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A SOLUTION FOR GUIDANCE EQUATIONS IN THE
PLANAR CASE OF HOMING MISSILES BASED ON SERIES
DEVELOPMENT

Teodor-Viorel CHELARU', Valentin PANA?

Lucrarea este o abordare originala, bazatd pe dezvoltarea in serie, a
problemei ecuatiilor de dirijare a rachetei autodirijate. Scopul acestui demers este
dublu. Primul este de natura tehnica, pentru a obtine o solutie aproximativa care sa
poata fi utilizata pentru modelele in timp real instalate in sistemul de armament al
avioanelor de luptd. Al doilea scop este stiintific si anume acela de a utiliza
rezultatele in alte dezvoltari teoretice legate de sinteza legilor de dirijare. Lucrarea
este focalizata pe obtinerea solutiei ecuatiei de dirijare si evaluarea acuratetei in
functie de numdrul de termeni ai seriei iar in final pentru a reliefa influenta
diferitilor parametri ai problemei asupra distantei de ratare si a vitezei acesteia.

The paper is an original approach to the guidance equations of homing
missile problem based on series development. The purpose of this approach is
double. The first is a technical one; to obtain an approximate solution which can be
used for real time models employed in combat system of fight aircraft. The second
purpose is a scientific one to use the results in other theoretical development in
guidance low synthesis. The work is focused on obtaining the equation solution and
evaluating the accuracy of the solution for different numbers of terms and finally to
relieve the influence of different parameters of the problem for the miss distance and
its speed.
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1. Nomenclature

The main symbols utilized in this paper, according to standard [17], are the
following (see also Fig. 1):

M - Missile;
T - Target;
MT - Line of sight (LOS);
R - Range;

c, - Absolute angle of the line-of-sight;

y,, - Missile climb angle;
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Y, - Target climb angle;

n,, - Missile aspect angle;

u, - Target aspect angle;

V,, - Missile velocity;

u,, - Missile velocity component along the LOS;

w,, - Missile velocity component along the z, axis;
a,, - Missile acceleration;

a ., - Missile acceleration component along the LOS;
a_,, - Missile acceleration component along the z, axis;
V., - Target velocity;

u, - Target velocity component along the LOS;

w, - Target velocity component along the z, axis;

ﬁwT

|| fixed direction
In space

s

fixed direction
in space

Fig. 1 Two - points guidance kinematics



A solution for guidance equations in the planar case for homing missiles based on series .... 19

a, - Target acceleration;
a ., - Target acceleration component along the LOS;

a_; - Target acceleration component along the z;, axis;

o, - Angular velocity of LOS;

®,, - Missile angular rate of the velocity vector;
o, - Target angular rate of the velocity vector;

K - Proportional navigation constant;
k - Modified navigation constant;
t, - Time to hit the target.

t,, - Time to go
2. Introduction

In the dynamic flight of guided missiles domain the study of performances
is particularly important because the problem has connections with the
development programs for new weapon complexes and especially for missile
complexes.

Generally speaking, the guided missiles systems are characterized by the
technical features and tactical performances.

- The technical features have a global character because they take into
consideration the complete spectrum of the missile utilization. These contain a
series of specific elements such as: the type of the configuration, aerodynamic
characteristics, gazodynamic characteristics, mass characteristics, flying quality
parameters.

- The tactical performances particularize the technical characteristics of the
missile for a specific group of targets and launch conditions and thus define how
the missile is used in combat.

Following the authors in [7], tactical performances are:

- Dynamic Launch Zone (DLZ) for a given tactical situation,
corresponding to a particular type of missile, integrated in a terrestrial, aerial or
naval weapon complex.

- Guidance precision, hit target error and killing probability.

The problem of determining the guidance precision in general is difficult
because it involves a sophisticated mathematical model, based on knowledge in
the field of equations and functions with random variables. In addition, in the case
of homing missile, these difficulties overlap those generated by the fact that the
kinematic equations of guidance are unsteady, which requires a specific approach
and an appropriate resolution in this class of problems.
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In this context, we propose a method to find a solution based on the series
development of the guidance differential equation in deterministic variables, for
the case of two-points guidance (missile and target) in a plane. The solution
ultimately allows assessment of the miss distance as an average value.

3. Problem formulation

In order to develop the guidance equations, in contrast to the three-
dimensional method of constructing the kinematic equations of guidance,
presented in [5], in most papers [4], [7] a planar method is used. This method is
presented below.

Thus, for writing the equations for the absolute angle and the absolute
angular velocity in the guidance plane® a polar coordinate system (R,0,), shown

in fig. 1, is considered.

The position vector R defines the target position related to the missile and
obviously coincides with the line of sight MT'. The angle o, defines the position

of the R vector (of the line of sight MT') in the guidance plane with respect to a
fixed direction in space.

By absolute derivation of the unit vectors e, and e_ it can be shown that:
ey = o.e,; e, = —®, €, (1)

with the denotation:

0, =6,. (2)
Starting from the expression of the position vector:
R =Re, , 3)

deriving twice and taking into account relations (1) we obtain the relative velocity
of T in respect to M, into an absolute referential:

R =Re, +o,Re, (4)
and yet the relative acceleration of 7 in respect to M:
R=(R-0’R)g, + (o ,R+20,R)e,. (5)

We develop thereafter the left member in relations (4), (5), on the basis
of motion elements of the missile and target.

3 Military Standard [17] define two guidance planes: the first plane Mx,z, and the second plane
Mx,yy
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The position vector derivatives can be expressed as the differences of the
absolute velocities and accelerations of the missile and the target:
R=V,-V,, (6)
and

R=a,-a, . (7)

Projecting (4) and (5) on the line of sight and on its normal and

expressing the velocity and acceleration using the components from the

coordinate system of the line of sight (fig. 1) we obtain the following scalar
relations:

R=u,—u,; (8)
S, R=w, —wg, 9)
and
R-0’R=a,-a,; (10)
® R+2Rw =a, —a,. (11)

If we express the velocities and accelerations through the components
related to velocity vectors of the missile and target the previous relations become:

R=V,cospu, —V,, cosp,, ; (12)
6, R=V, sinpn, =V, sinp,, (13)

and
Ié—miR =V,cospu, —V, cosp,, +o,V,sinp, —o,V, sing,, ; (14)
d)yR+2Rcoy =, V,cosp, —o,V, cosp, —V,sinp, +V, sinp,, . (15)

The relations (12), (13), (14), (15) constitute the nonlinear form of the
planar two - points guidance kinematics equations.

To obtain the linear form of the equation for the angular velocity of the
line of sight in the first guidance plane, considering that the basic motion is the
collision trajectory, we can start with relation (15), which, through development
becomes:

RA®, +2RA(1)y =V, cospu, A, —V,, cosp,, Ao, —(V, cosp, +

: (16)
+V,0,sinp, )Ap, +(V,, cosp,, +V,,0,, sinp,, )Au,,.
Taking into account the relations between angles (fig. 1):
Apy =Ac, —Ay,; Aup=Ac, —Ay;. (17)

from (16) results:
RA® , +2RA® , +(R-02R)Ac, = u;Aw; —u Ao, +a Ay —a, Ay, . (18)
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Considering a stationary base motion in which the missile and the target
have an evolution with constant velocity modulus the terms R—w’R, the

derivative of the velocity modulus VT; VM and terms containing products of
small parameters can be neglect, thus relation (18) becomes:

RAG, +2RA®, = A0, —uy, Ao, . (19)

If we add the linear form of the proportional navigation law and consider the first
order approximation for missile dynamic:
K

I+1s

Aw,, A® (20)

y b
we obtain the equation:
Rt A®, + (1R +R)Ad, + 2R+ 21 R +u, K)Ao, =u,(1+1,5)Aw, (21)

Furthermore, if we accept that the two mobile velocities are constant, it
can be written:

R=—(tf—t)R; Rz—uc;k=KuM. (22)
uC
From relation (21) we obtain:
(t, LA, +(t, —t =31)Ad, + (k- 2)A0, = L Ao, . (23)
uC
Introducing a new argument:
=1-1, (24)
Ly
with the de notation:
et (25)
Ly
equation (23) becomes:
_d’Ao, _ dAo, i,
TT———(1-37) +(k-2)Ao, =—Ao,. (26)
dr dr u,
If we define the miss distance:
Ah=R(t, - Ao, =ut;T°Ao,, (27)

we can express the angular velocity derivatives of the line of sight in terms of
miss distance:

Ao, = ;

¥

Ah dAo, 1 (dAh_2Ahj

227 2_2
ut,t dt ugr\dr T
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d’ Ao 2
O _ 122 dAzh_idAh+6A2h ‘ (28)
drt ut;to\ dr T dt T
Replacing (28) in relation (26) it results:
2
T d Azh - (’C + T)—ddAh + kAh = uTt;TZ(oT . (29)
T T
or in a compact form:
TTAR —(T+T)AR + kA h =, 7° (30)
where:
cr = uthz(oT 31
If in this equation the response time of the system (t, =0) is neglected, it results:
dAh kA )
— ——=—u,;t;7A0,, 32
FP— 1 1A, (32)
and the solution can be written directly:
Ikd'l: ) (T J.Tﬁd‘r
Ah=e" | = Aot} [’ dT+ Ahy | (33)

k
—dr
If we take into account that: e"'* =t1"and that Ah, = —ﬁTt;Ao)yo =urt Ay,

the solution can be brought to the form:

Ah = uTt;r{AwT (1-1"2) +AY—TTk_2:|, (34)
k-2 t;
where Ay, is due to the initial launch error.

We will continue dealing with the case where the response time of the
missile is not neglected in equation of the miss distance (30) and a solution based
on series development will be searched.

To this purpose, as recommended in [12], we seek a solution of the form
for the equation (30):

Ah(t) =ch (D) +¢,h, (1) + h, (35)

Where ch, (1)+c,h, (1) represents the solution of the homogeneous
equation in which ¢, and ¢, are constant of integration and /4, represents the

particular solution.
4. The general solution of the homogeneous equation

Next we intend to determine the two terms of the homogeneous solution
separately. As recommended in [12], we will search the first term of the
homogeneous solution of the form:
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h(v) =Y k1 =D k" (36)
i=0 i=0

where k; and the exponent 6 are constants and will be determined below.
Deriving (36) with respect to T we obtain:

h(t) = i (5+i)k, > (37)
(1) = i (5+1)(8+i—1)k1*" (38)

i=0

Substituting (36), (37) and (38) in equation (30) it results that:
T @+)@+i-Dkt ™ = (t+D)Y B+ kT +k) kT =0 (39)
i=0 i=0 i=0
Processing this equation it follows:
D Th(B+i)E+i-2)T" T+ k(k-8-i)T*" =0 (40)
i=0 i=0
or
Thy3(8-2)+ D [Th B+i+)(3+i—1)+k (k—8-1)]1*"'=0 (41)
i=0
This relation is true at any value of 1 ifdis 0 or 2.
For the term /4, of the solution we consider6 =2, and for 4, , 6=0. For
0 =2, the second term of the relation (41) becomes:
Tk (+3)(+)-k(i+2-k)=0 (42)

From this we can obtain a recurrence relationship in order to generate the &,

constants:
=2y 43)
T(i+1)(i+3)
If we consider the first constantk, =1, the others can be obtained from (43):
2—-k 2-k)3-k) 2-k)3-k)(4-k)
klz _,k2:—_2, k3: _3 5
37 2471 3607 (44)
. 2-k)3-k)4-k)5-k)
! 84607

To summarize the results obtained so far, the development in a series of
the first-term of the solution of the homogeneous equation is:
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(1) = rz{l +ﬂ[§j +W(§) RCa) Sl Candl) (éj +
3 \7 24 T 360 T
(45)

T

L 2-HB-B(E-k)E-k) H .. }
8640

For the second term of the homogeneous solution, as described in [12], we
will search a development of the form:

hy(t)=h(t)Int+) L7 (46)
i=0
Similar to the first term, by derivation, we get:
hg(r):hl'lnr+hll+2il[ T (47)
T =0
hy(t) = hl”lnr—i-Zhl'l—h1 Lz-i-Zi(i—l)li T (48)
T T -0

Substituting (46), (47) and (48) in equation (30) it results that:

2%(]11’ —%hlj— h, +Tii(i -t - (T~ r)iili T kili T =0 (49)
from this - - -

2?2 (i+Dk " - iki T4 %ii(z’ -1 - i (i-k)t=0 (50)
or yet: - - - -

2Tk, T+ i[f(i + 2k, —k ] + i [fG+DG-Di,, —(-k)]c'=0 (51)
in the end: - -
2tkyt—7l +kl,-(1-k) T+

> 52
+ > [+ 2)k,,, —k, + TG+ 3)G + 1) (52)
i=0
In order this relation to be true at any value of t , the first part of the
relation must satisfy:

-({+2-k)

i+2

]Ti+2 =0

i+3

2%k, = (1K),
ki, =7,

If we consider /, =1 we can determine from (53) the first terms of the

(33)

series
11:—2 Tl 2 2

0= T
1-k k(1-k)

(54)
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From the second part of the relation (52) the following recurrence
relationship can be determined:
1 i+2-k 1 1 i 2(i+2)

T . i T =7 : i, ; i+l (55)
T([+3)i+1) T (i+3)(i+1) @+3)@+1)
From (55) we can generate the terms of the series:
2
l3=k+ll; l, = 13k +45k-18 1 (56)

9 7 288 T

To summarize the development in series of the second term of the solution of the
homogeneous equation is:

T+7T + + 5 4.

h()=h(r)Inzt+(7)* +7 T

(57)
5. The particular solution

We will determine a particular solution of the non homogeneous equation
of the form:

h, =a1’ +a,1+a; (58)
Substituting (58) in equation (30) we obtain:
Tth) —(t+Th, +kh, =c, T (59)
where:
h,=2at+a,, h) =2aq (60)
By identification it follows:
a,=0, a,=0, al=kC_T2 (61)
the general solution is of the form:
Ah(t) =c h(t)+c, h, (1) + a7 (62)

6. The constants of integration

We intend to determine the constants of integration ¢, andc,. By
derivation, the general solution (36), can be written:
AR(T) = ¢, b (T) + ¢, hy (1) + a,T°
' ' (63)
AR (t)=c/h (t)+c, h, (T)+2a,1
Assuming the values of the miss distance and its derivative at the initial
moment (7 =1) the equations (63) become:
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Ahy —a; = ¢, hyy + ¢, by,
: : (64)
Ahy—2a, =c hy +c,hy,
Where by h,,,h,,h, ,h, are denoted the values of the functions 4, and 4, and
their derivatives at the initial moment, values that will be defined in the next
sections.
Solving the system (64) with respect to the two constants it results:
c = hyo (Ahy —2a,) — (Ahy — a,) s,
1 ' '
hzo th - th hzo
c. = (Ahy — )y, — by (Ahy —2a,)
2 ’ i
hzo th - th hzo
Finally the equations of the homogeneous solutions and their derivatives at the
initial moment (7 =1), used in relation (65), can be defined.

(65)

ho=h ()= k =ky+k +hk,+-
" (66)
Mo =h (1)= k,(i+2) =2k, +3k +4k, +--

i=0

hyy =hy()=D L =1y +1 +1,+ 1+

i=0

Ty =hy (1) =)+ il = 3k, +il)) =y + Ky + Ky oo 1, + 21, + 3, + 41, + -
i=0 i=0
(67)

7. The numerical solution

Obviously, the problem may be formulated so as to allow a numerical
solution. For this purpose we transform the second order differential equation in a
system of first order differential equations. For this we define the variables:

N=Ah sy, =y (68)
with which the equation (30) is put in the following form:
Y=Y,
, T+T k T (69)
M= =-hte& =
T T T

with initial conditions:
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Yio =Aho

. (70)
Yoo = Ahy

8. Applications, results

In this section we will present a series of results obtained by using the
previous theoretical developments, also we will compare the results achieved by
using the series development method with the results obtained by numeric solving
of the system (69).

A first group of results aims to reveal the number of terms required for the
series development in order to obtain similar results. Thus, in figures 2 and 3
where we presented the miss distance and its derivative is observed that after
about 45 terms of the resulted series, the two methods give very close values.

1100

1000

900

800

700

=
[
+
——

numerical solution
serie 30 terms
serie 35 terms
serie 40 terms
serie 45 terms

1=0.05
'E'GOO k=2.5
— CT=1000 [m]
<500

400

300

200

100

[STuanny ERRE RRRN RALNY RRRRS RRRRN RRARE RARES RARRS RRRRN RRRRN
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Next, using the series development method we will make an analysis on
how the main parameters of the equation affect the obtained results. Thus, the
figures 4 and 5 present the influence of the non dimensional time constant on the
miss distance and its derivative. It can be observed that for the same initial
conditions and the same maneuver of the target the miss distance increases as the
non dimensional time constant is greater. Note that, because the non dimensional
time constant defined by the relation (25) represents the ratio between the
response time of the missile and the time to hit the target, the increase of the
response time of the missile itself does not automatically lead to an increase of the
miss distance, but only the ratio between it and the time to hit may affect the miss

distance.
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Fig. 4 The influence of the non dimensional time constant on the miss distance

(%]

Il
Qoo

R I IR AR
—L oo

-500
Series 45 terms

- CT=1000

-

TR -
0.50
T
Fig. 5 The influence of the non dimensional time constant on the miss distance speed

T -
0.00 0.25

Note — the previous results obtained in the case 7=0 were obtained using the
analytical solution (34) and the relation (32) for the derivative, the solution based
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on the series development is not usable for null values of the non dimensional
time constant.

In the figures (6) and (7) the influence of the target maneuver on the miss
distance and its speed is presented. As expected we observe that with the increase
of the target maneuvers the miss distance and its speed increase. Finally for non
maneuvering target and initial error zero, the miss distance remain zero any time.
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9. Conclusions

A first conclusion related to the obtained results shows that a reasonable
number of terms of series solution equation based on the series development
coincide with the numerical solution, thereby verifying each other. On the other
hand, if we retain from the solution the first 4 terms pointed by relations (44), (54)
and (56) we obtain an approximate solution good enough to be used in various
models necessary for high-speed computing processes. For example the models
used for the airplane weapons systems or missile complexes should give a real-
time solution on the possibility of using the missile for the interception of a
particular target, problem known as ,Dynamic Launch Zone - DLZ”.
Furthermore, an analytical solution of the guidance problem, even with an
approximate character, can be of real help in synthesis problems of the guidance
system, with the various forms that this problem can take, ranging from the
optimal differential games theory and continuing with the implementation of
robust systems or with error detection (fault detection) in accordance to the latest
developments in the field of control theory.

REFERENCES

[11] B.K. Csamodyx, JluHaMMKa TIPOCTPaHCBEHHOBO YIPaBIIEMbIX pakeT, l3aarenscTBo
“Mammmaocpoenne” Mocksa, 1969.

[2] C. Belea, R. Lungu, C. Cismaru, Sisteme giroscopice si aplicatiile lor, Ed. Scrisul Romanesc,
Craiova, 1986.

[3] J.L. Boiffier, The Dynamics of Flight — The Equations, John Wiley & Sons , Chichester, New
York, Weinheim, Brisbane, Singapore, Toronto , ISBN 0-471-94237-5, 1998.

[4] R. Carpantier,Guidance des avions et des missiles acrodynamiques. , Tom LILIIL, lit. ENSAE -
1989.

[S] T.V. Chelaru, Dinamica Zborului—Racheta dirijatd, Editia a-ll-a revizuita si adaugitd,
Ed.Printech, Bucuresti, ISBN 973-718-013-5 , mai 2004.

[6] T.V. Chelaru, Dinamica Zborului — Proiectarea avionului fara pilot , Ed. Printech, Bucuresti,
ISBN 973-652-751-4, aprilie 2003.

[7]1 A.E. Kasakob, A.@ Muwakov, ABuanvionHsle ynpasinsiemble paketsl, Vznanue BBUA ,HE
KYKOBCKOI'O” ,1985.

[8] J.N. Niielsen, Missile Aerodynamics, McFRAW-HILL BOOK COMPANY, INC. New York,
Toronto, London 1960

[9] N. Bakhvalov, Methodes Numeriques — Analyse, algebre, equations differentielles ordinaries,
Ed. Mir Moscou , 1976.

[10]ISO 1151 -1:1988; -2:1985-3:1989

[11] SLATEC Common Mathematical Library, Version 4.1, July 1993

[12] V.V. Stepanov, Curs de ecuatii diferentiale- Ed. Tehnica, Bucuresti 1955, Traducere din
limba rusa.

[13] D. Stanomir, O. Stanasild, Metode matematice n teoria semnalelor, Editura Tehnica 1980

[14] N. Racoveanu, Automatica, Ed. Militara, Bucuresti , 1980.



32 Teodor-Viorel Chelaru, Valentin Pana

[15] N. Racoveanu, C. Alexe, Automatizarea aparatelor de zbor - partea I, lit. I.P.Bucuresti, 1989.

[16] N. Racoveanu, A. Stoica, Automatizarea aparatelor de zbor - partea a-Il-a, lit. I.P.Bucuresti,
1990.

[17] x x x, STP M 40455-99 -Sistemul racheta dirijata- Terminologie si simboluri, Bucuresti, 1998.

[18] T.V. Chelaru, L. Dobre, Studiu comparativ al ecuatiei autodirijarii utilizind modelul dinamic
si cinematic al rachetei, Revista Tehnica Militara, Nr. 1 -1993, Bucuresti, iunie - 1993.



