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GAMMA-RINGS: SOME INTERPRETATIONS USED IN THE
STUDY OF THEIR RADICALS

Mariana DUMITRU '

In lucrare se studiazd cdteva concepte de gamma-inele si inele ternare,
inspirate din studiul matricelor dreptunghiulare peste campuri. Gasim unele
proprietdti ale acestora, necesare pentru definirea radicalilor acestor structuri
algebrice si obtinerea unor teoreme de structurd. In final, se dezvoltd unele legdturi
intre idealele maximale ale unui gamma-inel si idealele maximale ale inelelor
asociate.

We study some concepts of gamma-rings and ternary rings, inspired by the
study of rectangular matrices over fields. We point out some of their properties
which are necessary for defining radicals for such algebraic structures and getting
structure theorems. Some connections between maximal ideals in the gamma-rings
and those in the associated rings.
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1. Introduction

The concept of I'-ring has a special place among generalizations of rings.
This place is explained by the fact that the I'-rings have appeared in connection
with the Abelian additive groups of all linear mappings between two finite
dimensional spaces over a field. As the ring of all square matrices over a field (a
division ring or a ring) plays such an important role in classical ring theory, the
question to improve the algebraic structure of the additive group of all rectangular
matrices of the same type over a division ring is quite natural. But a binary
multiplication on this set, although possible, for example, element wise, has no
appropriate interpretations. In compensation, M.R. Hestenes [12] has noted that a
ternary multiplication on the set M, (D) of all matrices of type mxn over the
division ring D, namely abc=a-'b- ¢, where ‘b denotes the transpose of the matrix
b and “-” is the usual multiplication between two matrices, which is additive with
respect to the three arguments, hence it is distributive over addition, and satisfies a
kind of associativity law, (abc)de=a(dcb)e=ab(cde). From this remark to the
remark that one can define a ternary external multiplication of the type
AxI'xA—A, where A=M,, (D) and I'=M,,,,(D) and the ternary multiplication is
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given by the usual multiplication of three matrices, was only a step and it was
made by N. Nobusawa [36]. This multiplication is also three-distributive with
respect to the addition and it satisties a kind of associativity law
(aab)fec=aa(bfc). Of course, one can endow ' with a ternary multiplication
I'xAxI'>T satisfying the same conditions.

Following one or another way of generalization, many authors (we give at
the end of the papers an exhaustive bibliography) have developed a theory of
ternary rings, many ideas of this development being borrowed from the so rich
theory of rings, as it was expected.

One of the most visited ideas was that of building radicals in order to use
them for studying the intimate structure of a I'-ring. W.E. Barnes [4], J. Luh [30-
32], W.G. Lister [28], W.E. Coppage and J. Luh [11], H.C. Myung [33, 34], S.
Kyuno [16-20, 24, 25], A.G. Spera [47], T.S. Ravisankar and U.S. Shukla [44],
R.A. Stephenson [48], L. Profera [41], G.L. Booth [6] have introduced and
studied some notions of radical in ternary rings of Nobusawa, Lister, Hestenes or
in triple systems. They had to define many notions as: prime ideal, nilpotency,
strong nilpotency, regularity, quasi-regularity and so on.

However it is a direct way to consider some kinds of radicals in I'-rings.
One can study the same radicals in the associated rings to a I'-ring, namely the
ring of left and right operators over the I'-ring, whose existence was observed still
by Nobusawa [36, 37], and these operators rings were used to constructing of a
Morita context associated to the given I'-ring (see Nobusawa [37, 38], Parvathi
and Rajendran [39], Parvathi and Adhikari [40]). It is interesting that there exists a
correspondence between ideals of these operator rings and the ideals of the I'-ring.
In this paper, we study the possibility to obtain the radicals for a I'-ring by using
the radicals of the associated operator rings and also the radicals of other rings
which can be defined in connection to the given I'-ring. We can obtain in this way
some information about the classes of I'-rings having some properties with respect
to radicals of a given type.

2. Definitions and notations

Definition 2.1. Let 4 and I" be two Abelian additive groups. 4 is called a
I'-ring, if a ternary composition AxI'x4—A4 is defined on 4, (x,&,y) = xay, such
that the following axioms are fulfilled:

(xH)az=xaztyaz, x(atP)y=xay+xfy, xa(ytz)=xaytxaz, (1)

(xay)pz=xa(yfz), forallxyzedand o, pfel. ()
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We give first the necessary notions for such an algebraic system as ideals,
homomorphisms, modules. In the end of the section, we shall discuss the other
possible definitions for ternary rings and the connection among them.

Definition 2.2. An additive subgroup / of the I'-ring 4 is called a right
(left) ideal of 4, if xay el (respectively yoxel) for all xel, ael’, yeA. A left and
right ideal of A is called an ideal of A.

Definition 2.3. A T'-ring 4 is said to be simple, if AI'4#0 and the only
ideals of 4 are 0 and 4 itself.

We can easily see that M,, (D) is a simple M, ,,(D)-ring.

Definition 2.4. Let 4 be a I'-ring, (M, +) an Abelian group. If there exists a
mapping

@ MxI'xA—->M, ¢ (m,ax):=max,
such that the following conditions hold

(m+n)ox=max+nax, ma(x+y)=mox+may, 3)

ma(xfy)=(mox)fy, 4
for all x,yeA, mneM and ¢, BT, then M is called a right ’A-module.

A T'-ring A4 is obviously a right ['4-module; D™ and M,,(D) can be made
into I' 4-modules in a natural way, where I'=M,, ,(D) and A=M, (D).

Let M be a right ['4-module, 4 being a I'-ring. Consider the subsets
MM, T\cT', AicA. We denote by M I"14; the additive subgroup generated by
the elements of the form mox;, with mieM;, ayel’y and x;€4,. As in the
classical theory of modules over a ring, we can define the notions of submodules,
submodule generated by a subset of M, quotient module with respect to a
submodule, homomorphisms of I'4-modules, direct sums of '4-modules.

So, if M and M’ are two I"’A-modules, then a mapping ¢ :M—M'is called a
homomorphism of ’A-modules, if ¢ (m+n) = pg(m)+@(n) and ¢ (xay) = ¢ (x)ay,
for all mneM, ael and x, yeA.

The kernel of ¢ as a homomorphism of groups is also a submodule of M,
as well as the image of ¢, Img , which is a submodule of M’ and we have an
isomorphism of modules from Im¢e to M /ker(p).



12 Mariana Dumitru

If 4and A' are two I'-rings, then we called a homomorphism of I'-rings
a homomorphism of additive groups ¢ : 4 — A’ which satisfies the condition
pxay)=@exae(y), for all x, yeA. Its kernel is an ideal of A4, because for all
xeker(¢ ), ael and aeA, we have ¢ (xa a) = ¢ (x)a ¢ (@) =0 @ (a) =0 and
similarly ¢ (aa x) =0, therefore xaxa and aax belong to ker (¢).

Define the annihilator of a right TA-module M by
Annry(M)={acA | MTa=0};
it is easily seen that Anny(M) is an ideal of the I'-ring A. If we denote by
Annrq(m) the set of all elements aeA such that ml'a=0, we show that this is a

right ideal of A4 and Ann.,(M)= (") Ann.,(m).

meM

Denote (4: I) = { aeA | ATacl}, for I a right ideal of the I'-ring 4. We
verify by direct calculations that (4: /) is a right ideal of A. Indeed, if a,be(4: 1),
then for all ael” and xeA, we have: a+b, xa ae (4: I), because of the equalities
va(atb)=yaatyabel and yAxaa)=(yvax)aacl, forall ye4 and pel.

The isomorphism theorems hold for I’A-modules, but we prove only the
following

Proposition 2.1. Let N be a submodule of M, which is a T'A-module,
where A is a T-ring. Then there exists a one-to-one correspondence between the
submodules of M containing N and the submodules of M/N.

Proof. If 7' is a submodule of the right '4-module M/N, then T={meM |
m+NeT'} is submodule of M, containing N, since for any ne M, ntN=M=0¢eT".

Moreover, if T is a submodule of M such that NcT', then T'={t+N|teT}
is a submodule in M/N. This is the asked bijection.

Definition 2.5. A right '4-module M is called irreducible or simple, if
M T'A#0 and it has only the improper submodules 0 and M.

Proposition 2.2. For a right TA-module M, the following statements are
equivalent:

(1) M is irreducible.

(if) For each meM, m#0, ml'A=M .

(iii) For each meM, m=0, there exists acl’, mad=M.
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Proof. (i) = (ii) : The set {meM | m["’A=0} is a submodule of M, as we
can verify. If this is not 0, then mI"4=0, for all meM, because it coincides with M.
But this is not possible, hence the only meM for which mI"'4=0 is m=0. Now for
meM, m#0, mI'A4 is a submodule of M which is not 0, hence it is M.

(i) = (iii) : Take meM, m#0. Then mI"’A=M, hence there exists ael such
that mad+0. Moreover, for all ael’, maA is a submodule of M, the image in M of
the homomorphism of modules @, ,: A—>M, @ (x)= mox. As this is not 0 and M
1s an irreducible module, we have mad=M.

(iii) or (ii) = (i) : For any submodule $#0 of M, taking an seS, s#0, there
exists ael’, such that sa4d=M, but saAcS, hence S=M.

Proposition 2.3. The irreducible right T A-modules are exactly those right
I'A-modules for which there exists a maximal right ideal I of A such that M is
isomorphic to A/l as right T A-modules.

Proof. If / is a maximal right ideal of A, then, giving the correspondence
between the modules of 4 and A/ as right A-modules, we obtain that 4// does not
have any right submodules different from 0 and A/I, if such a submodule exists,
then it has a corresponding ideal J in 4 such that /IcJcA and [/, J#4, as it is
not possible. Conversely, if M is an irreducible module over A, taking an
meM\{0}, and the corresponding eI’ from Proposition 1.2, (iii), we obtain a
homomorphism of right I'4-modules, ¢y, »: A—>M, defined by @, (x)= ma x, for
all xeA.

This is surjective, since @, (A)= mad=M, hence M is isomorphic to
A/ker(@nm, ) and I=ker(¢y, ) is a right ideal of A (it is a submodule of the right
I'4-module 4), which is maximal, since 4// is an irreducible right I'4-module, by
the first part of the proof.

If I is a maximal right ideal of the ["-ring A4, then 4// is an irreducible right
I'4-module. By applying Proposition 2.2, (iii), we obtain that for all e+/, e¢l,
hence e+[¢(_), there exists ael’, such that 2aA=A/I, where e= e+I. But this
means the equality ead +/=A. Therefore, for each xeA , x-ea xel.

We have proved the following statement:
Proposition 2.4. If [zA is a maximal right ideal of A, then there exists an
element ec A, such that, for some a€cl, the elements of the form x-eaxel, for

all xeA.

This property gives the possibility to define the regularity in I'-rings.
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Definition 2.6. A right ideal of 4 is called regular, if there exist ee4 and
ael’, such that, for all xeAd, x-eaxel.

The maximal right ideals of A are regular.

Definition 2.7. A right ['4-module is called faithful, if its annihilator is
the zero ideal of A. That means mI'A=0 implies m=0, for meM, M a faithful
I'4-module.

Definition 2.8. Let 4 be a ['-ring. If there exists a right [4-module M
which is faithful and irreducible, then 4 is called primitive. An ideal I of 4 is
called primitive, if the ["-ring 4/ is primitive.

If M is an irreducible right A-module, then A/Annr (M) is a primitive
I'-ring. (Ravisankar and Shukla [44], Proposition 1.4.)

Now we have the great part of notions which we need to define some
radicals and to consider some of their properties.

We discuss about the definitions of ternary rings, in order to see the
generality of our considerations here.

Definition 2.9. A I'-ring is called a I'-ring in the sense of Nobusawa
(after Barnes [3]), if I" is also structured as an A4-ring by a ternary composition:

i IxdAxIU>T, (aa,p) = aap,
such that the following two additional conditions hold:
(aab)fe=a(abP)c, for all a,b,ceA and ¢, fel’; &)
xay=0, for all x,yeA, implies a=0. (6)
We can note here the idea taken from the example formed by the set of all
rectangular matrices of the same type over a field.
If we give up to the condition (6) which is quite restrictive, we obtain the

weak I'y -ring of Ravisankar and Shukla [44]. (The notation of I'y-ring was used
in the same paper for I'-rings in the sense of Nobusawa).

Definition 2.10. An associative triple system 7 of the first (second) type
is an Abelian group (7,+) endowed with a trilinear composition:
<> IXTXT — T,
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such that it satisfies the conditions in the definition of a weak I'y -ring where I'=T
(resp. the conditions (1),(2) and

<<a,b,c>,d,r>=<a,<d,c,b>r>, for all a,b,c,d,reT). (5"

The associative triple systems of second type are Hestenes ternary rings,
while those of first type are Lister ternary rings.

We have made some considerations on right I'’4A-modules, just because we
need them for our definition of Jacobson radical and for the translation of some
properties of radicals from the same radicals considered in the rings of operators
or other rings associated to I'-rings to the radicals in ['-rings.

3. Operator rings associated to a I'-ring

Let A4 be a I'-ring. Consider the mapping:
y : I'xd— End(4), y((a.a)) =[aa],

where [a,a] : A—A, defined by [a,a](x)=xaa, for all xe A4, is an endomorphism of
the additive group (4,+), as one can easily verify. This mapping is additive in both
arguments, hence there exists a homomorphism of groups 8 : I’ ®2 A— End(A),

such that 9(2(% ®a, )J = [a:.a,]. The image of 6, denoted by R, can be
i=1 i=1
endowed with a structure of associative ring by defining the binary multiplication:

Z[ai,al.]-;[ﬁj,bj}=Z[al.,aiﬁjbj].

i i,j

This is the right operator ring associated to the I'-ring 4. Similarly, we can
introduce the left operator ring L.

If the operator rings associated to the I'-ring 4 have identities, then we say
the I'-ring A has left and right unities. This case, which has many similarities to
rings, was very well analyzed by Kyuno [19], Nobusawa [36] and Parvathi and
Rajendran [37].

The I'-ring 4 can be considered as an L-R-bimodule, by defining the scalar
multiplication as follows:

x.[z[a,.,ai]]:zmia,., for all xe and Y la.a,J< R,

i
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[Z[ai,ai]j-xz Zaiaix, for all xe4 and Z[ai,ai] el.

If L and R have identities, then we have

Proposition 3.1. (Parvathi and Rajendran [39], Theorem 1.1.). Let A be a I-
ring with left and right unities. Then:

(9) 1Ar is a faithfully balanced bimodule.

(if) 1A and Ag are progenerators.

(iii) L and R are Morita equivalent rings.

(For definitions in theory of rings and modules that we use in the paper, see
Anderson and Fuller [1].)

In the general case, when L and R do not have identities, there exists also a
correspondence between the sets of ideals of L or R and the set of ideals (on the
right hand or on the left hand) in 4.

Proposition 3.2. Let R and L be Morita equivalent rings. Then there exists a
one-to-one correspondence between preradicals for the category of R-modules
and those for the category of L-modules, preserving the properties of preradicals
like inclusion, intersections, sums of preradicals.

Proof. Let F: R-mod—L-mod and G: L-mod—R-mod be the factors giving
the Morita equivalence and f: FG—1; 404 and g : GF—lgmea be the
corresponding natural isomorphism. If » and s are preradicals for R-mod and
L-mod respectively, taking an R-module M and an L-module N, we define the
correspondences:

tr(R) =fAF(r(G(N)))) and gs(M) = g(G(s(F(M)))).

The properties of Morita equivalence (see [1]) give immediately that ;7 and
zs are preradicals in L-mod and R-mod respectively. We have Grpr=rG and
Frs=sF, hence g(;#)=r and .(zs)=s. The correspondences r— ;» and s— gs
preserve the inclusion. We show only that these correspondences preserve also the
intersection of a family of preradicals:

[N )= N e e et =N o)

i i

and

R[ﬂmJgﬂR(M):ﬂrf , hence Oﬂi = (R(ﬂmj] < (ﬂrj

i i
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The proof for preserving the sums of preradicals is analogous.
As an obvious consequence of this proposition we have

Corollary 3.1. If R and L are Morita equivalent rvings, then there exists a
one-to-one correspondence between their ideals which define a radical of a given

type.

Hence the set of all prime ideals of R and the set of all prime ideals of L
correspond one to another by a bijection, which give the correspondence between
their prime radicals. The same statement holds for maximal ideals therefore for
Jacobson radicals of the two rings.

Now we establish a correspondence between the set of left ideals of a I'-ring
A and the set of left ideals of the right operator ring R associated to 4.

Proposition 3.3. (i) If [ is a left ideal of R, then I*={a ed| [T,alE1} is a left
ideal of A.

(ii) Let F be a family of left ideals of R. Then nl* = [ﬂlj .

IeF IeF

1

(iii) If J is an ideal of A, then J. ={Z[a,,ai]eR \ AZ[ai,al.]g J} is an ideal
of R (both ideals are left ideals).

Proof. Indeed, for arbitrary abel’ and xed, acl, we have a-b, xaacl ,
because of the implications: [T, a], [[, b]&1 = [T, a] - [T, b]=I and [T, xaa] is
generated by the elements of the form [f,xaa] which are equal to [f5,x]-[a,a]
which belong to 7, as / is a left ideal of R. The other two statements can be proved
in a similar way.

Proposition 3.4. There exists a one-to-one correspondence between the set
of all right R-modules and the set of right T A-modules.

Proof. Indeed, if M is a right R-module, then M can be endowed with a
structure of right I'4-module by defining ternary composition mox=m[a,x].
Conversely, if M is a right '4-module, taking the scalar multiplication on M
over R

| Sl S,

l
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we obtain a structure of right R-module on M.
Moreover we have a "transport" of the primitivity from R to 4.

Proposition 3.5. A I'-ring A is primitive if and only if AU'x=0 implies x=0
and the right operator R is a primitive ring.

Proof is based on the correspondence between irreducible modules in the
two rings and we do not insist on it.

We end this section by noting that the operator rings have a real significance
in the context of one of the most important examples of I'-rings. Let G and G’
be two Abelian additive groups, A& Hom(G,G') and 'S Hom(G',G) be two
subgroups, such that ATAS A and T'AI'© T, where the ternary operations come
from the binary compositions of mappings.

We obtain a I'n-ring (weak) A, which is sometimes called a I'-ring of
homomorphisms between G and G'. For this I'-ring, R contains all products
aio;, a;€l’, a;eA, hence R is a subring of End(G), while L is a subring of End(G").
They can have identities or do not have.

Using an idea suggested by this example, we can obtain a "generalized"
Morita equivalence in the cases without identities in L and R, replacing this
condition by the conditions R ?= R and L?= L. We have analyzed this case in
another paper.

4. Prime and Jacobson radicals of a I'-ring

First we recall some definitions and we get some properties.

Definition 4.1. (Barnes [2]) An ideal / of a I'-ring 4, [#4, is called prime, if,
for any two ideals J and K of 4, JTKS I implies J=7 or K& 1. The prime radical
of A is then

P(A)=ﬂ{P | Pisaprime ideal of 4}.

Proposition 4.1. There is a bijection between the set of all prime ideals of
the T'-ring A and the set of all prime ideals of R (or L).

Proof. We show easily that the bijection in Proposition 3.4. has a restriction
to the sets in the statement of the above proposition.

It is obvious the following statement:
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Corollary 4.1. With the notations of Proposition 2.4., we have
(P(R)) =P(4),
where P(R) is the prime radical of the ring R .

Definition 4.2. The Jacobson radical J(4) of the I'-ring A4 is the ideal equal
to ﬂ{AnnrA(M) | M is an irreducible right '4-module}, if there exist irreducible

right <-> I'4-modules, and J(4)=4, if such right '4-modules do not exist.

The relation of this definition to the definitions given by Coppage and Luh
[11] and Ravisankar and Shukla [44] is discussed in another place. We note here
another property of J(4) which is based on the property of irreducible I'4-modules
in Proposition 3.3.

Proposition 4.2. For the Jacobson radical of a I-ring A, the following
equality holds

J(A)=ﬂ{(A:I) | 1is a maximal right ideal of A}.
Now we consider a new possibility of associating some rings to a ['-ring A.

Proposition 4.3. Let A be a I'-ring and yel'. Then A can be endowed with a
structure of associative ring by the multiplication x - y =x7vyy, forall x,yeA.

We denote this ring by 4, . Each right ideal of A is also a right ideal of A4
and each right I'4 -module M can be considered as a right 4, -module, by the
following multiplication m - a =mya, forall meM and acA.

We omit the proof, since it is straightforward.

Proposition 4.4. Every maximal right ideal of A is included into a maximal
right ideal of A, . Moreover, denoting by J(4,) the Jacobson radical of 4,, we

have the equality:
J(A): ﬂJ(Ay)'

yell

Proof. Using Proposition 2.2., we can see that each irreducible right I'4-
module M becomes an irreducible right 4, -module, by taking a=p, hence
J(A)= J(4,), for all yeI', therefore J(A) c ﬂ J(Ay )

yel
For the converse inclusion, let us remark that:
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ﬂJ(Ay)= ﬂ(ﬂ{ I, | I, 1s a maximal right ideal of 4}) < ﬂ{l | 1 is a maximal
yell yell
right ideal of 4}, just because some of /, are greater then the maximal right ideals
of 4 which are regular, that is iya € I,, for alli € [, and a€4, but il'a is not
always included into /,.

We cannot deduce so directly a relationship between P(4) and J(A4) but
there are some possibilities to connect them. We intend to study it in a future
paper, as well as definitions of other radicals of gamma-rings.

5. Conclusions

In this paper, we analysed some possibilities of defining ternary rings,
obtaining the old definitions of N. Nobusawa, W.E. Barnes and W.G. Lister,
M.R. Hestenes.

The necessity of studying gamma-rings appeared when we want to define
ternary operations on groups of homomorphisms between two Abelian groups.

By establishing correspondences between ideals of the operator rings
associated to a I'-ring and the ideals of the considered I'-ring, we got Morita
equivalences for I'-rings and we studied the radicals in ['-rings.
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