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CONVEX CONTRACTIVE MAPPINGS IN GENERALIZED METRIC
SPACES
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This paper presents a study of various classes of convex contractions in the
framework of Jleli-Samet generalized metric spaces. Existence and uniqueness results are
proved for operators satisfying such kind of inequalities. Examples are provided in order
to prove the usability of these outcomes.
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1. Introduction

The importance of classical contractions with regard to the development of modern
mathematics has been undeniable in the last century. Starting as a tool in proving vari-
ous results in differential equations and general topology, the Banach contraction principle
became a central object of study in fixed point theory. The search for various extensions
of this initial principle is one of the main aims of researchers in nonlinear analysis and ap-
plied mathematics. One of the ways of extending the contraction principle is using more
general inequalities. Such an extension was the notion of a convex contraction, introduced
by Istratescu in his work [8]. In this paper, the author proved some existence and unique-
ness results on various types of convex contractions. More precisely, the right hand side
of the contractive inequality consists in convex combinations of distances, and the scalars
involved have their sum smaller than one. Changing the distances or adding new terms in
the inequality led to new types of contractions. By replacing distances by diameters of sets,
the problem can be approached with adequate topological tools. These ideas were extended
successfully in various spaces. For instance, in the paper of Alghamdi et al. [4], the case
of convex contractions in the setting of cone metric spaces was treated. These ideas were
further developed by Miandaragh, et al. [I4], who designed new theorems of fixed points
in metric spaces by means of additional properties of the studied operators. More explic-
itly, they used the notion of a-admissibility and the (H) property in order to establish the
existence and the uniqueness of a fixed point.

Important outcomes can be obtained by the use of generalized metric spaces. In this
respect, we mention here the b-metric of Bakhtin [5] and Czerwik [7], interesting results
being proved in this context by Ali et al. [I], or Shatanawi [I8]. A generalization of them,
introduced by Kamran et al. [10] was used in relation with comparison type functions by
Samreen et al. [I6]. The notion of convex contractions of the second order is brought up in
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literature by Khan et al. in [13], in which new generalizations are given using the settings
of 2-metric spaces and b-metric spaces.

The aim of this paper is to extend the notion of a convex contraction in the context
of Jleli-Samet generalized spaces. These spaces appeared in [9], where Jleli and Samet
defined a new type of metric. Concisely, the triangle inequality was replaced by a limit
type inequality, and the distance between a point and itself might not necessarily be zero.
One can prove that the class of Jleli-Samet spaces genuinely includes the class of classical
metric spaces, the b-metric spaces or modular vector spaces having the Fatou’s property.
In [9], Jleli and Samet proved a Banach type result, followed by other developments in this
setting, like a Ciri¢’s contraction principle. Important tools in the study of these spaces
were presented by Karapmar et al. [I1], where the authors gave some directions for further
studies of Jleli-Samet spaces. This setting was used also by Senapati et al. [I7] in the
context of implicit kind contractive inequalities, or Altun and Samet [3] for the study of
pseudo Picard operators.

Our article is structured in the following way: firstly, some important definitions
regarding generalized metric spaces are recalled. The main results are given as a set of
theorems related to various types of contractions given by means of convex combinations of
various distances and a certain type of mapping. Additional associated properties ensure
the uniqueness of fixed points in different situations. The proofs present the obstacles that
we have to overcome in this generalized metric setup, as the absence of a triangle type
inequality. Examples and comments unify and clarify our results.

2. Preliminaries

The outcomes of the paper are obtained in the setting of generalized metric spaces
developed by Jleli and Samet [9].

The difference between these new spaces and other classes of metric-type frameworks
can be observed right from the third axiom, in which the triangle inequality is replaced by a
limit type relation. The unexpected detail is that the idea of convergence is used somehow
beforehand, in order to state the replacement of the triangle inequality from the classic
context.

Definition 2.1 ([9]). Consider the arbitrary set X # ), and let D: X x X — [0,00] be a
mapping. We say that D is a JS-metric on X if the following statements are satisfied:
(D1) For all z, y € X, the following implication holds true

D(z,y) =0=z=y;

(D2) For every z, y € X, D(x,y) = D(y,x);

(D3) There can be found a constant C' > 0 such that for every z, y € X, and for each
sequence {x,} with lim, . D(z,,z) = 0, the next inequality is fulfilled

D(z,y) < Climsup D(z,,y).
n—oo

In this work, the pair (X, D) will designate a Jleli-Samet metric space (or a JS-space).

As we have already mentioned in the introductory part, the class of generalized spaces
contains the class of classical metric spaces, the class of b-metrics, the class of dislocated
spaces, or the class of modular vector spaces, endowed with additional properties, for more
details, please see [9].

Other useful notions are given in the following paragraphs.

As it naturally arises from the definition of JS-metric spaces, {x,} C X is convergent
if limy, 00 D(zp,z) = 0.
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Definition 2.2 ([II]). Let (X, D) be a JS-metric space and {z,} a sequence in X. {z,} is
a D-Cauchy sequence if

lim  D(xp,z,) = 0.

m,n— oo

One can see immediately that any convergent sequence in the JS-metric is also D-
Cauchy; the converse is no longer true. A JS-space (X, D) in which any D-Cauchy sequence
is D-convergent to an element in X is called D-complete.

In order to formulate and prove theorems in this, we consider the following notations:

Ono (D, Ty w) = sup({D(T"w, T™w) : n,m € N,n,m > no}),
where ng € N, and
(D, T,w) =sup({D(T"w, T™w) : n,m € N}).
Let us consider the orbit of an element w by an operator T: X — X using the symbol
Or(w) = {T"w : n € N}.

In practice, in order to see whether a space (X, D) checks the third axiom of Jleli and
Samet or not, it suffices to find its convergent sequences and check the limit inequality. The
next example will be revealing.

Example 2.1. Let us denote by X = [0,1] U {5} for which we can define the mapping
D: X x X — [0,00] given by:

00 ifr=y=5
D — ) )
(z.9) { |z —y|, otherwise.
We are going to prove that (X, D) is a complete generalized Jleli-Samet metric space.
The first two axioms are directly satisfied by the definition of D. If we take C' = 1, let z,
y € X, and {z,} a D-convergent sequence. Let us prove that:

D(z,y) < limsup D(z,,y).
n— o0

Ifz,y € X\{5} we have D(x,y) = |z — y|, and {z,} C [0, 1] such that lim,, oo D(zp,x) =
0. Therefore it is clear that we can write:

D(z,y) = |z—y|= nh_}rrgo |z —y| = limﬂsup D(xyn,y).
n oo

If we take 2 € [0, 1] and y = 5, one can find {z, } C [0, 1] such that lim, oo D(zy, ) =

0, so we can also say that:
D(z,5) = |z—5|= lim |z, —5|=limsup D(z,,5).
n—oo n—00

Suppose that there is {x,,} C X such that lim,,_, o D(x,,5) = 0. It means that there
is n1 € N such that D(z,,5) < % for all n > ny, n € N. In other words, |z, — 5| < % for all
n > ni, n € N. Since x,, € [0,1], for all n € N, it implies that |z,, — 5| > 4, so we obtained
a contradiction. All possible cases had been discussed, so the space is a Jleli-Samet one.

For the completeness, let us choose {x,} a D-Cauchy sequence in X. If we use the
properties of the above distance, we get, for any m, n € N:

[T — | < D(p, Tm)-

As a consequence, any D-Cauchy sequence on X is in fact convergent in the space [0,1]
endowed with the Euclidean distance. In conclusion, the space is D-complete.



112 Doru Dumitrescu, Ariana Pitea

Let us define the notions of a-admissibility and triangular a-admissibility, which are
going to be used in formulating the contractive inequalities which feature the fixed point
results.

Definition 2.3 ([2]). Let us consider X # ), and the mapping a: X x X — [0,00). An
operator T: X — X is a~admissible if a(z,y) > 1 compels a(Tz, Ty) > 1, for all z, y € X.

Definition 2.4 ([19]). Let us consider X # @ and the mapping a: X x X — [0,00). We
say that T: X — X is triangular a-admissible if a(x,y) > 1 compels o(Tz, Ty) > 1, and
a(z,y) > 1, a(y,z) > 1 compel a(z,z) > 1 for all z, y, z € X.

Definition 2.5 ([15]). A set X # () has the property (H) if, for each z, y € X there is a
point z € X such that a(x,z) > 1 and a(y,z) > 1.

Definition 2.6 ([6]). Let T: X — X be a self mapping. For ¢ > 0, we say that z, € X is
an e-fixed point of T if D(x.,Tx.) < €. As a notation, F.(T) is the set of all e-fixed points
of T. Moreover, it is said that T has the the approximate fixed point property if T" has an
e-fixed point for all ¢ > 0.

An important remark should be made: there are such mappings 7" which have ap-
proximate fixed points without fixed points at all.

In practice, working with general Jleli-Samet metric spaces is problematic when it
comes to establish uniqueness results for fixed points. A way to avoid such situations is to
restrict the values of the metric such that pathological cases with infinite distances do not
appear.

Definition 2.7. If (X, D) is a Jleli-Samet metric space such that D(z,y) < oo, for all z,
y € X, we say that (X, D) is a strong Jleli-Samet metric space.

3. Main results

Taking into consideration the above preparation, we are now able to state and prove
our main theorems.

Theorem 3.1. Let (X, D) be a Jleli-Samet metric space, T: X — X be an operator and
a: X x X = [0,00) a given mapping. Suppose that the following conditions are fulfilled:

i) T is a a-admissible mapping;

il) there is xg € X with 6(D, T, xg) < 0o, such that a(xg, Txg) > 1;

iii) there are a, b € [0,1) with a +b < 1, such that

a(z,y)D(T?x, T%y) < aD(Tx,Ty) + bD(z,y),
for all z, y € Op(xo);
Then the mapping T has the approximate fixed point property.

Proof. Let us consider zg fulfilling property ii), and denote the corresponding Picard se-
quence by {z,}. Inductively, one can prove that a(x,,z,4+1) > 1, for all n € N. Let us
denote r = D(xg,21) + D(z1,22) and pp = a + b < 1. Using the contractive inequality, we
get:

D(zo,z3) < «(xo,z1)D(x2,23) < aD(x1,22) + bD(x0, 1)
< (a+b)r=pr,
and
D(z3,z4) < a(xy,22)D(x3,24) < aD(x2,23) + bD(x1,22)
< apr+br=(ap+b)r < (a+br=pur.
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This kind of procedure will inductively lead to the following relation:
D(Z’n,xn+1) < Mk’r)

where n = 2k or n = 2k + 1, for all positive integers k. As u < 1, it can be concluded that
limy, 00 D(Zp, Tpy1) = 0.

Now, from the definition of the limit, we get that for each € > 0 there is an index
ne € N such that, for all n > n. we have:

D(T"zo, T" M ag) = D(T"xo, TT"x0) < €.

If we set ¢ = T"xy, it follows that for all & > 0, there is ¢ € Or(xy) such that
D(q,Tq) < e. Thus, there exists an e-fixed point of T, and this completes the proof. O

We are now in a position to provide a result on the existence of fixed points associated
with mappings which satisfy a convex type condition.

Theorem 3.2. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an operator
and a: X x X — [0,00) a given mapping. Suppose that the following conditions are fulfilled:
i) T is a triangular a-admissible mapping;
ii) there is xg € X with 6(D, T, z¢) < 00, such that a(xg, Txo) > 1;
iii) there are a, b € [0,1) with a + b < 1, such that

a(z,y)D(T%z,T?y) < aD(Tx,Ty) + bD(z,y),

for all z, y € Op(xo);

iv) T is continuous;

v) a(T™xg, T"x) > 1, for alln € N.

Then the sequence {T"xo} is convergent to a point x. in X. Moreover, . is a fixed
point of T.

Proof. As in the previous case, we denote by {z,} the Picard sequence corresponding to the
point xg.

According to the triangular a-admissibility and hypothesis v), it follows that a(z,,,
x,) > 1, for all m, n € N, n > m. This remark can be justified by means of mathematical
induction.

Our contractive relation imposes, for all n > m > k, the next relations:
D(zmi2,Tni2) < a(xm, xn)D(szm, T2mn)
< aD(@mi1,Tnt1) + 0D (T, )
< abp41(D, T, xg) + bop(D, T, xg).

After passing through the supremum in the last relation, it can be seen that:
5k+2(D,T,IL’0) § a5k+1(D,T,£Eo) +b5k(D,T,l’0). (1)

Now, it is worth mentioning that the sequence {6y (D, T, z¢)} is non-increasing and
all its terms are positive numbers. Thus, the sequence is convergent. Denote by L € [0, 00)
its limit. By way of contradiction, let us suppose that L # 0. Passing through the limit
over k in relation , we obtain

L<(a+b)L <L,

which is a contradiction.

Now, one can conclude that lim,, ,—oc D(Zn, T,n) = 0, and the Picard sequence is D-
Cauchy. Taking into consideration that we work in a D-complete space, there exists z, € X
such that lim,, o, D(2,,x.) = 0.
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By the continuity of T, we find that lim, . D(Tz,,T2z.) = 0. As the limit of a
sequence is unique in our framework, it follows that Tz, = z, and the theorem is proved. [

As a straight forward remark, if there are two fixed points of T', forming the pair
(24, Y«), at which « is not smaller than one and the distance between them is finite, and the
contractive inequality holds, then the uniqueness property of the fixed point follows.

In order to state a result of the uniqueness of fixed points of mappings which fulfill
the convexity condition, regardless of the value of the function « at the pair formed by two
presumed fixed points, we have to impose an additional property to these operators, which
instead allows the removal of some of those already used.

Theorem 3.3. Let (X, D) be a strong Jleli-Samet metric space and T: X — X be a self-
mapping. Presume that the following assertions hold true:

i) T is a a-admissible mapping for some a: X x X — [0,00);

ii) there are a, b € [0,1) with a + b < 1, such that

afx,y)D(T?z, T?y) < aD(Tx, Ty) + bD(z,v),

forallx, y e X;
iti) T has property (H);
Then, if T has a fixed point, it is unique.

Proof. Let us take z,, y. € X two fixed points of T. Using the property (H), there is
w € X such that a(z.,w) > 1 and a(y.,w) > 1. Recalling the a-admissibility, it is
immediate that a(z., T"w) > 1 and a(y., T"w) > 1, for all n € N*. Let us denote r =
max{D(x., Tw), D(z«, T?w)} and p = a + b. Using the contractive relation, we get:

D(z.,T?w) = D(T?z,,T°Tw) < a(z,, Tw)D(T?z,, T*Tw)
< aD(zy, T?w) + bD(x,, Tw) < (a + b)r = pr
and also
D(z,,T*w) = D(T?z.,T*T*w) < a(z., T?w)D(T?*z,, T*T?*w)
< aD(z,, T3w) + bD(x,, T?w) < (ap + b)r
< (a+b)r=upr

Using an induction on k, it can be proved that D(z.,T"w) < p*r, where k is the
integer part of 7, for all k € N*.

It follows that lim,,_, oo D(z«, T™w) = 0. Following the same steps, one can prove that
lim;, 00 D(yx, T"w) = 0 and, by the uniqueness of the limit of a sequence in JS spaces, it
follows that x, = y.. O

As consequences of these outcomes, we mention that a contraction principle type
result can be obtained by taking b = 0 in Theorem

Example 3.1. One can choose the space X = [0,1]U{5} endowed with the metric D: X x
X — [0, 00] described by:

2, ifr=y=25,
|z —y|, otherwise.

D) = {

Similar to the first example, one can show that (X, D) is a complete Jleli-Samet metric
space.
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1, ifz,yel0,i],
a(a:,w:{ 1 03

2 otherwise.

One can choose

Let us define
2

x x
T:X X, Tz={ 3 Tg Hz€0]
9, ifx =5.
Let us choose xg € (O, %) Then, for all z, y € Op(z), we have the following relations:
D(T?z,T%) = |T?x—T?%y|
1 T T Y y 1 -y
] (3+9> (3 9) +9< )‘
1|2? v oyl (2 Yy
< |4z _Z2 _Z o2 42
- 33+9 3 9‘(3 9+3+9
r+y 1
+— |z |< 3 +9)
1 22 x yr oy
= “Te-Tyl (> +2+2L 42
5 |Tw y|<3+9+3+9>
1 z+y 1
rgle (5 g
It follows that
8
D(T?x,T%) < §§|ch—Ty|+"\x—y|

8 7
< 2D(Tz,T D
< 5 (Tz, y)+81 (z,y).

Note that T ((07 %)) C (0, 2) and observe that Theorem and Theorem |3 . are
verified for any zg € (07 %) In this case, z = 0 is the fixed point of the operator T'. However,
Theorem cannot be applied in this case, since the property (H) is missing in our case.

It has to be emphasized that known results in literature can be obtained by considering
classes of metric spaces or b-metric spaces as subclasses of the JS-metrics used previously.

4. Two sided type convex contractions

Another series of results can be established following the notions introduced in [14],
as the concept of a two sided generalized convex contraction, as follows.

Theorem 4.1. Let (X, D) be a Jleli-Samet metric space, T: X — X be an operator and
a: X x X — [0,00) be a given mapping. Presume that the following assertions are accom-
plished:

i) T is a-admissible;

ii) there is xg € X with 6(D, T, z¢) < 0o, such that a(xg, Txo) > 1;

ili) there are ay, as, b1, ba € [0,1) with a1 + az + by +be < 1, such that

oz, y)D(T?z, T*y) < a1 D(z, Tx) + ayD(Tx, T?z)
+b1D(y7 Ty) + bZD(Tyu T2y)a

for all z, y € Op(xo);
Then the mapping T has the approximate fixed point property.



116 Doru Dumitrescu, Ariana Pitea

Proof. Let xg € X fulfill the above properties. Let us denote p = a1 +as+b; and ¢ = 1—bo,
and it is clear that p < ¢. Consider v = max{D(T'z, xo), D(T?zo, Tzo)}. The contractive
inequality implies:

D(T?x9,T?x0) = D(T?z0,T?Tx0) < oo, T2o)D(T?x0, T*Tx0)

< alD(.To, T$0) + agD(Tafo, T2.’170>
+b1D(Txg, T?x0) + by D(T?x0, T3x0)
< (CL1 + as +b1)1}+b2D(T21‘0,T3$0)

which lead to D(T?wq, T3x¢) < Bo.

Similarly, it can be seen that D(T3zg, T*zo) < %v. By induction on k, we can prove

k
that D(T"xg, T" 1 2g) < (%) v, for k the integer part of § with k € N*.

It follows that lim,, o D(T"zy, T"*lxo) = 0, and the conclusion follows accordingly.
O

Putting together adequate theoretical pieces, one can state the next theorem, which
refers strictly to the existence of fixed points of two sided convex contractions.

Theorem 4.2. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an operator
and a: X x X — [0,00) a given mapping. Suppose that the following conditions are fulfilled:
i) T is a triangular a-admissible mapping;
ii) there is xg € X with 6(D, T, xg) < oo, such that a(xg, Txg) > 1;
ili) there are ay, as, b1, ba € [0,1) with a1 + az + by +ba < 1, such that

oz, y)D(T?x, T?y) < a1 D(z, Tx) + apD(Tx, T?x)
+b1D(y, Ty) + ba D(Ty, T?y),
for all z, y € Op(xo);
iv) T is continuous;

v) a(T™xg, T"x) > 1, for all n € N.
Then the sequence {T"xq} is convergent to x.. Moreover, x, is a fized point of T.

Proof. We use the notation {z, = T"zg} for the Picard sequence associated to xy. The
property of triangular a-admissibility and condition v) ensure that a(x,,,z,) > 1, for all
m, n € N with n > m.

Considering x = T™xy and y = T"xq, the third assertion gives, for all n > m > kg
where kg € N:

D(xm+27xn+2) S a(xma‘rn)D(T2xm7T2xn)
< a1 D(xpm, Txm) + agD(Txm,TQ:vm)
+b1D(xp, Ty + b D(Txp, T%2,,).

Taking into account the previous result, for every € > 0, there is n. € N* such that
D(Zm, Tmi1) < &, D(Tma1, Tmi2) < €, D(Tpn,xny1) < € and D(zpi1, Tni2) < €, for all m,
n > ng. It is clear that

D(.’tm+2,l’n+2) < (a1 + b1 +as + bQ)E < ég,

for all m, n > n..
Using the definition of D-Cauchy sequences, we conclude that

lim D(xp,,z,) =0.

m,n—oo
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Note that (X, D) is D-complete, so we can find x,. € X such that
lim D(x,,zs) =0.

n—oo

Moreover, since T is continuous, it is clear that lim, o, D(Tz,,Tz,) = 0, meaning
that Tz, = x,. |

Separately, one can prove a uniqueness theorem without imposing the condition of
continuity on the involved operator or additional hypotheses regarding «, but paying the
price of using strong JS-spaces.

Theorem 4.3. Let (X, D) be a strong Jleli-Samet metric space and T: X — X be a self-
operator on X. Suppose that the following items hold true:

i) T is a triangular a-admissible mapping for some a: X x X — [0, 00);

ii) for all x € X, we have o(z,Tx) > 1;

ili) there are ay, as, by, by € [0,1) with a1 + as + by +be < 1, such that

afx,y)D(T?z, T*y) < a1 D(z, Tx) + ax D(Tx, T?z)
+01D(y, Ty) + b2 D(Ty, T?y),
forallx, y € X;

iv) T has the property (H);
Then, T has at most one fized point x,. € X which fulfills the property D(x.,x.)

=0.
Proof. Start by considering z., y. € X two fixed points of T' with D(z«, z«) = D(y«,yx) = 0.
The property (H) ensures that there is w € X such that a(z.,w) > 1 and a(y.,w) > 1.
Taking advantage from the triangular a-admissibility, we get that a(x.,T"w) > 1 and
a(y., T™w) > 1 for all n € N*. Moreover, combining the hypotheses, one can prove by
induction that a(T"w,T™w) > 1, for all m, n € N. Keeping the notations from Theorem
@ we are going to work again with the quantities p = a1 + a2 + b1, ¢ = 1 — by and
v = max{D(T?w, Tw), D(Tw,w)}. Let us study the contractive inequality when z = w and
y =Tw.

D(T?*w, T3w) = D(T?w, T*Tw) < a(w, Tw)D(T?w, T*Tw)
a1 D(w, Tw) + as D(Tw, T?w)

+b1 D(Tw, T?w) + by D(T?w, Tw)

(a1 + ag 4 by)v + by D(T%w, T3w)

IN

IN

leading to D(T?w, T3w) < Bo.
Continuing this procedure, it can be proved that

k
D(T™w, T ) < <p) v,

q
for all n =2k + 1 or n = 2k, when k € N. Now, it is clear that
D(x,,T"w) = D(T?z,,T*T"w) < a(z,, T"w)D(T?z,, T"w)
< a1 D(z,m4) + agD(w, 24)

+b1 D(T™w, T" w) + by D(T™ i, T w)

k k+1
b1 (p) v+ b2 <p) v
q q

for n = 2k or n = 2k + 1, so the relation remains true for every n € N*.

IN
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It follows that lim, oo D(z«, T"w) = 0. Doing the same thing for y., we obtain that
lim,, oo D(y«, T"w) = 0, and the uniqueness of the limit in this framework compels that
To = Ys. O

For as = by = 0, the next corollary follows.

Corollary 4.1. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an
operator and a: X x X — [0,00) a given mapping. Suppose that the following conditions
are fulfilled:

i) T is a triangular a-admissible mapping;

ii) there is g € X with §(D, T, zg) < oo, such that a(xg, Tzg) > 1;

iii) there are a1, by € [0,1) with a; + by < 1, such that

a(z,y)D(T?x,T?y) < ayD(z, Tx) + by D(y, Ty),

for all z, y € Or(x0);
iv) T is continuous;
v) a(T"xo, T"x9) > 1, for all n € N.
Then the sequence {T"x} is convergent to .. Moreover, z, is a fixed point of T

Other interesting corollaries can be obtained by considering various combinations of
quadruples (a1, as, b1, ba), having one or more components being null, or choosing subclasses
of the JS-metrics family as frameworks.

Another set of theorems can be formulated in the spirit of [I3]. The technical diffi-
culties come from the improvement of the last contractive inequality by adding another two
terms.

Theorem 4.4. Let (X, D) be a Jleli-Samet metric space, T: X — X be an operator and
a: X x X = [0,00) a given mapping. Presume that the following requirements are accom-
plished:

i) T is a-admissible;

ii) there is xg € X with 6(D, T, z¢) < 0o, such that a(xg, Txo) > 1;

iii) there are a;, b;, ¢; € [0,1), fori=1,2 with Z?zl(ai +b; +¢;) <1, such that

a(z,y)D(T?z,T?) < a1D(z,y) +axD(Tz,Ty)
+b1D(x, Tx) 4+ boD(Tx, T?x)
+e1D(y, Ty) + c2D(Ty, T?y),

for all z, y € Op(xz);
Then the mapping T has the approximate fixed point property.

Proof. Firstly, let us consider xg € X such that §(D,T,z¢) < oo and a(xg,Txg) > 1.
We are going to keep the previous notation for the Picard sequence. Now, since T is a-
admissible, it follows that a(x,,zn+1) > 1, for all n € N. We can point out the terms
v = D(zg,21)+ D(x1,22), p = Z?Zl (a; +b;)+c1 and ¢ = 1 —cy. In order to find out more
information, we apply the contractive inequality:
a(zg,x1)D(xa,23) < a1D(xg,x1) + aaD(x1,22) + b1 D (0, 1)
+b2D(JJ1, 3;‘2) + ClD(l‘l, $2) + CQD(JZQ, .233)
< (a1 + ag + by +b2+01)U+CgD({L‘2,{E3)

< pu+coD(xo,x3).



Convex contractive mappings in generalized metric spaces 119

As a consequence, it follows that D(z2,23) < Lv. We proceed further:

a(xzy,me)D(x3,24) < a1 D(x1,22) + asD(xa,23) + b1 D (21, 22)
+bo D (w2, x3) + c1 D(w2,73) + c2 D (3, 74)
= (a1 +b1)D(x1,x2) + (a2 + be + ¢1)D(z2, z3)
+caD(x3,24)
< puv+caD(xs3,x4).

which gives us D(z3,24) < L.

k
It can be proved that D(z,,xn11) < (%) v, where k is the integer part of 5, k € N,

using induction on k.
Since limy, 00 D(Zp, Tpn+1) = 0, the conclusion follows. O

Theorem 4.5. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an operator
and a: X x X — [0,00) a given mapping. Suppose that the following conditions are fulfilled:
i) T is a triangular a-admissible mapping;
ii) there is xg € X with 6(D, T, xg) < 0o, such that a(xg, Txg) > 1;
iii) there are a;, b;, ¢; € [0,1), for i =1,2 with Z?Zl(ai +b; +¢;) <1, such that
a(z,y)D(T%z,T?) < a1D(z,y) +axD(Tz,Ty)
+b1D(x, Tx) 4+ boD(Tx, T?x)
+e1D(y, Ty) + c2D(Ty, T?y),
for all z, y € Op(xo);
iv) T is continuous;
v) a(T™xg, T"x) > 1, for alln € N.
Then the sequence {T™xq} is convergent to x. which is a fixed point of T. Moreover,

if y« € X is another fized point of T with a(x.,y«) > 1, D(x4,ys) < 00, and D(y.,y«) =0,
so that iii) is checked by (x4, y«), we can conclude that x, = y..

Proof. As we used to do in previous cases, we recognize {x,} as the Picard sequence asso-
ciated to the point xg.
Taking into account the triangular a-admissibility and hypothesis v), we get that
(T, Tp) > 1, for all m, n € N with n > m.
The contractive relation imposes, for all n > m > k, the next relations:
D(zm+2axn+2) < a(a:m,:zn)D(TQmm,Tan)
< a1 D(@m, Tn) + a2 D(Tpmi1, Tns1)
+01D (T, Timg1) + b2 D(Tpg1, Tg2)
+e1D(Tn, Tpyr) + oD (Tpy1, Tnyo).

In other words, we have
D(merQ, :En+2) § a1(5k(D, T, IE()) + ((LQ + b1 + Cl)(5k+1(D, T, xo)
—|—(b2 =+ Cg)6k+2(D, T, .IQ).
After passing through the supremum in the last relation, it follows:
(5k+2(D,T7 .%'0) < alék(D,T, xo) + ((12 +b1 +Cl)§k+1(D,T, LL'()) (2)
+(b2 + 62)5k+2(D, T, Io).
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Next, {0x(D, T, xz0)} is a non-increasing sequence and all its terms are positive num-
bers. Therefore, the sequence is convergent. Denote by L € [0, 00) its limit. Let us suppose
that L # 0. Passing through the limit over & in relation , we obtain

2
L < Z(al + b; +Ci)L < L,
i=1

which is a contradiction.
It follows that lim, oo D(@n, m) = 0, and the Picard sequence is D-Cauchy. As
X is presumed to be D-complete, there exists x, € X such that lim, . D(zy,2z.) = 0.
Taking into consideration the continuity of T, we conclude that
lim D(Tz,,Tz,)=0.

n—oo

Since the limit of a sequence is unique in our spaces, it follows that Tz, = x, and
the first part of the theorem is proved.

For the uniqueness part, we presume that y, € X is another fixed point of T" and =z,
ys verify the contractive inequality:

D(x*,y*) < alD(%,y*)JrazD(fE*,y*)+b1D(m,I*)
—l—bgD(x*,x*)—‘rch(y*,y*)—FcQD(y*,y*).

‘We obtain that
(1 —a1 —a2)D(xs,y«) <0

which is a contradiction, so z, = yx. O

It is important to point out that each item required in the above theorem must be
achieved in order to obtain the conclusion. In the next example we are going to see the
importance of the a-admissibility in the problems dealing with this type of contraction.

Example 4.1. One can take X = {1,2} endowed with the metric

|0, ifzx=uy,
D(z,y) = { 2, otherwise.

One can show that (X, D) is a classic metric space, meaning that it is a Jleli-Samet
space as well. Moreover, the only sequences that are convergent in this space are those
which are stationary from a given index. Therefor, the D-Cauchy sequences coincide with
those of the form {z,} C X such that z,, = g, for all n > ng, where np € N and g € {1,2}.
Hence, (X, D) is a complete Jleli-Samet metric space.

Define now T: X — X by T1 =2 and T2 =1, as well as a: X x X — [0,00) given
by

3, ifx#y,
olw,y) = { f, otherwise.

1

5, for all i = 1,2, one can prove that

Taking a; = b; = ¢; =
a(z,y)D(T%z,T?) < a1D(z,y) +axD(Tz,Ty)

+b1D(x, Tx) 4+ bo D(Tx, T?x)

+e1D(y, Ty) + e2D(Ty, T?y),

for all z, y € X.
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If x = y, the above inequality is verified. Now, if x = 1 and y = 2 we have:

1
1=352= a(1,2)D(T?1,T?2) < a1 D(1,2) + asD(1,2)

+01D(1, 2) + CQD(I, 2)

6
< —D(1,2)=1.
< =D(1,2)

Despite the fact that the contractive inequality is true for all x, y € X, there is no
xo € X such that a(xg,Tzo) > 1. As consequence the last three results cannot be applied
in this case.

Important results already known in the field can be retrieved from these theorems.
In this respect, we mention here two corollaries to Theorem

Corollary 4.2. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an
operator and a: X x X — [0,00) a given mapping. Suppose that the following conditions
are fulfilled:

i) T is a triangular a-admissible mapping;

il) there is g € X with §(D, T, zg) < oo, such that a(xg, Txg) > 1;

ili) there are aj, as, by and ¢; € [0,1) with a1 + as + b + ¢; < 1, such that

a(z,y)D(T*x,T%) < aD(zy)+aD(Tz,Ty)
+b1D(x,Tx) + c1D(y, Ty),

for all z, y € Op(xo);

iv) T is continuous;

v) a(T™zg, T™xy) > 1, for all n € N.

Then the sequence {T"z} is convergent to x, which is a fixed point of T. Moreover,
if y. € X is another fixed point of T with a(z.,y«) > 1, D(z4,yx) < 00, and D(y«,yx) = 0,
so that iii) is checked by (x4, y«), we can conclude that x, = y..

Corollary 4.3. Let (X, D) be a complete Jleli-Samet metric space, T: X — X be an
operator and a: X x X — [0,00) a given mapping. Suppose that the following conditions
are fulfilled:

i) T is a triangular a-admissible mapping;

ii) there is xg € X with §(D,T, o) < 0o, such that a(zg, Txo) > 1;

iii) there are a1, ag, bo and co € [0,1) with a1 + as + b2 + ¢2 < 1, such that

Ck(:[’,y)D(TQIE,sz) < alD(l'vy) +a2D(T£L',Ty)
+byD(Tx, T?x) + coD(Ty, T?y),

for all z, y € Op(xo);

iv) T is continuous;

v) a(T"xo, T™x0) > 1, for all n € N.

Then the sequence {T™z(} is convergent to x, which is a fixed point of T'. Moreover,
if y. € X is another fixed point of T with a(z4, y«) > 1, D(z4,yx) < 00, and D(y«,yx) = 0,
so that iii) is checked by (z«, y«), we can conclude that x, = y..

Other important corollaries can be obtained by considering particular cases of Jleli-
Samet spaces.
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