),(( WFgWFgFWVURgFWVURg UVVU TTTT  (2) 

),)((),)((=),),(( WYgYWgWYVXRg XVVX AT   

                   ),(),( WVgYXg YXWV AATT   (3) 

),),((=),),(( **** TZYXRgTFZFYFXFRg
M

M

N

N
 

                             )),)((),,)((( ** TYFZXFg
N

  

                                                 )).,)((),,)((( ** TXFZYFg
N

  (4) 

),)((),)((=),),(( XWgXWgXWVURg UVVU TT   (5) 

),(),)((=),),(( YZgVYgVZYXRg XVXZ ATA   

                                                ),(),( XZgYZg VYVX TATA   (6) 

 for )(,,,, MTHZYX   and )(,, MWVU v . 

In this section, we finally recall the following relation for a Riemannian 

map.  

Lemma 2.2. [7] Let ),(),(:
B

gBgMF   be a Riemannian map between 

Riemannian manifolds ),( gM  and ),(
B

gB . Then we have  

))((=)()(
2

* FdivpF  + ))}(),())(),((({ ****

1=,

jiji

N

N

m

rji

xFxFxFxFRg

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 ).),(,(
1=

jji

M

i

Mm

ri

xxxRxRic


  (7) 

 at Mp , where },...,,,...,{ 11 mrr eeee   be an orthonormal basis of )(TM  such 

that },...,{ 1 ree  is an orthonormal basis of )( *kerF  and },...,{ 1 mr ee   is an 

orthonormal basis of )( *kerF , 
M

Ric  is Ricci tensor of M  and 
2

*)( F  is the 

square of the length of the second fundamental form.  

3.  Einstein Metrics on the Total space of a Riemannian Map 

In this section, we are going to find necessary and sufficient conditions for 

the total space of a Riemannian map to be Einstein manifold. By using (2), (3), 

(4), (5) and (6), we have the following result for the Ricci tensor.  

Lemma 3.1. Let ),(),(:
B

gBgMF   be a Riemannian map. Then, we have  

),(),(=),( 2
1

2121 WHrgWWRicWWRic W

M

T
V

  

                         ),,(),)(( 212
1

1=

WWgeWg
j

e
j

ejW
j

e

m

rj

AAT  


 (8) 

 where ),( 21 WWRic
V

 and H  are Ricci tensor and the mean curvature vector field 

of any fibre,  

),(),)((),)((=),(
1=

YXguYgYugYXRic
i

u
i

uiX
i

ui
i

uX

r

i

M

TTAT   

        )),)((),,)(((),( **

1=1

jj
N

m

r

iYiX eXFYeFguug  


AA  

        )),(),(()),,)((( **

)
*

())
*

((

* YFXFRicYXFg
rangeFkerF

N




  (9) 

 where ))(),(( **

)
*

(

YFXFRic
rangeF

 and 
))

*
(( kerF

  are Ricci tensor of 
*rangeF  and 

 ))(( *kerF  component of the tension field  ,  

 

),)((),)((),)((=),(
1=1=

UXgXugXugUXRic
j

e
j

e

m

rj

iU
i

ui
i

uU

r

i

M

ATT  


 

 ),(2 Xeg
j

ejU AT  (10) 

 for )(,, *21 kerFUWW   and ))((, *

 kerFYX , where },...,{ 1 ruu  and 

},...,{ 1 mr ee   are orthonormal frames of )( *kerF  and )( *kerF . 
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Proposition 3.1.  Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then, ),(
M

gM  is Einstein if and only if the following conditions 

are satisfied:  

 ),(=),(),( 21

1=

21 VUg
m

s
WWgWWRic

j
e

j
e

m

rj

AA
V




  (11) 

  )),,)((())(),((),(
))

*
((

***

)
*

(

1=




kerF

N

rangeF

iYiX

r

i

YXFgYFXFRicuug AA  

 ),(=)),)((),,)((( **

1=

YXg
m

s
eXFYeFg jj

N

m

rj

 


 (12) 

 and  0.=),)((
1=

UXg
j

e
j

e

m

rj

A


 (13) 

  We note that the above conditions (11) and (13) are the same as the conditions 

given for Riemannian submersions in [2, Page:144]. The only difference is the 

condition (12). Using (8) and (9) we have the scalar curvature of the total space as 

follows.  

Theorem 3.1. Let ),(),(:
B

gBgMF   be a Riemannian map. Then, we have  

 
2

*

1=,

22

2
))

*
(()

*
(

),)(ˆ= lj

m

rlj

kerFrangeF

eeFrsss  




H  

 ),)((),)((2
1=1=

2

1=1=

il
l

e
i

u

r

i

m

rl

k
j

ejk
k

u
j

e

r

k

m

rj

uegueug AAT  


 

 
2

l
i

u eT  (14) 

 where s , ŝ  and 
)

*
(rangeF

s  denote the scalar curvature of M , the scalar curvature 

of the fiber and the scalar curvature of )( *rangeF .   

Using (7), we have also the following result.   

Corollary 3.1. Let ),(),(:
BM

m gBgMF   be a Riemannian map. Then, we have  

 
22

2
))

*
((

2

*)()(ˆ= HH rFFdivsss
kerF





  

 
2

1=1=

2

*

1=,

),)((2),)( k
j

ejk
k

u
j

e

r

k

m

rj

lj

m

rlj

ueugeeF AT  


 

 
2

1=1=

),)(( l
i

uil
l

e
i

u

r

i

m

rl

eueg TA  


 (15) 
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 at Mp , where Hs  denotes the scalar curvature of )F (ker *  and },...,{ 1 m  is 

an orthonormal frame of M .   

From Theorem 3.1, we have the following results.   

Corollary 3.2. Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then  

 ,2ˆ

2
))

*
((2

1=1=

)
*

( 



 
kerF

k
j

e

r

k

m

rj

rangeF

usss A  

 and the equality is satisfied if and only if F  is totally geodesic.    

Corollary 3.3. Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then  

 ,),)(ˆ
2

*

1=,

)
*

(

lj

m

rlj

rangeF

eeFsss  


 

 and the equality is satisfied if and only if F  is harmonic and the horizontal 

distribution is integrable.   

From Corollary 3.1, we have the following result. 

Corollary 3.4.  Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then, we have  

 
2

*

1=,

2
))

*
((

2

* ),)()()(ˆ= lj

m

rlj

kerF

eeFFFdivsss  




H
 

 ),)((
1=1=

2

1=1=

il
l

e
i

u

r

i

m

rl

k
j

e

r

k

m

rj

uegu AA  


 

 at Mp .   

By using the generalized divergence theorem of a map (see:[7, Theorem 3.3.1, 

page:70], we have the following sufficient condition for a Riemannian map F  to 

be harmonic.   

Corollary 3.5. Let ),( gM  be an oriented compact Riemannian manifold with 

Riemannian volume form 
M

  and let ),(
N

gN  be a Riemanian manifold. If 

NMF :  is a Riemannian map with totally geodesic fibers and the following 

inequality  

 )),)((()(ˆ
2

1=1=

2

* kj
j

e
k

uk
j

e

r

k

m

rj

ueguFsss AAH  


 

 is satisfied, then F  is harmonic.   

Proof. Let F  be a Riemannian map with totally geodesic fibers. Since 

 =M , from generalized divergence theorem and corollary 3.1 we have  
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m

rlj
M

eeFFsss  


H  

 0,=))},)(((
2

1=1=

Mkj
j

e
k

uk
j

e

r

k

m

rj

uegu AA  


 

 which gives the assertion.  

Moreover, for the totally geodesicity of F , we have the following result.  

Corollary 3.6. Let ),( gM  be an oriented compact Riemannian manifold with 

Riemannian volume form 
M

  and let ),(
N

gN  be a Riemanian manifold. If 

NMF :  is a Riemannian map with totally geodesic fibers and the following 

inequality  

 ),)((),)(ˆ
1=1=

2

*

1=,

il
l

e
i

u

r

i

m

rl

lj

m

rlj

uegeeFsss AH  


 

 is satisfied, then F  is totally geodesic.   

From Corollary 3.4, we have the following results.  

Corollary 3.7.  Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then, we have  

 
2

1=1=

2

*

1=,

),)()(ˆ
k

j
e

r

k

m

rj

lj

m

rlj

ueeFFdivsss AH 


   

 ),)((
1=1=

il
l

e
i

u

r

i

m

rl

ueg A 


 

 at Mp . The equality is satisfied if and only if F  is totally geodesic. In the 

equality case, it takes the following form  

),)((ˆ=
1=1=

2

1=1=

il
l

e
i

u

r

i

m

rl

k
j

e

r

k

m

rj

uegusss AAH  


,    at Mp .  

Corollary 3.8. Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then, we have  

),)((),)()(ˆ
1=1=

2

*

1=,

il
l

e
i

u

r

i

m

rl

lj

m

rlj

uegeeFFdivsss A(H  


  

 at Mp , the equality is satisfied if and only if F  is totally geodesic and the 

horizontal distribution is integrable. In the equality case, it takes the following 

form  

 .ˆ= Hsss   (16) 

Corollary 3.9. Let ),(),(:
B

gBgMF   be a Riemannian map with totally 

geodesic fibers. Then, we have  



138                                                          Bayram Şahin 

)),)((),,)((()(ˆ
**

1=,

jiji
B

r
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uuFuuFgFdivsss  H  

),)((
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1=1=

il
l

e
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i

m
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k
j

e

r

k

m

rj

uegu AA  


 

 at Mp , the equality is satisfied if and only if F  is harmonic.  

4. Conclusion 

The theory of Riemannian maps is a new research area and it is a 

generalization of Riemannian submanifolds and Riemannian submersions. 

Einstein conditions and curvature relations for submanifolds and Riemannian 

submersions have been widely investigated. This paper is an attempt to investigate 

Riemannian maps by using curvature relations. In this direction, we first 

investigate Einstein conditions for the total manifold of a Riemannian map. Then 

we obtain the harmonicity and totally geodesicity of Riemannian maps by 

comparing the curvatures of the total manifold, the base manifold and the fiber, 

and by using the Bochner identity.  
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