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CREDIBILITY FORMULAS ALLOWING EFFECTS LIKE
INFLATION

Virginia ATANASIU*

In acest articol, vom obtine, la fel ca si in cazul modelelor clasice de
credibilitate, o solutie de credibilitate sub forma unei combinatii liniare a estimarii
individuale (bazata pe datele unui stat particular) cu estimarea colectiva (bazatd pe
datele agregate SUA).

In this article we will obtain, just like in the case of classical credibility
model, a credibility solution in the form of a linear combination of the individual
estimate (based on the data of a particular state) and the collective estimate (based
on aggregate USA data).
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1. Introduction

The article contains a description of the credibility formulas, allowing
effects like inflation.

In Section 2 we give the simple model, which involves only one isolated
contract.

The simple model, involving only one contract, contains the basics of all
further regression credibility models.

In this section we will give the assumption of the simple regression
credibility models and the optimal linearized regression credibility premium is
derived.

Section 3 describes the classical model. In the classical model, a portfolio
of contracts is studied.

Just as in Section 2 we will derive the best linearized regression credibility
premium for this model and we will provide some useful estimators for the
structure parameters.

2. The simple model allowing effects like inflation

In the simple regression credibility model, we consider one contract with
unknown and fixed risk parameter &, during a period of t (= 2) years. The yearly
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claim amounts are denoted by X,..., X, . Suppose X|,...,X, are random variables

with finite variance. The contract is a random vector consisting of a random
structure parameter € and observations X ,..., X, . Therefore, the contract is equal

to(6,X"), where X'=(X,,...,X,). For this model we want to estimate the net
premium: ,u(@) =FK (X ;| 9), j= 1,¢ for a contract with risk parameter 6.

Remark 2.1

In the credibility models, the pure net risk premium of the contract with
risk parameter 6 is defined as:

u(6)=E(x,16)vj=11 @.1).
Instead of assuming time independence in the net risk premium (2.1) one

could assume that the conditional expectation of the claims on a contract changes
in time, as follows:

u,(0)=E(x,10)=Y",b(0)vj =11 (2.2),
where the design vector Y ; is known (Y ; is a column vector of length g, the non-

random (qx1) vector Y, is known) and where the components of b(@) are the

unknown regression constants (b(H) is a column vector of length q).

Remark 2.2

Because of inflation we are not willing to assume that E(Xj |6’) is
b(0).

When estimating the vector B from the initial regression hypothesis

independent of j. Instead we make the regression assumption £ (X ;| 6) =Y,

E (X j): Y', B the actuary found great differences. He then assumed that to each

of the states there was related an unknown random risk parameter € containing
the risk characteristics of the state, and that’s from different states were
independent and identically distributed. Again considering one particular state, we
assume thatE(Xj | 6’): Y, b(6), with E[b(0)]= B

After these motivating introductory remarks, we state the model
assumptions in more detail.

Let X =(X,,..X,) be an observed random (¢x1) vector and € an

unknown random risk parameter. We assume that:
(Hy) E(X|6)=Yb(6).
It is assumed that the matrices:
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(H2) A =Corfp(o)(a =A%),
(Hy) @ = E[Cov(x | 0)} (@ = 0"
are positive definite. We finally introduce:
(Ho) E[p(0)]= 5.
Let ;1 ; be the credibility estimator of u; (49) based on X . (Theory: A

. !

linear estimator X 1 = a, + Zanj of X
Jj=1

if it satisfies the normal equations:

E(X,Hj - E(x,,) (2.3),

is a credibility estimator if and only

t+1

COV(XH] X jj = Covlx,,,,X,), j=11 (2.4)).

The optimal choice of ;1 ; 1s determined in the following application:

Application 2.3: The credibility estimator ;1 ; is given by:

u =1, 261~ 2)p) @),
with:

b=(roy)'vo'x 2.6),
Z=-Avo ' yY(+Aarey) @.7),

A A (gx1)

where / denotes the g x ¢ identity matrix {lz =b z=:z (W)J for some fixed j.

Proof. Let: u; =y,+y'X, where y, is a scalar constant, and y is a constant

(¢x1)  vector. We  write the normal  equations (2.4) as:
Cov(;zj,l'j = Cov[,uj (6’),1’], that is:

7' Cov(X)= Cov|u, (6), x| (2.8).
We have:

Cov(x) = E[Cov(X | )]+ Co[E(X | 0)] = @ + Cor[yb(0)] = @ + Corly (o) (v5(0)) ]
= @+ Cov[Yb(0),6(0)Y'])= @+ YCoV[b(0)]r'= @ + YAY' and Cov(u,(0),X')=
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= Elu, ()X~ Elu, (O)|E(X") = E{E|u,
= £l (0)E(x| 0)]- Elu, (0)JE[E(x"| 0)] = Corfu, (0) E(x 0)] = Cory
-b(6),(x6(0))] Cole b(6),6(0) _'Jzszov[_( O)r'= Y AY', and insertion in
(2.8) gives: y (<D+YAY) Y JAY', that is:

)
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> &
o =
—
B
N——
=
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e
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|

=Y AV @+ YAY)' =, AY 0 (14 YAY'®™ ) (because: @7 (1 +YAY"

o) =[r+rare o =(0+yare o) = (@+yAY)"). For the

development of an expression for ,Zl ;» we shall need the following lemma: “Let
A be an (rxs) matrix and B an (s x ) matrix. Then:

(L+4B)' =1-A(L+BA)'B

if the displayed inverses exist”. This lemma now gives: y'=Y LAY [[ -Y-

—j=— =

(r+avo ) ave |-y [ave —are Y(+Avey) Ave”

v -Are i+ are ) hrot =y [+ Avo 'y Ave.  This

gives: 7 X =1 ([+Ar@”Y) Avo X =7 (14 A0 Y) AV O vb, with

b given by (2.6), and we get:

I >

yx=¥ -1+ av0y)'h=¥ Ave v(r+arey)
that is:

yX=Y,Zb 2.9),

b

with Z given by (2.7). Now (2.5) follows from (2.9) and (2.3). Indeed: E(;ljj =
(22) , . :

— Elu,(0)|= E(yo +Y, ij E[Z jzg(e)]@ E(y,)+ E(Z jglgj =Y E[b(0) =

(H,) (2.10)

Sy +Y, ZE[ j Y, Bor+Y,ZB=Y, por =Y ,I-2)8 @I,

NeO g I )
where: E(Qj “(ro'y)'ro'Ex)=(ro'y) re E[E(X|6?)] =

- (o o'y o vEpO) = o y) (re )
B=Pp (2.10).
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(2.11)

So: p, =1, +7'X = Y (L-2)B+Y,zb= Z,-[zé+ (z —Z)é} 0

Remark 2.4

By the credibility estimator of a vector we shall mean the vector of the

credibility estimator of each element of the vector to be estimated. Let é be the
credibility estimator of the vector ﬁ(&)z Y Q(H), where the non-random (z‘xq)

matrix Y is known. Then we clearly have:
p= z[zzz +(1- z)g} (2.12)
An interesting special case is Y =/, where we get:

b=2b+(1-2)p (2.13),

as the credibility estimator of b(6).
We introduce the following definition:

Definition 2.5:

A

Let 7(8) be a real-valued function of @ and r an estimator of (6). We
shall say that r is a @-unbiased estimator of (@), if E(r | 0) =r(0) as.
By the requirement of & -unbiasedness for 4, (0), we obtain the following

application:

Application 2.6 The best linear ¢ -unbiased estimator of 4, (0) based on
X is:

A

Hy;=Yb (2.14),
for any fixed j = E , where b is defined by (2.6).

Proof. Let u ;=8 +g'X be a linear f-unbiased estimator of s, (). Then:

E(,uj |0j=uj(t9) a.s., that is (see (2.2)): E(g0 +gl|¢9)zzjlg(6’) a.s., or:
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&o +§'E(X 10)=Y,b(6) as., or (see (H1): g, +§'Xlg(6’) =Y b(0) as., that is:
g, =1, - g'Yp(0) as. 2.15),
and thus: 0 = Cov[g,,b(0)]= Covl(_yj - g')_’)é(@),l_)(@)‘J = (Z, -g'Y ov][b(6),

, (H)
,l_)(H)']z (Z,- -gY ov[lg(ﬁ)] i (Zj —gZ)A. As A was assumed to be positive

Y, o..oT,
definite, we must have: Zj =g're (al,...,aq)z(gl,...,gt R
KI thq

= (al,...,aq)z (leM +ot g Y gt, +...+g,qu)<:> a, = Zgj,Yj,i,i =lLg &

t
ea-2¢,Y,=0i=lg (2.16),
j'=1
where: Y, =(a1,...,aq ) and Y = (Yij,)fZIL. Inserting this (X'/ =g'Y) in (2.15)
j'=lq ST
4 ‘ ,
gives: g, =0. So: u; =§'£=Zgj,)(j, , Where g =(g1,g2,...,gt) . Thus we
j=l N

have to minimize F {[,u ; (0)— g'X ]2} under the constraint (2.16). Let:

0=l (0)-gx} )+ 22%(% —jzt;g,-.Y,-,,} S E{[/J,(é’)ig,,){j}zk

J=l

q t
+22y/{ai—2gj,fﬁ], where y,,...,y, are Lagrange multipliers. By the

i=1 =1

.. 0 —
necessary extreme conditions 90 =0,k=11 we get:
8k
t q J—
E[(,uj (0)— Zgj,Xj.ij:l + Zy/l.Yki =0,k=1¢t and, by the -constraint,
j'=l i=1

t q J—
COVK/J].(G)—Zgj,Xj,],Xk]+Zinkl. =0,k=L¢t, or in vector form:
j=1

i=1

Cov[g,yj(e)—xgqu:o, with 7% =(1//1,...,1//q)'. We get:

Covli M (G)J— Cov[i , X' §J+ Y Y= 0, or, by using the proof, the notations of
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Application 2.3, one obtains: YAa — (@ +YAY ')g +Yy =0 and, once more using

the constraint: ® g =Yy, one obtains: g = Ty ¥ . Whence:
g'=y' Yo" (2.17),

and thus: g'Y =Z'X'971Z. The constraint now gives: Zj =gY =Z’Y'@71X,

that is: X'j(_'@_l_)fl. Insertion in (2.17) gives: g’:Y' (Y'd)f1 Y 1Y’(IYI,
z S A
A ) LoV 4 (26) , ~ )
and we get: =g'£=zj(f@ Z) YO0 X =Y,b. This proves the
application. ]

Remark 2.7

As by the credibility estimators, we directly transfer the results of

Application 2.6, to estimation of vectors and get that 4 =Yb is the best linear 6-

unbiased estimator of H(Q) =Y 12(6’) and as a special case, that b is the best linear

6 -unbiased estimator of h(6). This last result gives the following interpretation
of (2.13).

Application 2.8: The credibility estimator b of b(H) is a weighted mean of

the best linear §-unbiased estimator b of h(@) and the expectation pof b(8).

3. The classical model allowing effects like inflation

In this section we will introduce the classical regression model, which
consists of a portfolio of k contracts, satisfying the constraints of the simple
model.

The contract indexed j is a random vector consisting of a random structure
0, and observations X ,..., X ;. Therefore the contract indexed j is equal to

(0,,). where &', = (x

contract are (Qj,l j), j =1,_k). Just as in Section 2 we will derive the best

X j.,) and j =1,k (the variables describing the ;"

120

linearized regression credibility estimators for this model.
Instead of assuming time independence in the net risk premium:

wo,)=E(x,16,)j=Tkq=11 3.1)
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one could assume that the conditional expectation of the claims on a contract
changes in time, as follows:

,uq(Hj):E(qu |6’j)=yjq,3(6’j),j:1,_k,q:1,_t (3.2),
with y . assumed to be known and () assumed to be unknown..

Consequence of the hypothesis (3.2):

ﬁ(z,l) (‘9,-): E(K, | 9]’): x(t,n)é(n,l) ((91_ )’] 1k (3.3),

where x” is a matrix given in advance, the so-called design matrix, and where

the é(@_/) are the unknown regression constants. Again one assumes that for each
contract the risk parameters é(@ j) are the same functions of different realizations
of the structure parameter.

For some fixed design matrix x“" of full rank n (n<t), and a fixed
weight matrix v{"”, the hypotheses of the classical model are:

(H1) The contracts (6’ X j) are independent; the variables 6,,...,6, are
independent and identically distributed.

(Hy) E(X?‘” | 6’1.)= xt gy (Gj)j =1,k, where f is an unknown
regression vector;
Cov(git’l) 16, ): O'Z(Hj )vy") ,  where: az(Hj): Var(Xj, | Hj), Vr=1,¢ and

(2.)

v, =v;" is a known non-random weight (¢ x t) matrix, with rank v, =t,j= Lk.

We introduce the structural parameters, which are natural extensions of
those in the Bithlmann-Straub model. We have:

s* = Elo*(0,) (3.4)
a=a"" = Cov[_(Hj )] (3.5)
b=b"" = Ep(o, ) (3.6)
where j = l,_k

After the credibility result based on these structural parameters is obtained,
one has to construct estimates for these parameters. We use the following
notations:

_ A _ ( )
c,=c;" =CollX,

_ () _( ol )*1
u, =u;  =\xv,x

z;=z"" = a(a +5%u, )_] = [the resulting credibility factor for contractj], j=1k.
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We can now derive the regression credibility results for the estimates of
the parameters in the linear model. Multiplying this vector of the estimates by the
design matrix provides us with the credibility estimate for H(H ’ ), see (3.3).

Theorem 3.1: (Linearized regression credibility premium)

The best linearized estimate of E @(”’1) (19 ; )| X jJ is given by:

_ _(n,n) p(n,n) (n,n) Y. (n,1)
M;=z""B, "‘(I_Zj )é (3.7),
. . . n (n,1) : 1 .
and the best linearized estimate of E |_x(’ ) B (9 ; )| X jJ is given by:
(t,n) _ (tn) | (n,n) pnn) (n,n) (n,1)
x"M  =x lzj B; +(1—zj )Q J (3.9),

where B, is the classical result for the regression vector, namely the GLS-—
estimator for é(&/) [if ¢, = s’y i +xax'],j = I,_k, then the vector B; minimizing
the weighted distance to the observations X ;,d (§ ; )= (X ;—XxB; ) v;' ({ ;—XxB, ),
can be written as:

B, = (x'vf'x)_lx'vTIX. =uxv'X, = (x'c’.'x)_lx'cTIX4 in case

—J J J —J J J —J J Jj =i’ :

For the proof see [11].
Remark 3.2

From (3.7) we see that the credibility estimates for the parameters of the
linear model are given as the matrix version of a convex mixture of the classical
regression result B ; and the collective result b .

Theorem 3.1 concerns a special contract j. By the assumption, the
structural parameters a,b and s> do not depend on j. So if there are more
contracts, these parameters can be estimated.

Every vector B, gives an unbiased estimator of b . Consequently, so does

every linear combination of type Za ;B,, where the vector of matrices
j

(a(."’”))_ —, is such that:
J j=Lk

k
Za;n,n) — [(n,n) (39)

j=1

The optimal choice of a;”’”) is determined in the following application:
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Theorem 3.3: (Estimation of the parameters b5 in the regression

credibility model)
The optimal solution to the problem:
Mind(c) (3.10),

5 ,
def .
=k (b_za/ﬁ/) P(é—zajﬁf] = (the
» J

where: d(g)zHQ—Zajgj
j

distance from (Z a,B j} to the parameters b), P=P"" a given positive
j
definite matrix, with the vector of matrices o = (a ; )j=ﬁ satisfying (3.9), is:

b =2"'YzB, (3.11),

k -
where: Z:sz,and: z; is defined as: z, =a(a+s’u,)”,j=1k.
=

For the proof see [11].
Theorem 3.4: (Unbiased estimator for s*> foe each contract group)

In case the number of observations 7, in the j * contract is larger than the

number of regression constants n, the following is an unbiased estimator of s°:
A 1 '
2 -1
3 :m(gj—xigj)vj (x,-x,B,) (.12).
j

For the proof see [11].

Corollary 3.5: (Unbiased estimator for s> in the regression model)

Let K denote the number of contracts j, with £, > n. Then E [SZJ =g2, if:

C
s’ = Ds? (3.13).

Jitj>n
For a, we give an unbiased pseudo-estimator, defined in terms of itself, so it can
only be computed iteratively:

Theorem 3.6: (Pseudo-estimator for a)
The following random variable has expected value a :
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A 1 A A !

a= T2 zj(gj —lz)(gj —Q) (3.14).
J

For the proof see [11].

Remark 3.7
Another unbiased estimator for a is the following:

2’ = 1/(W42 _zwjz’gézwiwj<§i —Ej)(ﬁi —Ej)l _SAZ iW,(W, _Wj)“/} , (3.15),
L] J=

- k
where w, is the volume of the risk for the j * contract, j =1,k and w = ij .
j=1

Observation 3.8

This estimator is a statistic; it is not a pseudo-estimator. Still, the reason to
prefer (3.14) is that this estimator can easily be generalized to multi-level
hierarchical models. In any case, the unbiasedness of the credibility premium
disappears even if one takes (3.15) to estimate a .

4, Conclusions

The article contains a credibility solution in the form of a linear
combination of the individual estimate (based on the data of a particular state) and
the collective estimate (based on aggregate USA data). This idea is worked out in
regression credibility theory.

In case there is an increase (for instance by inflation) of the results on a
portfolio, the risk premium could be considered to be a linear function in time of
the type f3,(0)+1,(0). Then two parameters S,(0) and S,() must be estimated

from the observed variables. This kind of problem is named regression credibility.
This model arises in cases where the risk premium depends on time, e.g. by
inflation. One can assume that a linear effect on the risk premium is a good
approximation to the real growth, as is also the case in time series analysis.

These regression models can be generalized to get credibility models for
general regression models, where the risk is characterized by outcomes of other
related variables.

This paper contains a description of the regression model allowing for
effects like inflation. If there is an effect of inflation, it is contained in the claim
figures, so one should use estimates based on these figures instead of external
data. This can be done using regression model.

In this article the regression credibility result for the estimate of the
parameters in the linear model is derived. After the credibility result based on the
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structural parameters is obtained, one has to construct estimates for these
parameters.

The mathematical theory provides the means to calculate useful estimators
for the structure parameters.

The property of unbiasedness of these estimators is very appealing and
very attractive from the practical point of view.

The fact that it is based on complicated mathematics, involving conditional
expectations and conditional covariances, needs not bother the user more than it
does when he applies statistical tools like discriminant analysis, scoring models,
SAS and GLIM.

In this paper we mixed all the elements from the reference for the
credibility theory into some examples, which leads to the credibility formulas
allowing effects like inflation and which can be applied in order to solve a number
of practical insurance problems. The goal of these examples is to illustrate how
practical problems can be translated into problems that can be handled through the
credibility formulas allowing effects like inflation.
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