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DIFFERENTIAL EQUATIONS
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The results on the existence and uniqueness for positive solutions to Sturm-
Liouville boundary value problems of singular fractional differential equations are
established. The analysis relies on the Schauder’s fized point theorems. An exam-
ple is given to illustrate the efficiency of the main theorems.
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1. Introduction

There have been many papers concerned with the existence of positive solu-
tions of boundary value problems for fractional differential equations see [1-13].

In [11], E. R. Kaufmann and E. Mboumi studied the following boundary value
problem

{ Dyu(t) +a(t)f(u(t) =0, 0<t<1l,1<a<2, (1)
u(0) =0,4/(1) =0,

where f : [0,400) — [0,00) is continuous, a € L]0, 1], there exists a constant
m > 0 such that a(t) > m a.e. t € [0,1]. By using the Leggett-Williams fixed point
theorem and the Krasnoselskii fixed point theorem, the authors in [11] proved that
BVP(1) has at least one or three positive solutions under some growth conditions
imposed on f.

In paper [12], the authors studied the following boundary value problem

{ Dg u(t) + q(t) f(t,u(t),u/(t) =0, 0<t<1, @)
u(0) =0,u(l) =0,

where f : [0,1] x [0,+00) X R — [0,00) is continuous, ¢ satisfies 0 < fol[t(l -
t)]*1q(t)dt < +oc0. By using the fixed point theorem in cones in Banach spaces,
the authors in [12] proved that BVP(2) has at least three positive solutions under
some assumptions.
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As far as we know, there has been no paper concerned with the existence
and uniqueness of positive solutions of Sturm-Liouville boundary value problem for
singular fractional differential equations.

To fill this gap, we discuss the Sturm-Liouville boundary value problems of
the nonlinear singular fractional differential equation

DS u(t) + f(t,u(t), DS u(t) = 0 t € (0 1) 1 < a <2,
alimy_o t2~“u(t) — b hmt_m D = [} g(t,ult), DS u(t))dt,  (3)
¢ DS (1) + duf(l fo D8‘+ Lu(t ))dt,

where

e D§, (or Dy 1) is the Riemann-Liouville fractional derivative of order a (or
a— ]')>

e 0a>0,b>0,c>0,d>0 with § =: ad + bdl'(a) + acl'(a) > 0,

e f,g,h defined on (0,1) x [0,00) x R are nonnegative Caratheodory functions
that may be singular at ¢ = 0 and t = 1, f(¢,0,0) # 0 on each subinterval of [0, 1].

We obtain the results on the existence and uniqueness of positive solutions of
BVP(3). An example is given to illustrate the efficiency of the main theorems. The
methods used are motivated by [13].

It is well known that boundary value problem of the following form

u”(t) + f (¢, u(t),'(t)) =0, te(0,1),
au(t) — bu'(0) =0,
uw'(1) + du(1l) =0,

is called Sturm-Liouville BVP [1,2], where f(¢,u,v) is continuous and nonnegative
n [0,1] x [0,00) X R, a,b,c,d € R. It comes from the situation involving nonlin-
ear elliptic problems in annular regions. Hence BVP(3) is called Sturm-Liouville
boundary value problem for singular fractional differential equation.
The remainder of this paper is as follows: in Section 2, some definitions and
preliminary results are presented. In Section 3, the main theorems are given. In
Section 4, an example is given to illustrate the main results.

2. Preliminary results

For the convenience of the readers, the necessary definitions from the fractional
calculus theory are presented. These definitions and results can be found in the
literatures [5,6,8,9,11]. Then the preliminary results are given.

Definition 2.1[6]. The Riemann-Liouville fractional integral of order a > 0
of a function g : (0,00) — R is given by I, g(t) = ﬁ fg(t — 8)* 1g(s)ds, provided
that the right-hand side exists.

Definition 2.2[6].  The Riemann-Liouville fractional derivative of order
a > 0 of a continuous function g : (0,00) — R is given by

1 dn+1 t g(S)
D d
0+9) = T oy ap /0 (t— syontl ™

where n — 1 < o < n, provided the right-hand side is point-wise defined on (0, c0).
Definition 2.3. F:(0,1) x R? — R is called a Caratheodory function if
1)t — F(t,t%72(1 — t)*2x,y) is measurable on (0, 1) for each (z,y) € R?,
2) (z,y) — F(t,t* 2(1—t)* 22, y) is continuous on R? for almost all € (0, 1),
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3) for each r > 0 there exists ¢, € L'(0,1) such that |z, |y| < r implies that
|F(t,t%2(1 — t)* 22, y)| < ¢,(t) holds for almost all ¢ € (0,1).

Lemma 2.1[6]. Let n —1 < a < n, u € C%0,00)(L*(0,00). Then
I§. D§ u(t) = u(t) + C1t* 1 4+ Cot* 2 + -+ + Cpt™™™, where C; € R, i =1,2,...n

It is easy to prove for o > 0, > —1 that I, t* = %t‘”", Dg, th =
I'(p+1) th—o
I'(p—o+1) ’

For our construction, we let

( x € C(0,1),
DSTlr e C(0,1),
there exist the limits
X=<zx: (07 1) — R lim;_g t27a(1 — t)27a$(t),
limg 1 t27%(1 — t)Q*%c(t),
lim; 0 D :r(t)
limyy D La(t)

\

For z € X, ||z|| = max {supte(&l) 2721 — )27 u(t)], SUPse(0,1) |D8‘;1u(t)|}. Then
X is a Banach space (similar proof can be find in [16]). Choose P = {u € X,
u(t) > 0,0 <t < 1}. Then P is a nontrivial closed cone of X. We seek solutions of

BVP(3) that lie in the cone P.
Let x € X, z(t) > 0,Vt € (0,1). Consider the boundary value problem

D8‘+u(t)+f(tm()nglx())—O t€(01)1<a<2
alimy_,o t2~%u(t) — b hmt_,o D fo t), Do La(t))dt,
c nglu( + du(1l fo Dgﬁr La(t ))dt

From Lemma 2.1, there exist c¢i,co € R such that

u(t) = —=—— /Ot(t —5) L (s, z(s), nglx(s))ds + et 4 ept 2,

Dgflu(t) = —/0 f(s,x(s),Dgglx(s))ds + ().

Then the boundary conditions imply aca — beiI'(« fo t), Dys La(t))dt,

c <— /01 f(s,a(s), D2 (s))ds + clf(a))

1 1 —8)* (s, x(s), DY e(s))ds + ¢ + ¢
v (g | 0= 97 (6. D5 s 4 e o)

_ /1 h(t, x(t), DEr V(b)) dt.
0
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It follows that

1 ! '
a = (o neato. D5 ety +ac [0, 05 a(0)ar

a 1 1

+F(Z)/0 (1= 8)*7 (8 (), DG ()t~ d/o g(t,x(t), D8‘+1x(t))dt) ,
1 1 1

@ =5 <(Cr(a)+d)/o 9(t, x(t), Dy (1)) dt + bL(a) /0 h(t, x(t), DSy o (t))dt

1 1
+bcr(a)/0 f(t,x(t),D8‘+1x(t))dt+bd/0 (1— s)a—lf(t,x(t),Dg+1x(t))dt> .

Hence
0= ﬁfé (1 = )£ (s, 2(s), D3:1w< ))ds
+4 (afy bt (t), Dy et >>dt+acfo >Dg+ La(t))dt
2 [ (1 - 5 1f(t 2(t), Do (1)) dt — d [} g Dg‘+1x( ))dt) o1
+1 (@) +a) fo o(t), DOy La(t))dt + b (a fo ), D a(t) )dt
el (a fo Dg+ lx( £))dt + b [} (1 — s)2= (£, a(t ),Dg+ Lo(t ))dt) o2
i e lfo <> Dy (1))t
b ()t 2 4at® o
1 + (2 - 1 fo 2 D01+ lx( ))ldt 1
t [ act® *+bdt™ 1—8)* *+bel’ t“ adt® 1—s)*~ t—s)*
+fo( - (5) Here) ar((a)) _(r()a) )X
1 ]:(s,a;(s)l, Dg‘jlx(s)Q)ds 1 1
1 [ act® *+bdt* *(1—s)* " +bcl'(a)t* adt®*(1—s)*~
+; < = o e 61'(‘(cx)) X
f(s :L“( ) Dy ta(s))ds
= Jo Glt,)f (s, (s 2% Lu(s))ds
I ()t™ o t"‘ @
R fo <> D a(t))dt
bI'(a)t™ at®
+()t—+t fo Dg; “la(t))dt,
where
G(t ) acto‘fl-l-bdto‘*Q(1—(§5)°‘71+ch(04)15°‘*2 + adta’;l_(%;)s)o‘*l . (75—1_\5(2;‘)’17 0<s<t<l,
)8 act®— a—2(1—s)>— cl'(a)t™— adt®**(1—s)*—
11 4bdt 2(15) L +bel' (o)t 2+ dt alr(%a)) 1,O<t§s<1.
(4)
Define the operator T on P, by
1
Tu)(®) = [ 6t9)f(s,u(s). Dy utt)ds
0
T toz—2 +d tcx—? _to 1 1
pL v d D[ ot ate). g ey

a—1 a—2 1
at H;P(a)t /Oh(t,u(t),Dgglu(t))dt

forue PcC X.
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Lemma 2.2. (i) G satisfies the following inequalities:
ad + acl'(a) n bd + bel' ()
() 5

and G(t,s) >0 forall t € (0,1),s € (0,1);
(ii) z is a positive solution of BVP(3) if and only if z is a fixed point of T

271 — )Gt 8) < , for all s,t € (0,1),

in P;
(iii) T': P — P is well defined;
(iv) T is completely continuous.
Proof. (i) One sees from (4) that

act +bd(1 — 8)*7 + bel () n adt(l — s)@=1
) Ol ()

< ad + acl'(«@) n bd + ch(a).

- ol () 4]

Similarly, we have from (4) that

71— )Gt s) <

G(t S) bel' (o)t 2 + acl(a)t* 1 4+bdT (a)t* 2 (1—5)* " 1 4adt* 1 (1—s)*1

) ol ()
_lacl(a)+bdI (o) +ad](t—s)> 1
ol ()
_ bel(a)t*—2 + acl()[t* 1 —(t—s)* 14+bdl(a)[t* 2 (1—s)* "1 —(t—s5)*1]
- 0 . 5F o?
ad[t*H(1—s)*t—(t—s)
+ 3T(a) I> 0.

The proof of (i) is completed.
(ii) For x € P C X, we find that

max{ sup t2%(1—1)27%|z(t)|, sup |D8‘+_13:(t)| =7 < 400.
te(0,1) te(0,1)
Since f, g, h are Caratheodory functions, then there exists ¢, € L'(0,1) such that

|f(t,x(t), Do ()] = [f(,t272(1 = 1)*2[27 (1 = )**x(t)], Dy~ "2 ()] < i (1),
lg(t,2(t), DG a(t))] = |g(t, 172 (1 = )* (27 (1 = t)* x(t)], DG '@ (t))] < ¢n(2),
[A(t, (t), DG e (t)] = [A(t 721 = )22 (1 = £)**(t)], DTz (t))] < ¢r(( ;
It follows from (i) that G is bounded. Hence t — (Tx)(¢) is well defined and
271 - )2 ”(Tﬂv)(t)

=127%(1 — t)?~@ fo x(s) DS a(s))ds

e - f*"ét“‘ S fo o(t), D§; (1))t
4 TR (1, (), DS N (t))dt

= (1 — )2 ekl fo <>,Dg+1x<t>>dt

(1 — )2ty (r), DO (t))dt

—a t [act+bd(1—s)*14bel (o adt(1—s)*—1 2= (t—s)>1
(1 -ty fy | el ie(e) o ediCoan BT

f(s,z(s), nglx(s))ds

+(1 . t)Q,a ﬁl |:act+bd(1fs)6a_l+bcl"(oz) + adt((sll:((s;))"‘_l} f(s,x(s),DS‘le(s))ds.
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Furthermore, we have

D8‘+1 (Tz)(t) = —fo s), Dyy La(s))ds + 25 fo D8‘+ La(s))ds
+4 fo — )" 1f(s x( . Dp lx( ) ‘” DO L (t))dt
+ar@) (V). Dgalac( >>dt.

Then
D (Tx)(t) = — f(t,x(t), D ' (t)),
alim;_,o t2=(T x)()—b hmHo D=1( = [ g(t,x(t), DTz (t))dt, (6)
¢ D§H(Tz)(1) + d(T = Jo h( ( D“ La(t ))dt

From (6), we see that z is a positive solution of BVP(3) if and only if = is a fixed
point of T in P. The proof of (ii) is complete.

(iii) For x € P, from (ii), we have Tz € X. From (i) and (ii), we get
(T'z)(t) > 0 for all t € (0,1). Then Tz € P.

(iv) We prove that T is completely continuous.

Step 1. We prove that T' is continuous. This needs three steps. Let {y,}22,
be a sequence such that y, — yg in X. Then

r = sup |ya|| = sup ¢ max § sup 271 = 1)> Ya(t)], sup [DST'a(t)] o b < oo,
neN neN te(0,1) te(0,1)
So there exists ¢, € L'(0,1) such that
(£, yn (t), D8‘+ () = £, 10721 = ) 72 [T (L — 1)y (D)), DGy (1)
)

l9(t, yn(t), D yn(t)))\ g, 42 (1 = )2 [P (1 = 6)* g (1)), DGy yn(t) :
[Pty ya (1), Dt yn ()] = [A(E 12721 = )2 [27(1 = 1>y ()], DG yn(1)] < 60 (2)
hold for all ¢ € (0,1),n = 0,1,2,---. Then for ¢ € (0,1), from (i) and (ii) we have
271 = 1> (Tyn) (1) — (Tyo)(t)]
< /1 270G (t, )| f (5, yn(s), Dy yn(s)) = f(s,90(s), DT yo(s))|ds

0

B 1
e +5d(1 : / l9(s, yn(5), DG yn(s)) = (s, 0(s), DG wo(s))|ds
0

)| < or
)| < or

1
SR [ s ), DG ) — s (o), DG () s
0

(adgrafﬂ ubd“’cr )/ F (5. 9n(5), DT yn(8)) = f(5,90(5), DG o (s)lds

<

o) d / 1905 yn(), D2 yn(5)) — 95 y0(s), D Vyols))|ds

+CL—|—bF/Q |h(8,yn(5)7 D(O)é-:lyn(s)) - h(57y0(8)7 D(C)y-&-ilyo(s)”ds
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ad + acl'(a) bd+ch
< 2y ) [ oo

+2<cl“(a5)+d a+bF )/%

By the dominated convergence theorem, since f,g,h are Caratheodory functions,
then we get

lim sup t*7%(1 = )*~*|(Tya)(t) — (Tyo)(t)| = 0.
n—=+004c(0,1)

Similarly, we have

DTN (Tyn) () — DTN (Tyo) (8)]
< fJ £ (5, yn(s), Dg:lyn< )) = f(s,0(5), D§T  yo(s))|ds
2O (U s,y (), DST yn(s)) — f(s,90(s), D3+1?/0( ))lds
#f 1= 81 £(5, y(5). D yn(s)) — f(s,90(s), DO yols))|ds
”“ fo 19(s, yn(s), DT () — 9(5,50(s). D yo(s))|ds
a%“ Jo 1h(s,yn (), DS yn(s)) — (s, yo<s> Dg; lyo( ))|ds
§2(1+a'f§)+“d+ ) Jo o

By the dominated convergence theorem, since f, g, h are Caratheodory functions,
then we get limy, oo SUP; (g1 |D8‘j1(Tyn)(t) - D(O)‘jl(Tyo)(t)| = 0. Hence we have
|| Ty, — Tyo|| — 0 as n — oo. Then T is continuous.

Step 2. T maps bounded sets into bounded sets in X.

Let M C X be a bounded set. Then there exists r > 0 such that ||z|| < r for
all z € M. Hence there exists ¢, € L1(0, 1) such that (5) holds. Then Lemma 2.2(i)
implies that

1
271 — > |(Ta)(0)] < /0 270Gt )| (s, 2(s), D e (s)) ds

(o - '
N T( )+5d(1 t)/o ’g(s7x(5)’D8‘;1x(s))]d8

at + bl ()

1
| nts.ats). D5 s

(ad;rrczZF)(a)erdebCF >/ £ (s, 2(s), D ' 2(s))|ds

cI'(a ! a a) [
+F(6)+d/0 ,9(5,$(5),Dg;1x(t))|ds+“;F()/O (s, x(s), D§; ' (s))lds
ad+ acl(a)) =~ bd+ bCF

= ( () * >/ Prls

. <cr(a6)+d a+bF )/@
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and
Dy (Ta)(#)| < /Ot|f<s,w<s>,Dgﬂx<s>>|ds+“F(“) /0 7,20, DG ()l
#2000 (0, Do) s
(s, 2(s), Dy o (s)) s
“F50‘ / (s, 2(s), D2 a(s))|ds
< (1+ad;( +%d+dr O‘)/d»

So

|| T]]

IN

ax ad + acl'(«) n bd + bel' (@) n (o) +d L8 + bl ()
O () § J 5

acl'() a a)  al'(« !
1+ 1:; )+6d+df‘§ )+ F(g )}/0 or(s)ds

It follows that 7" maps bounded sets into bounded sets.

Step 3. Let M C {y € X :||y|| <} be a bounded set on X. We prove that
both {t2~%(1 — t)>~%Tz : x € M} and {Dg‘lex : ¢ € M} are equi-continuous on
(0,1).

Similarly to Step 2, we can get ¢, € L1(0,1) such that (5) holds. Let t1,ts €
(0,1) with t; <ty and y € M.

One can see from (4) that, for s € [0, 1]

670 (1 — 11)* Gty s) — 15 (1 — 12)* " Gt2, 5))|
tgfa(l _ t2)2—a(t2 _ S)Oé—l _ t%*a(l _ tl)Z—a(tl _ S)a—l

IN())
ac[t1(1 — t1)27a — tg(l — tg)Zia] n ad[tl(l — t1>27a — tg(l — t2)27a](1 — S)ail
) ol ()
Bl (@)L = )2 = (1= 1)) b[(1 = 0)>® = (L= 1) )(1 = 5)!
)
|57 (L= t2)? ™™ — (L = 0)* [+ (L = 1)* (2 — 8)* " — (1 — 8)* |
- ING))
ac|t1(1 — t1)27a — tg(l — t2)27a| ad!tl(l — t1)27a - tz(l - t2)27a|(1 - 8)0171
+ 5 + 3T ()

L bel ()l — t1)?7% — (1= 12)* | +bd|(1 — t1)*~% — (1 — t2)* °|(1 — 5)* !
)
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570 (1 = t2)*~* — (1 = t1)* " + [(t2 — )" — (ts — 5)* |

- I()
+ac\t1(1 — t1)2_a — tg(l — t2)2_a| " ad|t1(1 — t1)2_a — tg(l — t2)2_&‘
) o)
+ch(a)](1 - tl)zfa — (1 — t2)27a‘ + bd‘(l — tl)Zfa — (1 — t2)27a|
5 .

Since (1—t)279, t(1—1)2~%, t* and t>~%(1—t)?>~® are uniformly continuous functions
n [0, 1], then for ¢ > 0 there exists 6; > 0 such that |u; — ua| < d1,u1,us € [0,1]
imply that

6701 = t1)* G (tr,s) — t5 (1 — 12)> *G(t2, 5)| < €. (7)
For s € [t1,t2], we have

1271 — )27 G(t1,8) — t3- (1 — 12)*"“G(t2, 5)|
ac[t1(1 — t1)2_a — tg(l — t2)2_a} i ad[t1(1 — tl)Q—a — tg(]_ — t2)2_a](1 — S)a_l

) ol ()
el (@)[(1 = £2)*7 = (1= £2)*7] 4 bd[(1 = £1)*7 — (L= 02)*~)(1 = 5)°"!
)
1271 — t9)> % (tg — 5) 1
()
2ac  2ad  2bcl'(«r) + 2bd 2
= 5 Tt " 5 )
For s € [te, 1], we have
1271 — t1)27OG(t1, 8) — ta (1 — t2)* G(ta, 5)|
o aclt (1= t)2 Y — ta(1 — t9)2 ] N adt;(1 — )27 — (1 — t5)27*](1 — s)*~!
N 4] ol ()
el (@)[(1 = £2)*7 = (1= £2)*7] 4 bd[(L = £1)*7 — (L= 0)*~)(1 = 5)"!
)
o aclti(1 = 1) — ta(1 — 12)° 77 L aditi(1 — t1)2 —to(1 — 12)2
- ) ()
+ch(a)](1 —11)27 — (1 —t2)? 0 + bd|(1 — t1)*7™ — (1 — t9)*7|
5 .

Since both (1 — )27 and #(1 — )2~ are uniformly continuous functions on [0, 1],
then for € > 0 there exists da > 0 such that |u; — ug| < d2,u1,us € [0,1] imply that
(9) holds.
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For € > 0 it is easy to see similarly that there exists d3 > 0 such that |u; —usg| <

03, u1,ug € [0,1] imply that

IN

IN

cL(a)|(1 —1)** = (1 —t2)* | +d|(1 — t1)** — (1 — t2)°
o
a|t1(1 — t1)27a — tg(l — t2)27a| + bF(Oé)‘(l — t1)27a — (1 — t2)27a|
0

< €,

< €,

to
oOr(s)ds < e.
t1

For € > 0, for y € M, |u; — uz| < min{dy, d2, 3}, w1, us € [0,1], it follows that
741 = £2)**(Ty) (t) — 774 (1 — 1) *(Ty)(t2)]

1
/0 2701 — 127G (11, ) f (s, y(s), DO Yy (s)ds

1
- [ B0 G sas). D () s

cl(a)[(1 —t2)** — (1 = t2)* ] +d[(1 — 1)~ — (1 — 12)°]
)

9(s,y(s), D5 y(s))ds

a[t1(1 — t1)27a — tg(l — t2)27a] + bF(a)[(l — t1)27a — (1 — t2)27a] «

t1
/0 |t%70‘(1 —11)?7G (L1, 8) — 157 (1 — t2)* "G (ta, s)‘ f(s,y(s), Dg‘jly(s))ds

+/ 2 }t%fa(l — 1) G (t1,8) — t3 M1 — t2)? "G (ta, s)‘ f(s,y(s),Dg‘jly(s))ds

t1

1
+ [ B = PG 8) — B0 = G0 5)| (5,909, D ()
L(|(L = #0)*7" = (L= )"+ d|(1 — 02~ = (A = ta)"|

+ 5

1
9(s,y(s), D5y (s))ds

a\tl(l — t1)27a — tg(l — t2)27a‘ + bF(a)](l — t1)27a — (1 — t2)27a‘
+ 5 X

o

1
| htsute). D s

t1
/O 2701 0)20G (11, 5) — £27(1 — £2)2 G ta, 8)| 6, (s)ds

to
+ /t 2701 — 1)20G (11, 5) — £27(1 — )2 Cta, 8)| b, (s)ds
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1
+ [ B A = t)* Gt s) — 657 *(1 — t2)* *G(t2, 5)| br(s)
to

B i / o (s)ds
0
R R R

L 2ac  2ad  2bcl'(«) + 2bd 2
6/0 ¢r(s)ds+e(5+6F(Q) + 5 +I‘(a)>
e /0 gu(s)ds + ¢ /0 gu(s)ds + ¢ /0 n(s)ds

Then
670 (1 = 12)* 7 (Ty) (1) — 677 (L = t1)**(Ty)(t2)| — 0
uniformly as t; — to. Therefore, {t*=®(1 — t)2~“T'x : x € M} is equicontinuous on

(0,1).
On the other hand, we have

to
DTN (Ty) () — Dy (Ty)(t)] < t f(s,y(s), Dy ty(s))ds
< K or(s)ds
t1

As t; — to, the right-hand side of the above inequality tends to zero uniformly.
Therefore, {DS‘IITQU :x € M} is equicontinuous on (0, 1).

The Arzela-Ascoli theorem implies that T'(M) is relatively compact. Thus,
the operator T : P — P is completely continuous.

3. Main theorems

Now, we prove the main results. Let
ad + acl'(a)  bd + bel' () 48 + bI'(av) L8 + 0I'(ev)

At ST (cv) 5 5 5
B acl'(a)  ad dl'(a) al'(«)
Ay = 1+ 5 5 5 5

Theorem 3.1. Suppose that there exist ¢, € L'(0,1) such that
(& 072 (1= ) 2w, v) = f(£72(1 = 1) 2uy, vl)! < ()| — w [+ @) — v,
lg(t, 472 (1 = ) 2u,v) — (£, £°72(1 = ) 2ug, v1)| < ¢(8)|u — wa| + () |v — val,
Bt 2721 = £)2~2u,0) — F(6,852(1 — 02y, 00)] < Gl — w| + ()0 — v
(8)
hold for all ¢t € (0,1),u,u; € [0,00),v,v1 € R. Then BVP(3) has a unique positive
solution if

max {A1, AQ}/ )]dS < 1. (9)

Proof. We shall prove that under the assumptions (8) and (9), T is a con-
traction operator. Indeed, by the definition of G(¢,s) for x,y € P, from Lemma 2.2



104 Yuji Liu, Tieshan He, Haiping Shi

and (8), we have the estimate

71— 0> |(Tz)(t) — (Ty)(t)]
1
/o 21— )" Gt 5)|f (s,2(s), DG w(s)) = f (5, y(s), DG 'y(s))|ds

L () — 8?7 +d[(1 - )7 — (1 —)*7°]
0

/ lg(t,x(8), DET () — g(t, y(t), Do a(t)) |t

a _ \2—a _ )2«
=P IR0 [ e g at0) 0 D5

ad + acl'(a)  bd + bel' ()
(o)

IN

X

1
/ [6(s)s* (1 = 8)*7a(s) — y(s)| + o (s)| DG a(s) — Dy 'y (s)lds

1
+d/o $)*7 % (s) — y(s)| +9(s) [ DG uls) — Dy u(s)|ds

1

; $)°7%a(s) = y(s)| + 4 (s)| DG 2 (s) — Dgi 'y (s)lds

ad + acl'(« C a @ @ & '
( d+ (r)( ) bd+b N ) +z;r( )+ +l;r( ))/ [6(s) + ¥(s)]ds||z — ]|,

IN

and
|Dg:1T:c<> DTy ()
< (12 8 [ (o) D)~ o051, D (o)
+2 / o0, (0), DG 2(0)) — gl (), DG o)l
[ e 0), D0 (0) — hGs (61, DG (o)
< <1+acr5( )+a5d+dré )+aF§a)> X

1
[ 165721a(9) = w9 + D () D s
1
< (12524 5 ) [0+ volaslle -l
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It follows that

|Tz — Tyl

IN

ad+ acl'(a)  bd+bel'(a)  a+bI'(a) a4+ bl(«)
max { 3T(a) + 5 + 5 + 5 ;

acl (a a Q al'(a 1
1+ P(S( )+6d+dr<§ ) 4 Fé )}/O [6(s) + v(s)|ds|[z — v

= max{Aq, Ag}/ Y(s)lds||z — yll.

Hence the contraction mapping principle implies that BVP(3) has a unique positive
solution xp. Since f(¢,0,0) # 0 on each subinterval of (0, 1), then x( is positive on
(0,1). So x¢ is a positive solution of BVP(3). The proof is completed.

Theorem 3.2. Suppose that there exists ¢ € L'(0,1) such that

TS e— St 2(1=t) " 2a,y) 1
My 00 SUPse(0,1) = 5@ (o4 0 < 2max{A1, Ao} [T $(s)ds

T (£t ~2(1-1)* 2z y) 1

limy o0 SUPte(0,1) "= @I+~ < 2max(ar, Ao} [ 6(0)ds” (10)
FSU h(t,t*=2(1—t)*2z,y) < 1

@—00 SUPLe(0,1) T (@) (Jz[+y]) 2max{Ar, Ag) [T é(s)ds”

Then, BVP(3) has at least one positive solution.
Proof. It follows from (10) that there exist M and H

1
0 < M< 1 9 H>0
2max{A1, A} [y ¢(s)ds
such that
Ft,1072(1 = )% 22, y) 1
0= sM< b€ (0,1), |z + |y| > H,
e (\$|+|y!) - 2max{A;, Ay} (0,1), |2 + [y
g(t, 12721 — 1)* 2z, y) 1
0= =M< t € (0,1), |z + |y| > H,
¢(t)(Jz] + ly) 2max{A;, Ay} (0,1), ] +Iy]
( to— 2(1_t)a 2 y) 1
OS §M< ’te 07171"“ >H.
o(t) (=] + [y]) 2 max{Ar, As) (0, 1), [ +[y]

On the other hand, there exists ¢); € L*(0,1) such that

0< f(t,t*2(1 — 1) 2a,y) < par(t),t € (0,1), ]| + |y| < H,
0 < g(t,t*2(1 — ) 2a,y) < dum(t),t € (0,1), || + |y| < H,
0 < h(t,t272(1 — ) 2x,y) < r(t), t € (0,1), |z + |y| < H.

It follows that

0 < f(t,t*2,y) < M(|z| + [y)d(t) + du(t).t € (0,1), 2 € [0,00),y € R,
0 < g(t,t"%x,y) < M(Jz| + |y))o(t) + dur(t),t € (0,1),2 € [0,00),y € R,
0 < h(t,t* 22,y) < M(|2| + [y))o(t) + dar(t),t € (0,1),z € [0,00),y € R.
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From ¢y € L'(0,1) and denote

1 (o a—2 a—2 _ ja—1 1
o) = [ Gt syouts)ds + AL o

ta—l bl ta—2 1
PR A C) / o (t)dt,
0 0
we can see ¢g € X. Choose R > 0 sufficiently large such that
Qmax{Al, Ao} fo om(s)ds + 2max{Aq, AQ}QM fo s)ds fol o (s)ds

1-— 2maX{A1, AQ}M fO

. (11)

Let

Br={x € P:||lx— ¢o|| < R}.
It is easy to see that Bp is a convex, bounded, and closed subset of the Banach
space X. For x € Bp, by the methods used in the proof of Lemma 2.2(iv)(Step 2),
we have

IN

||z = dol| + |||
1
R—I—maX{Al, AQ}/O ¢M(S)d8

||

IN

When the methods in the proof of Lemma 2.2(iv)(Step 2) are used, we get
1Tz = ¢ol| < [|T[| + [I¢oll|

1
max {A1, Az}/o [Mo(t) (=1 — t)* *|a(t) + | Dy a(t)]) + dar(t)] dt

IN

1
+ max{Aq, Ag}/ or(s)ds
0

IN

1 1
2maX{A1,;A2}M/O o(t)dt||x|| + 2max {Aq, Ag}/o o (t)dt

2max{A1,;A2}M/01 o(t)dt (R—i—max{Al, AQ}/Ol ng(t)dt)

IN

1
+2maX{A1, AQ}/ ¢M(t)dt < R.
0

So, we have TBr C Bpg. Since T is completely continuous, the Schauder fixed point
theorem essures that operator 7" has at least one fixed point in Br and then BVP(3)
has at least one positive solution. The proof is complete.

Theorem 3.3. Suppose that

[f(&, 1272 (1 = )2, y)| < G(w(lz| + [y]), ¢ € (0,1],z,y € R,
lg(t, t72(1 = )2z )\ < ¢w(lz +[yl),t € (0,1], 2,y € R, (12)
|h(t,t272(1 = 1)* 22, y)| < G(Hw(|z] + [y[),t € (0,1],z,y € R
with ¢ € L'(0,1) and w € C(R,[0,00)) nondecreasing. If there exists a constant
> 0 such that
a > 1, (13)

max {Ay, A} w(2pu) fol o(s)ds
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then, BVP(3) has at least one positive solution.
Proof. We consider the BVP of the form
DS u(t) + Af(t,u(t), DY u(t)) =0, t e (0, 1)
alim_ot?~%u(t) — b limtﬁo DO‘_1 )\fo t), Dy Lu(t))dt, (14)
¢ D§~ (1) + du(l _)‘fo D8‘+ fut ))dt
for 0 < A < 1. Solving BVP(14) is equlvalent to solving the fixed point problem
x=Nlz.
Let
U={zeX:|lz]| <p}
We claim that x # ATz for all x € OU and A € (0,1). In fact, if z = AT« for some

xz € U and X € (0, 1), when the methods in the proof of Lemma 2.2(iv)(Step 2) are
used, we have

loll = max{ sup A1 — 2 X(Tw)(t), sup |DETA(Ta) (D)
te(0,1) t€(0,1)

1
< max{Aj A2}/0 p(shw (s (1 — )2z (s)| + | DO (s)]) ds

IN

1
max {Aq, AQ}w(Qu)/O o(s)ds

1
= max {Aj, AQ}w(Qu)/O o(s)ds
So .
p < max {Aq, Ag}w(2u)/0 o(s)ds

It follows that i

max {A1, Ao} w (2u) fol o(s)ds
which contradicts with (13). Since T is completely continuous, by Schauder’s fixed

point theorem [5], we see that BVP(3) has at least one positive solution x. The
proof is complete.

)

4. An example

In this section, we give an example to illustrate the main theorem.
Example 4.1. LetA > 0. Consider the following BVP

D0+u( )+ 2677 +2(1 — t) +A(t— f) £2(1—t)2u(t) +uD0+u( )=0,t e (0,1],
hmt_m t2 u(t) — limy_yo D0+u(t) =0,
D2 u(1l) +u(l) =0,
(15)
where A, ;x> 0.
Corresponding to BVP(2), we find that « = 3, a=b=c=d =1 and

1 4
Flt,a,y) =262 + A <t - 2) t2(1—t)2z + py.
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Choose ¢(t) = A (t — %)4 and ¥ (t) = p. One sees that § = 2I'(3/2) + 1 > 0,
f(t,0,0) # 0 on each subinterval of (0,1). On can see that f satisfies

(83721 = )2 2u,0) — f(8, 12721 — 1) 2ug,01)] < d(0)|u — |+ D(E)]o — v

for all t € (0,1),u,u; € [0,00),v,v1 € R. Hence Theorem 3.1 implies that BVP(15)
has a unique positive solution if

max{(1+F(3/2)) (M+§> 1+(15+3F(§’/2)}/01 )\<s—;>4+ﬁt ds <
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