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THE PROPERTIES OF A POLARIZATION INDEX FOR
BOUNDED EXPONENTIAL DISTRIBUTIONS

Poliana STEFANESCU, S.C. STEFANESCU

In literatura de specialitate sunt definiti mai mulfi coeficienti destinati stabilirii
nivelului de polarizare a veniturilor unei populatii P . Indicatorul Af) ce a fost
propus in [14], [15] calculeaza diferenta dintre "polii" a doud grupari din P,
grupari delimitate in raport cu densitatea de repartitie f(x) a veniturilor indivizilor
populatiei P . In [15] s-a determinat expresia coeficientului A,(f) pentru densitdti
de repartitie f(x) de tip exponential EXp(6, a, b) cu suport [a , b] marginit.
Remarcam faptul ca valoarea indicatorului A.f) depinde numai de un singur
parametru, anume A = @(b-a) .

Prezentul articol stabileste in cazul repartitiei EXp(6, a, b) limitele de variatie
ale coeficientului A(f) evidentiindu-se totodata §i alte proprietati ale indicatorului
de polarizare analizat.

In the literature are presented different coefficients to measure the polarization
level of the income for the individuals from a given population P. The polarization
index A(f) proposed in [14], [15] computes the difference between the poles of two
disjoint groups which are determined by the probability density function f(x) of the
income values of P. The paper [15] gives the expression of the coefficient A(f) for
exponential EXp(0.a,b) distributions having the support [a , b]. In this case the
index A,(f) depends on a single parameter, thatis A = 9(b-a) .

Considering an EXp(6, a, b) distribution, in the present work are suggested
bounds for the coefficient A,(f) and are also emphasized different other properties of
this polarization index.
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A lot of social studies analyses the concentration and also the polarization
phenomena. The Gini index is the most known coefficient for measuring the
concentration aspect. The literature mentions many other polarization indices
based on the income distribution of the individuals from a given population P (see
especially [2]-[9], [16]-[18]).

We proposed in [14]-[15] a polarization coefficient A(f) which takes into
consideration the probability density function (p.d.f.) f(x), a < x < b, of the
income variable X.

More precisely, the suggested index A(f) measures the difference
between the "poles" of two disjointed sets [j={x|as<x<u} and
Io={x | u<x<b}, the separation threshold between these sets being just the

mean p of the random variable (r.v.) X,

uzMean(X):Ixf(x)dx (D)
a
The polarization measure A(f) is defined by the expression ([14], [15])
4p(l— p)(y — 1)

A= @
—da
where
p=PrX < )= f(x)dx
My = Mean(X | 1)) = I f(X) (3)
xf (x)

t = Mean(X | 1) = j

We intend to empha51ze some properties of the polarization index A(f)
where f(x;0,a,b) is the p.d.f. of an EXp(0 , a , b) exponential distribution with a

finite support [a, b] . More exactly

¢9e9x

b
_ e@a

f(x;6,a,b)= as<x<bhb , OeR,0+0 4)

In the subsequent we'll use the following notations
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leﬂy
gy;A)=—; , 0<y<1
e —
y oAV _
G(y;/l)zjg(t;ﬂ)dlz —— ., 0<y<l
0 e’ —1
T yet? M
Gi(y; )= [ 1 pydr =25 — - 0<y<l
0 e” -1 Ae” -1
G- 5)
v= iA)= -——
: et-1 A

Proposition 1 ([15]). If f(x;0,a,b) is an exponential type p.d.f.
(formula (4)), A=(b—a)d and v has the expression (5) then the polarization

index A(f) has the expression
A+(2)=A()=4(vG(v; ) - G(v;A) , A#0 (6)

The properties of Ax(A4)

Having in mind the last relation (5) we define for any A # 0 the function
7(4),

ﬂe/l
y(A)=Av=—"r——1 (7)
e 1

Proposition 2. The polarization index Ax(A) has the form
(e/1 — 1)67(/1) —Ae*
A(e? —1)?
Proof. A straightforward calculus gives
A(S)=4[vG(v; 1) - Gi(v; )] =

et -1 At -1 et -1 i(e’l—l)

A(f)=Ax(1)=4 ®)
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i e/i 67(1) -1 ( 6/1 IJ e?’(/l)]
e e’ —1

oD v
At -1 (eF -1)?

(e —1)e?™ — 1t

=4 =Ax(A)
A —1)?
Proposition 3. y(-A)=y(1)-4 , ¥V Ae R, A#0. 9
Let A Let
Proof. y(-A)+A=—————l+A=———-1+A=—"-1=y(4)
e " -1 e” —1 e” -1

Proposition 4 ( the symmetry property ). We have

Ax(=A)=Ax(1) , VALeR, A#0 (10)
Proof. Applying the formulas (8) and (9) we get
(e_/1 — 1)67(_/1) +de? (e_/1 — 1)67(/1)_/1 +Ae
Ax(-A)=-4 PR =—_4 5 5 —
Ale™” —1) Ale " —1)
R [ A | IO W CO NP
A(l—e™) Ae” —1)

Remark 1. Taking into consideration the symmetry property of the index
Ax(A), in the following we'll study the behavior of the function Ax(A) only for
A>0.

Proposition 5. For any 4 >0 we have

y(A)< A (11)
Proof. 1t is sufficient to show that the function A(1)= A1 — y(1) is strictly
.\ . Aet et —a-1
positive when A>0. Since A(A)=A-y(A)=4- g +1= g and
e” -1 e” -1

e* —1>0 it remains to prove the inequality hj(4)= et —A-1>0 for any
A>0.
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Indeed, the function Ay(A) is strictly increasing on the interval (0, o0)

because its derivative hl(l)(/l)ze’1 —1 is strictly positive when A4>0. So
hy(1)>h(0)=0 forany A>0.

Proposition 6. The behavior of the index Ax(A) for large values of A is
given by
lim Ax(1)=0 (12)
A— o

Proof. Using the inequality (11) we obtain

0< lime— lim e—z( lim —](lim ¢ ]z im —=0
A A 4

<
,1_)00/1(6/1—1) /1—>oo/1(€/1_1) — o Iswe” 1) 150

Therefore

. . (e/1 —1)e7(’1) — Aet
lim Ax(A)= lim 4 7 7 =
A—>0 A—>o0 A(e” =1
e’ D) et
AswAle” —1) Aow(e” —1)

Proposition 7. Forany A >0 the function y(A) satisfies the inequality
max{A/2; A1} <y(2) (13)

A
Proof. To prove the inequality y(A)= 7 -1> By it is sufficient to
et —

show that the function #A(1)= et —2e¢F +A+2 s strictly positive on the
whole interval (0, ).
Indeed h(l)(/i) = et —et +1>0 for any A>0 Dbecause

7P (1)=4e* >0 when 2>0 and therefore 7™MV (1)> A1D(0)=0. Since the

function /(A1) is a strict increasing one it results that A(A)> A(0)=0 for 1> 0.

More, we have also the inequality y(4)>A—1 with 4> 0 since this relation is
A

e/l—l

equivalent with > A . But the last inequality is true for any 4>0.

Proposition 8. The function y(A) increases strictly on the domain
(0, ) and in addition y(0)=0 , y(®)=c0.
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Proof. We'll show that the first derivative 7/(1)(/1) of the function y(A) is
strictly positive when 1 > 0.

So, the inequality A(A)= et —A-1> h(0)=0 is true for an arbitrary
A>0 since the function A(A) is strictly increasing ( » (/1)=e’1 -1>0 if
A > 0). Therefore

Ay A A
-A-1 h(A
y(l)(ﬂ)ze (e/1 . )= el ( )2>0
(e” -1 (e” =1
More, using the inequalities (11) and (13) we deduce
0< limy(A)< lim A=0
240 40

A
lim y(A1)> lim —=oo
A—© A—0 2

Proposition 9. We have the following limit

D@y 1
lim—————=—

40 A 4

Proof. Making the transform t=e* and applying 1'Hospital rule we
obtain successively
(A yDa) (tin(t)—t +1)t(t =1~ In(1)
lim = lim 3
o A i1 (t=1)" In(1)

() -t +1 [ t—l—ln(t)]
=\ lim =
41

(14)

im 5
(1 (t=Din(2) (t-1)
1 1
o ome |
= sz—l hm2 n| 2 hml 1| 4
My +1-— || 14 (r=1) z¢17+72
t t ¢

Proposition 10. The following expression could also be used to compute
the polarization index Ax(A4),

D — (D) -D((A) - A+1)
/12

Ax(A)=4 (15)
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) y(A)+1 1 A
roof. Since e YA —A+1 we get e S —A+1 an
hence
Ae(d)=4 (e’1 - l)ey(’l) — 1e* 4 (e7(’1) —y(AD)-D(y(A)—1+1)

A -1)? 22

Proposition 11. The behavior of the polarization coefficient Ax(A) for
very small positive A values is given by

1
lim Ax(1)=— (16)
40 2

Proof. Using the results of Propositions 8-10 and applying 1'Hospital rule
we deduce

YA oy
lim Ax(2)= 4[Zim ¢ 7(4) 1} [ lim (7(2)— A+ 1)} -

240 240 22 240
YA _ -1 YA _1y, M4
=4[lime ;/( ) J=4[lim (e 237/ (4) =
240 A 240

7(4) _ D Y _
=2[lime—lJ[limM]=2(lime lj(lj:l
abo 7D 240 A o 7 42

Proposition 12. The polarization index Ax(A) could be computed by the
formula
/A —y(1)-1

(e - 1)

Proof. Indeed, using the equality det = (y( )+ 1)(e’1 —-1) in the

expression (8) we get
(e —1e?P — et D _ya)-1
Ax(A)=4 7 5 =4 7
Ae” —=1) Ale” =1)

In the subsequent we'll propose a variation interval [A(A1),A>(A)] for A«(A)
values. So

As(A)=4 (17)
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Proposition 13. The polarization index Ax(A) is raised by the decreasing
function A, (A4),

A
a1
Ax()<Dy(D)=4——"— | 250 (18)
Ale” =1)
where
lim Ay(2)=2 lim Ay(2)=0 (19)
A0 A

Proof. The function hy(A)= e’ —A—1 increases strictly when 4> 0 (
h(()l) (A)= et —1>0 , V. A>0 ). Using formulas (11) and (17) we obtain
TB_y)-1 et -a-1
e 7(4) <4t

Ax(A)=4 =Ay(A)
Ae? -1 Ae? -1
More, applying successively 1'Hospital rule it results
A y)
-A-1 -1
lim Ay (A) =4 lim %:4 lim ;—ﬂ:
240 aboA(e” =1)  alode” +e” —1)
47 e* 4 5
= m-————=—=
240 /le’1 +2€’1 2
A A
-A-1 -1
lim Ay(A)=4 lim eT=4 lim f—ﬂ:
A—o0 Ao Ale” 1) 1o de” +e” =1
. e o
=4 lim ﬁ=4 lim ——=0
1w e’ +2e PR

We'll show that the expression A,(A) is a decreasing function by proving

that its derivative A(zl )(/1) takes only strict negative values when 4> 0. So
1 h(4)
AY (=415
A (e” —1)

where
h(A)=(* =) (Ae* =)= (e = A-1)(he +e* —1)=A%2e? —(* - 1)?
We have
WD () =e? (22 +22+2-2e) =P hy(A)
The function hy () decreases for any A>0 because
hV(2)=24+2-2¢* <0
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(hP(A)=2-2¢* <0, ¥ 2>0 and A3 (0)=0).
Therefore for an arbitrary A >0 we have hl(l)(/l) <0 and h;(0)=0.
Concluding 7;(1)<0, V A>0 , thatis A(zl) <0 forany A >0 and hence the

function A, (A) decreases when 4> 0.

Proposition 14. The polarization index Ax(A) is diminished by the
decreasing function A(A), thatis

M2 21
A(D)>A((D)=4————— , >0 (20)
Aee* 1)
where
1
lim Ay(A)=~ lim A{(A)=0 1)
440 2 A—>o0

Proof. Since the function /hy(A4)= e* —A—1 increases strictly on the
domain (0, «) , taking into consideration the formula (13) and (17) we deduce

D)1 M oar2-1
e yA-1_ e

Ax(1)=4 = A((A)
et =1 At -1
But
M -1 Mo 1
Ay(A)=4 —4 = Ay (A/2) by (A)

Ae? -1 (A12) (e*? =1) 2(e*? +1)

where the functions A,(4) and hy(A)= , A>0 , are decreasing
2

(e*? +1)
and positive.

Concluding, the function A{(A) decreases.

In addition, applying more times 1'Hospital rule we obtain

' Ry S R T . A2 !
llmAl(ﬂ)=4llmf=2th: Zmﬁ:—
240 o Ae” =1 2lodet +e* 1) ,loAe” +2¢* 2
. M-t A2
lim Ay(A)=4 lim 722 lim — 7 .=
A—® 1w Ale” =1) iswAe” +e” —1
61/2 1
= lim ———= lim 0

A2 =

A e (A+2)e

1> ﬂ,ei + 2e
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Remark 2. As a particular case of the EXp(6, a, b) distribution is obtained
when 6— 0 , that is A—0. In this situation we'll work with an uniform U([a ,

1
b]) distribution which have the p.d.f. g(x;a,b)= g’ a<x<b.More exactly
—a

Proposition 15. If X ,~ EXp(0, a, b) and Y = lim Xy then Y ~U([a, b])
640

Proof- We'll show that the limit of the p.d.f. f(x;60,a,b) when 6— 0 is

1
just the p.d.f. g(x;a,b):b— which characterizes the uniform U([a , b])
—a

distribution. Indeed, for an arbitrary a <x < b, applying the I'Hospital rule we get

Y S IR Gy B | Il I
lim f(x;60,a,b)=Ilim b 0a " Zlm&(b——a)_l lim =

00 oloe —e 0loe oo b—a
=/ _ _ ok
LHZ?O (b—a)e‘g(b_“)] b—a b_a g(X,a, )

According with Proposition 11 we have

. 1
Proposition 16. A(g)= 5 (22)

1
Proof.  Applying the formula (3) for the p.d.f. g(x;a,b)zb— ,
-a

a<x<b,we deduce
_a+b 1 ~3a+b _a+3b
and therefore the formulae (2) gives
A( )_4p(1—p)(,u2—,ul)_4(1/2)(1/2)(a+3b 3a+bj_l
&= b—a " b-a 4 4 )72

Conclusions

The present work emphasizes some properties for the polarization index
Ax(A), A=6(b—a), associated to a bounded exponential distribution EXp(0, a,
b). We mention here the symmetry property ( Proposition 4 ) or the behavior of
Ax(A) for very small and also for very large positive values of A ( Propositions 6,
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11 ). There are also proposed more formula to compute the index Ax(A) (

compare the expressions (6), (8), (15), (17)).
Finally we suggested two decreasing functions A{(4) and A,(A) which

are variation bounds of the polarization coefficient Ax(A), that is
A(A)<Ax(A)<A,(A) (Propositions 13, 14 ).

Some of these results can be easily extended for an uniform U([a , b])
distribution which is regarded as a limit, when 68— 0 , of the EXp(0, a, b)

distribution ( see Propositions 15, 16).
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