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A FAMILY OF THREE-STAGE STOCHASTIC
RUNGE-KUTTA METHODS WITH ORDER TWO AND
THEIR STABILITY

Mahmood Parsamanesh®

In this paper, a general form of three-stage Runge-Kutta meth-
ods is introduced for numerical solution of stochastic differential systems.
The conditions that must be satisfied to methods have weak order two are
obtained by comparison between the weak second-order expansion of the
methods and the simplified weak order two Taylor scheme. Moreover, some
particular solutions of the order conditions are given and then corresponding
stochastic Runge-Kutta methods of this family are presented. The Mean-
Square stability of the proposed class of methods is considered, the stability
function is obtained, and the Region of MS-stability is given. Finally, the
obtained methods are compared numerically in some examples.
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1. Introduction

Stochastic differential equations (SDEs) can describe more realistic mod-
els and include stochastic effects in the model by inserting the noise term in
ordinary differential equations (ODEs). There is an increasing interest in us-
ing SDEs and they have been applied to a wide range of problems, because of
recent progresses in the stochastic analysis and availability of sufficiently pow-
erful computers|2, 5, 10-12]. The exact solution of SDEs is not often available
and hence, suitable numerical methods must also be introduced for solving
arisen SDEs. Stochastic Runge-Kutta (SRK) methods as generalization of
their analogous for ODEs are efficient instruments and has been studied by
many authors[1, 3, 4, 8, 13]. The organization of this work is as follows: af-
ter some brief preliminaries, in the next section a general form of three-stage
stochastic Runge-Kutta methods is presented and conditions under which this
methods have weak order two, are extracted. In section 3 some stochastic
Runge-Kutta methods are introduced whose parameter values are particular
solutions of the obtained conditions in section 2. In section 3 the MS-stability
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of this class is studied. Section 4 is devoted to implementation issues and nu-
merical comparisons via some examples. Finally, the results are summarized
as conclusions.

2. Stochastic Runge-Kutta methods

A scalar Ito SDE is of the following form:
dxy = f(t,z)dt + g(t, x)dWy, x4, = x0 (1)

where f,g : [to,T] x R — R are the drift and diffusion coefficients respec-
tively, {W;}s,<t<7 represents a one-dimensional standard Wiener process and
the initial value xy € R is non-random. Moreover, suppose that coefficients f
and g satisfy the conditions that ensure existence and uniqueness of solutions
to (1)(see [11]). The numerical methods for solving SDEs may be strong or
weak, with constant or variable step sizes, and various order of convergence.
We concentrate on methods that converge in the weak sense and with order
two in which the step size are assumed constant.

A numerical solution {z,,}"=)" with step size h as an approximation of
solution {x(t)}=L of (1) is of weak convergence order v if for each smooth
function F, there exist a constant K > 0 such that [7]

E[F(ay)] - E[F(2(D)))| < K.

Tocino and Vigo-Aguiar[15, 17] presented some stochastic Runge-Kutta meth-
ods of weak order two by comparing the stochastic expansion of the approx-
imation of the method with corresponding Taylor scheme. In this work, we
generalize the methods were given in [17] and we propose three-stage Runge-
Kutta methods of the following form:

Tnt1 = T, + (OélK() -+ OéQKl -+ OégKg)h + Tlgo + T251 -+ T3SQ7 (2)

with
KO = f(thn)v
So = g(t’fUXn)a
Ky = f(t, + poh, X + Ao Koh + Sp01),
Sy = g(t, + figh, X,, + Mo Koh + Sp®,), )
)

Ky = f(tn + poh, Xn + poKoh + S002),

Sy = g(tn + poh, Xy, + @oKoh + Sp®2),
where T, To, T3, 01, O, &1 and P, are random variables of mean-square order
%. When py = Jig, Po = Ao and ag = 0 we obtain the same form that was pre-
sented in [17]. We seek values for the constants and conditions on the random
variables such that the scheme be of order two in the weak sense. To do this, as
the procedure in deterministic case for construct Runge-Kutta methods [9], we
must obtain the stochastic expansion of the method (2)-(3) and corresponding
Taylor scheme. Then a comparison between them determines the method such
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that the method be of weak order two. The simplified weak order two Taylor
scheme can be obtained from the order two Taylor approximation and in scalar
case it is given by|[15]

1
Tp+1 = Tp + gAWn + fh + igg()l((AWn)Q - h)
1 1 1 1 (4)
+ 5(910 + fgo1 + 592902 + gfor)hAW,, + §(f10 + ffo + 592f02)h2,

where g = goo = g(tn, ) and g;; = % for function g = g(t,z) with ¢,z € R
and AW, is any normal random variable N(0, h).

Now to compare the method and the simplified Taylor scheme, we need
a order two truncated expansion of the method. An expression of the order
two truncated expansion of process F'(t + h, z(t) + Az) in terms of increments

h and Az can be found in [16] and it is of the following form:

(2)
F(t+h,x(t) + Av) ~Fy + Fioh + Foi Az

4 h2
+ (Foo + ¢°Fi2 + ¢° go1 Fos + gZFO4)7 (5)
2 A2
+ <F11 + %Fog)h(A.I) + F02< 5 ) .

To obtain the expansion of the method we need also to employ 2-equivalent
processes. Two processes {y;} and {z;} are said 2-equivalent in the weak

sense and are denoted by (22) 2z, if they have same weak order two Ito-Taylor
expansion at each point.

Consider the SDE dx(t) = dW(t) with ¢(0) = 0. Then for process
F(t,W(t)) = W3(t) we have

F(t+h,W(t) + AW) = (AW)?
t—=
2 2
2 (W3(0) + (O)h + 3WNAW + (0)'2 + S(GhAW) + 617 (1) (AZV) )|
— 3hAW,
which state
(AW 2 3nAW (6)

Also, for process F'(t,W(t)) = tW?(t) we have

Ft+h W)+ AW)| = h(AW)?

t=0
2 (EW2(0) + RW(8) + 20 (AW + B2+ 20 (AW + L(AW)?)
= h?,

t=0
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and therefore

haw)? 2 p? (7)
As a same way the following 2-equivalents can be obtained
A 4
% 2 6(aw)? — 3n, (8)
(AW)* (2) 2 3
~ 6V h(AW)? — 3hz, 9
7 (AW) (9)
5
(AZV) 2 15nAw, (10)
ATV)6
<h_V3V> 2 45VR(AW)? — 3083, (11)
2

2
By using truncated expansion (5) and 2-equivalence h3 (_N) 0, from the deter-
ministic part of (2) we obtain

(1Ko + oK1 + asKy)h = ay f(tn, 1,)h + o f(t, + poh, 2, + Ao Koh + SoO1)h
+ a3 f(t, + poh, zn + o Koh + SpO2)h

(2)

~ (a1 + g + az) fh+ (aspio + azpo) froh® + (aedo + azpo) for f7?
1 1
+ a2 f01991h + a3 fo19O2h + §Oé2fo292@%h + §a3f02g2@§h.
(12)

Besides, the stochastic part of (2) can also be written as follows:
TSy + Y951 + T3S,
= gT1 + gty + fioh, Ty + Mo fh+ g®1) Yo + g(t, + poh, zn + GoKoh + So®2) Y3

(2) _ _ < _
~ (Y1 + Yo+ T3)g + fiogi0 Y2k + pogioLsh + Aogor f L2k + @ogor fLsh
2 2
+ 9019P1 T2 + g019P2 s + (911 + %gos)ﬂogq)szh + (g1 + %903),509@2T3h

+ Aogo2 S 9P1Tah + PogoafgP2Tsh + %90292®%T2 + 390292@§T3-

(13)
Then by substituting 2-equivalences (12) and (13) in (2), we can easily see
that the Runge-Kutta method (2)-(3) and the simplified Taylor scheme (4) are

2-equivalent if the following relations hold:

ay+as+ag = 1,
1

HoQ2 + pors = 5 (14)
1

Aoz + poaz = 5
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2) 1
(062@1 -+ 063@2)}1 (l“) §hAWn,
2) 1
(1,02 + ;02 2 Sh, (15)
(2)
Tl + TZ + T3 = AWH7
_ _ 2 1
(,LLQTQ + p0T3)h >~ EhAWn,
_ 3 2 1
(AoT2 +@oT3)h = §hAWn> (16)
@ 1 )
DTy + P T35 =~ 5((AWn) —h),
2) 1
B2, + BT,y 2 ShAW,
_ _ (2)
(fio®1 Yo + poP2T5)h =~ 0,
< _ (2)
()\OCI)1T2 + QD()(DQTg)h ~ 0. (17)

Therefore, preceding discussions conclude the following theorem:

Theorem 2.1. Suppose that f and g in SDE (1) are sufficiently differentiable
and satisfy conditions for the existence and uniqueness of solutions. Then

the stochastic Runge-Kutta method (2)-(3) has order two in the weak sense if
(14)-(17) hold.

3. Some particular stochastic Runge-Kutta methods

In order to methods (2)-(3) be applicable, we must determine some par-
ticular solutions of systems (15)-(17). First consider system (15) and take
0, = AW, and Oy = §;AW,,. Then by 2-equivalence (6) this system be-
comes as follows:

Qo + 04351 =

Y

(18)

NSRS NN

Oégl/% + 0@,5% =

Solving systems (14) and (18) we get three class of solutions as follows:
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Case 1. The four-parameter solution

(2a3p0 — 1)(—1 + 2367)

Ho = 1-— 40(3(51 + 4@%5% ’

-1+ 20&35%
"M=—m—"03"

-1+ 20[3(51

1,1 —4a3d; + 2a3 + dazd?

= — 1
(03] 2( _1+2a35% )a ( 9)
1,1 — dasd; + 40262
Qg = __( ) )7
N — (—1 —+ 2@3@50)(—1 + 20[3(5%)
0= .

1-— 40{3(51 + 40(%(5%

Case 2. The three-parameter solution

/‘LOZ_%(F’Z—?)? 151 :O7 = _OCQ—’_%, (20)
043:%, (51 :]_, )\0:—%(%2@0).
Case 3. The parameter free solution
1 1
a1 = 5, Qg = O, 3 = 5, 61 = 1, Yo = 1, Po = 1. (21)

Now we consider the systems (16) and (17) using linear combinations of vari-

ables AW,,, V/h and % as follows:

(AW,)*
T

AW,,)?
Ty = MAW,, + MVh + Agu,

vh

Ty =AW, + 72\/E + 73

2
T3 = AW, + paVh + 3 (A\I;Vﬁn) ; (22)
A 2
(I)l = BlAWn + 62\/E + 53%7
(AW,)?

Dy = AW, + mVh + 13

vh

With these random variables, if we take figp = po and A\g = @, in (3), then
the order condition ®; Yy + @53 2 $((AW,,)? — h) in system (16) yields to
(®,T5 + 2 T3)h = L(hAW,)? — h?). By 2-equivalent A(AW)2 2 in (7) we
get (&1 + P2 T3)h 2 0 and thus system (17) is omitted. Using equivalences
(6) and (8)-(11) it can be seen that system (16) has the following one parameter
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solution [17]:

- 1 1
63:773:()7 /10:)\0:17 71257 72:73:07 :ulz)\l:17
1 — 4843 322
=)A= Y A3 = — ) = =1+ T 0.2
2 2 32013 3 ps,  Br=m a8 (23)
8z
Po= == T g

where 3 # 0 and 3 # ﬁg'

Now, supposing p3 = —1 in solution (23) of system (16), we state some
particular solutions of systems (14)-(17) and we obtain following examples of
second-order stochastic Runge-Kutta method (2)-(3):

(I) A solution of system (19) in Case 1 is

2
|

Q
no
|

Q
w
|
Clw Ullw DOk =
S

= 24
141 :F 107 ( )
2v/6
51 = :l:_\/_7
5
B 1 n 3
Ho = 400 1
1 3
A= —— —.
0 49250‘1‘ 1

Therefore, if we take py = ¢9 = 1, we have ug = A\g = % and we obtain
the following method, which we call it "SRK1 method”:

1 1
Tnt+1 = T, + 8<K0 -+ 4K1 + Kg)h + Z(?S@ + Sl + SQ)AWn

(AW,)
i

(8= SR - 220
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with
KO - f(tn,xn>’
SO = g(tnaxn)a
1 1 3'ﬁ
S1 = gty + h, x, + Koh + VhSy),
2
Ky = f(ty + h, x, + Koh + = iJZAWS@

5
Sy = g(tn + h, 2, + Koh — f80>.

(II) Let ap = 1 and py = ¢y = 2 in system (20) in case 2. Then we get
"SRK?2 method” as follows:

1
Tpy1 = +(%+K+HQMF@%+&+&MW

4
1 (AW,,)?
+1(82_51)(\/ﬁ_ \/E )7
with
= f(tna (L’n),
= g(tn, Tn),
:ﬂt+1h%+ Lgoh).

2
g(t, +h :L‘n+K0h+\/_So)

fltn+ - h mn+iK0h+AWnSo),

S = g(ta + h, o + Koh — VhSy).

(IIT) Parameter values in case 3 (system (21)) yield to the weak second-order
” Platen method”[T7].

4. Mean-Square stability

In this section we consider MS-stability of the test equation for SDEs
first, and then we consider numerically MS-stability of proposed methods for
SDEs. Consider the Ito scalar linear test equation as follows

dz(t) = ax(t)dt + Sz (t)dW (t), t >0, a,p € C, (25)
with nonrandom initial condition z(ty) = zo € R,zy # 0. Exact solution of
(25) is given by

1
x(t) = xoexp{(a — 552)t + W (t)}.

It can be shown [14] that the solution of the test equation (25) is MS-stable if
and only if 2R(«) + |B]? < 0.
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Definition 4.1. Numerical solution {x,}nen for solving test equation (25)
generated by a scheme with equidistant step size is MS-stable if

lim E[|x,|?] = 0.

n—o0

Applying second-order RK schemes given in previous section on the test
equation (25) we obtain the following difference equation

Tpg1 = Tp, (1 + afay + ag + az)h + a*(axo + azdo)h? + Bah(ax©; + az0,)

+B(T1+ Lo+ Ty) + Bah(A T2 + GoTs) + 542112 + ‘D2T3)>-
(26)
Using definitions of variables in (22) we have

AW,
Ti+To4+ T3 = (”)/1 + A+ ,ul)AWn + (’Yz + Ao + ,ug)\/%-i- (’Yg + Az + ,ug)—,

vh

- _ - B < _ - AW,
AoT2 + @oTs = (AoAr + Gop) AW + (Aoda + Bop2) VI + (Aods + @OUS)Wa
2 (AW,)*
1Ty + P T3 = (Bid + i) (AW,)™ + (Bada + mapin) b + (BsAs + mapis) 3

+ (Bide + BaAu + Mgt + nopun ) VRAW, + (BaAs + Bada + 1aps + iy p0) (AW,,)?
(AW,)?

\/E ’
and then by parameter values in solution (23) of system (16) with assumption
Ao = po we get

+ (B1As + Bsd + mips + n3pn)

T+ Ty + T3 =AW,
XTs + @ T3 = 1AW, (27)
(plTQ + (I)2T3 == %(AWH)Q - %h
In addition, considering stochastic variables ©; = v;AW,, and © = AW,
and using first equation in system (18), we obtain

1
Oéz@l + a3@2 = §AWH (28)
Now by employing system (14) and inserting (27) and (28) in (26),
1 1
Trir = xn<1 +ah+ Sa’h? 4 BAW, (1 +ah) + 58 (AW,)* - h)). (29)

Let us denote y, = ||z,||*> = E|z,|?>. Taking the square of the mean square
norm of (29), by this property of moments of the Wiener process AW,,, that
state E[(AW,)"] = 0 if n is an odd number and E[(AW,)"] = (n — 1)(n —
3)(n—>5)...1if nis an even number, the following one-step difference equation
is obtained:

1 1
Yntr = Ya(|L + ah + 5B + BRI+ abl” + S |B]'). (30)
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If we take A = ah and k = —f3%/a, then h3? = —kA and therefore, the one-
step difference equation (30) becomes of the form y,1 = P(A, k)y,, where

1 1
P(AK) = ]1+A+§A2\2+ 114+ A]?|AK| +§\Ak]2. (31)

The region determined by R = {(A,k) € R? : |P(A,k)| < 1} is called the
region of MS-stability of the scheme.

Notice that the stability function P(A, k) is same with the stability function
of Platan method [7] and with the stability function of family A in [14] with
parameter ap = % and hence MS-stability region of this class of schemes is
similar to MS-stability region of these methods. Fig 1 shows the region stability
of this class of weak order 2 stochastic RK methods.

FIGURE 1. MS-stability region.

5. Numerical experiments

In this section we employ numerical examples to examine and illustrate
stochastic Runge-Kutta methods developed in this article. Each example is
solved by a method for 5,000 independent sample paths with step size h and
then mean of these solutions is considered as the weak numerical solution[6, 7].
Error and standard deviation of each method is calculated as follows:

= ‘E[m] — Elz(1)],

o = \JElz3] - B[],

where x(7T") and xx are the exact solution and numerical solution at the end
time T, respectively. To simulate the increments AW, we use a normal dis-
tribution N(0, h).
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Example 5.1. Consider non-linear SDE
1
dz(t) = (gx(t)l/?’ + 6z(t)¥3)dt + x(t)*2dW (t), z(0) = 1, (32)
with exact solution x(t) = (2t + 1+ WT@))?’
We compare SRK1 method and SRK2 method with Platen method. The first
moment of the solutions will be approximated at T = 1 whose exact solution is

Elz(1)] = 28. The errors and standard deviations of the employed methods has
been summarized in Table 1. Moreover, the speed of the methods are compared

TABLE 1. Errors and standard deviations in the approximation
of Elz(1)] in Example 5.1.

Platen SRK1 SRK?2

h err s.d err s.d err s d

V5,874 6.11 5.197 6.26 5291 6.2
2 2182 7.99 1.845 8.09 1.888 8.08
50772 871 0.649 8.75 0.664 8.75
—0.229 9.23 0.191 9.24 0.196 9.2/
= 0.029 9.17 0.019 9.17 0.020 9.17

and time of computations are summarized in Table 2 as CPU-time.

TABLE 2. CPU-time of evaluations to approximate E[z(1)] in
Example 5.1.

h Platen SRK1 SRK?2

271 0.078125 0.062500 0.062500
272 0.109375 0.140625 0.125000
273 0.171875 0.296875 0.281250
2 4
2 5

0.8359375 0.453125 0.453125
0.718750 0.921875 0.921875

Example 5.2. Consider the following system of SDEs
dzy1(t) = 0.5a%x, (t)dt + azo(t)dW (t),

2 (33)
dxs(t) = 0.5a°xo(t)dt + ax,(t)dW (t).
The exact solution of system (33) is
cosh ((aW (t) 4 cosh™" (21 (0
o (t (:(0))) -

sinh (aW (t) + Sinhfl(m(o)))

We estimate first moments of components x1 and x4 at'T’ = 1 employing Euler-
Maruyama method and SRK1 method. FErrors of approximations are given in
Table 3 for a =1.
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TABLE 3. Errors in approximation of first moments E[x;(1)]
and E[zy(1)] in Example 5.2.

FEuler SRK1
h  Elr (1)) Elzs(1)] Elzi(1)]  Elze(1)]
1071 1.638840 1.110225 0.030163 0.042791
1072 0.896515 1.701824 0.003467 0.005086
1073 0.869014 1.691193 0.000365 0.000539

Example 5.3. In this ezample we consider the stability of schemes SRK1 and
SRK2 by applying the difference equation (29) with equidistant step size h to
the linear test SDFEs

dz(t) = ax(t)dt + Sz (t)dW (t), =(0) =1

with the following values for o and B:

(i) a = —100, 5 =10 and h = 0.005,

(ii) a« = —100, 5 =10 and h = 0.01,

(iii) o = —120, = 11 and h = 0.01.

In cases (i)-(iii) we have respectively P(A,k) = 0.640625 < 1, P(Ak) =
0.75 < 1 and P(A, k) = 1.05085 > 1 and so for examples (i) and (ii) schemes
are MS-stable and for example (iii) they are MS-unstable. Running a MATLAB
code with 10,000 independent trials, the results, summarized in Table 4, confirm
the above analysis.

TABLE 4. Values of |z(t)||* = Elz(t)|* using RK scheme for
test examples (i)-(iii).

[z(®)* = Elz(t)?

/ 0 (ii) (i7i)
0.01 0.637739 0.791478 1.013640
0.02 0.233158 0.600301 1.351227
0.08 0.064782 0.333358 0.594226
0.04 0.019702 0.21517} 0.551664
0.05 0.004635 0.072973 1.542861
0.06 0.000846 0.093904 1.250331
0.07 0.000875 0.029113 0.270396
0.08 0.000139 0.002788 1.161399
0.09 0.000018 0.001060 &5.229528
0.10 0.000003 0.000079 3.321441

6. Conclusions

In this paper, we studied a family of three-stage stochastic Runge-Kutta
methods. The conditions that must satisfy in order to the methods have
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weak order two were obtained. The SRK1 method and the SRK2 method
were obtained as particular solutions of the conditions. It was shown that the
Platen method can be also concluded as a particular solution of this family.
Numerical simulations show that errors resulted by SRK1 and SRK2 methods
are less than Platen method for each step size. Moreover, CPU-times for these
methods have less values in large step sizes but not in small step sizes due to
an extra stage in these methods rather than Platen method. In addition, the
mean-square stability of some particular schemes of this family was studied
and the stability function and the region of stability were given. The region
of stability is same as the region of Platen’s method. Also, the stability of the
obtained stochastic schemes were numerically compared for various values of
parameters and step sizes.
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