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FIXED POINT THEOREMS ON MODULAR FUZZY METRIC SPACES.

by Hanaa Kerim!, Wasfi Shatanawi?, Abdalla Tallaftha® and Taqi A. M. Shatnawi*

In this paper, we present a new space which is a melange between a fuzzy
metric space and a modular metric space. We state some properties and examples of
our new space. Then, we formulate and prove the existence and uniqueness results of
a fized point for continuous mappings under this new space. To support our results, we
introduce some examples and an application.
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1. Introduction

In 1922, Banach [4] put the main stone of the fixed point theorem on metric spaces.
Then after, many authors came to treat this topic in their researches. Some scientists
implemented different spaces to enhance the Banach contraction theorem to larger spaces,
see as an example [2, 5, 11, 13, 20, 21, 25, 28, 32, 33].
In 1965, Zadeh [38] presented the concept of a fuzzy set. Ten years later, Kramosil and
Michalek [26] stated the definition of fuzzy metric spaces. In 1988, Grabiec [18] implemented
the notion of fuzzy metric space to extend the Banach contraction theorem over this space.
Posteriorly, George and Veeramani [15] employed the definition of t-norm to formulate and
introduce some results on the notion of a fuzzy metric space. Then, several researchers
presented different contraction conditions over fuzzy metric spaces, see [12]-[16].
In 2010, Chistyakov [8] introduced the notion of modular metric spaces. Then, numerous
mathematicians discussed different results in their works over modular metric spaces, for
example, look at the references [1]-[29].
In this paper, we introduce a new space named modular fuzzy metric space. We launch
some fixed point results over a modular fuzzy metric spaces. To analyse our work, we state
some examples, corollaries, and an application.

2. Preliminaries

In this section, we will recall some definitions which are crucial in this paper.
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Definition 2.1. [38] Let E be any set. A fuzzy set E in Z is a function with domain = and
values in [0, 1].

Definition 2.2. [36] Given a binary operation x : [0,1] x [0,1] — [0,1]. An operator * is a
continuous t-norm if Vo, 8,7,8 € [0,1] satisfy:
(1) axfB=pFx*a.
(2) (axB)xy=ax(Bx*x7) .
(3) axl=aqa.
(4) fa<~vyand B <0, then axf <yx*d.
George and Veeramani [15] in 1994 introduced the concept of a fuzzy metric space
using the defintion of t-norm as follows:

Definition 2.3. [15] The triplet (2, A, *) is called a fuzzy metric space if 2 is an arbitrary
set, x is a continuous t-norm and A is a fuzzy set on = x 2 x (0,00) — [0,1]; for all ¢, n,?
in =, and for all s,t > 0 satisfying the following conditions:

1) A(e,n,0) =0, A(¢,n,t) >0, ¥t > 0.

t,m,t) =1 if and only if L = n, for all t > 0.

(
(2) A,
(3) Ale,m,t) = Aln,e,t).
(4) A(
A(e,

2)
3)
4) A(e,n,t) « A(n,9,8) < A, 0, + s).

tym,.) 1 (0,00) = [0,1] is left continuous.

()

Here, A called a fuzzy metric on Z.

Example 2.1. Let (£,d) be a metric space. Define a x 3 = aff for all o, € [0,1], and
A:ExEx(0,00) = [0,1] as
t
A 9 7t = T
(&, %) t+d(t,m)
Vi,n € Z and t > 0. Then (Z,A,*) is a fuzzy metric space; called fuzzy metric induced by
the metric d.

The notions of convergence, completeness and compactness on fuzzy metric spaces
were presented in [15] as follows:
Definition 2.4. [15] Let (2, A, %) be a fuzzy metric space.
(1) A sequence {tx}ren in E is convergent to an element 1 € Z if KILH;O Alig,t,t) =1, for
allt > 0.
(2) A sequence {i}ien in E is Cauchy if for all 0 < € < 1 and for t > 0, there exists a
number ko € N such that A(tw, Le,t) > 1 — € for each k,§ > Ko.
(3) A fuzzy metric space in which every Cauchy sequence is convergent is said to be com-
plete.
(4) A fuzzy metric space in which every sequence has a convergent subsequence is said to
be compact.

In 2010, Chistyakov [8] defined the notion of modular metric spaces as follows:

Definition 2.5. [8] A modular metric on a nonempty set Z is afunction O :(0,00)XEXE —
[0,00) that will be written as O,(¢t,n) = O(0,t,m); for all v,n,¥ € = and for all g, > 0,
satisfy the following three conditions:

(1) B4(t,n) =04if and only if t=mn, Yo >0 and t,n € E.

(2) ©4(1,m) = Op(n,¢), Yo >0 and ¢,n € E.

(3) Opto(t,n) < BL(1, ) +O,(,n); for all p,0 >0 and ¢,n,V € =.
Remark 2.1. Let © be modular on a set Z. Then for given v,m € Z, the function 0 < o —

©,(t,m) € (0,00) is non increasing on (0,00). In fact if 0 < o < o, then by above definition
00 (121) < Oy o(1r1) + Oltsn) = O (1) for all 1,1 € =.
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Definition 2.6. [10] Given a modular © on E, a sequence {i;}xen in g is said to be
modular convergent to an element 1« € Z¢g if there exists a number o > 0, possibly depending
on {ix} and v, such that lim ©,(t,t) =0. i.e Ly — L as K — o0.

KR— 00

Definition 2.7. [10] Given a modular © on =, a sequence {iy}xen in Zo is said to be
modular Cauchy if there exists a number ¢ = o({tx}) > 0 such that lgim O (ty,te) =0.
Ky —00

Definition 2.8. [10] A modular space Eg is said to be modular complete if each Cauchy

sequence in Eg is modular convergent. In fact, if {.} C Eq and there exists o = o({tx}) > 0

such that lm ©O,(t,te) =0, then there exists 1 € Zg, such that lim ©,(.,t) = 0.
K,E—00 K—00

Definition 2.9. [1] A modular © on = is said to be satisfied the Ay-condition zf hm O,(tk,t)
0, for some o > 0 implies that h_}m O,(ty,t) =0, for all o > 0.

3. Main results

In this section, we construct a new space called a modular fuzzy metric space. We
present some examples of this space. Also, we formulate and prove some new fixed point
results under this space. We start by presenting the following definitions.

Definition 3.1. A modular fuzzy metric space is the triplet (2,¢,,*) such that E is an
arbitrary set, (%) is a continuous t-norm and C, is a fuzzy set on (0,00) x 2 x E x (0, 00) —
[0,1]; for all t,n, ¥ in 2, and s,t > 0 satisfying the following conditions:

(1) Cole,m, )—0 Coltymyt) >0, for allt,o > 0.

(2) Cole,myt) =1 if and only if L = n, for all t, o > 0.

(3) Coltsmst) = Co(n,,t), for allt, o > 0.

(4) Coltym,t) % (om0, 8) < Coipolt, U, t+s), for allt, s, o,0> 0.
(5) Coltym,.) : (0,00) — [0,1] is left continuous.

Here, (, is called a modular fuzzy metric.

Definition 3.2. Let (5, (,, *) be a modular fuzzy metric space.
(1) A sequence {ix}ren in E is convergent to an element ¢ € = if lim (,(t,t,t) =1 for
K—00

all t > 0 and some o > 0.

(2) A sequence {1 }ren in Z is Cauchy if for all 0 < e < 1, there exists a number kg € N
such that Co(ts, e, t) > 1 —€, for each k, & > Ko and some o > 0.

(3) A modular fuzzy metric space in which every Cauchy sequence is convergent is said to
be complete.

(4) A modular fuzzy metric space in which every sequence has a convergent subsequence
is said to be compact.

Definition 3.3. A fuzzy modular metric (, on = is said to be satisfied the Ao, -condition if
lim (,(tk,t,t) =1, for some o > 0 and for some t > 0 imply that Um (,(ix,¢,t) =1, for
K—>00 K—>00

all o > 0, and for all t > 0.

Example 3.1. Let (Z,0,) be a modular metric space. Define a3 = af for all a, 5 € [0, 1],
and C, : (0,00) x 2 x = x (0,00) — [0,1] by

Celont) = 7

Then (2, (o, *) is a modular fuzzy metric space.
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Proof. Let ¢,n € = and ¢, > 0. Then, (, satisfies (1), (2) and (3) of the definition of the
modular fuzzy metric space. Now, we will prove that (s (¢,7,¢) %, (1,9, 5) < Cotpo(t, 9, t+5).
By the definition of the modular metric space, we have

Oo+0(1; V) < Og(1,m) + Og(n, V).

Hence . .
+s +s
®U+Q(L7 19) S TGU(L7 7]) + 6@(777 19)
* (1.1) + 10, (1)
1 1 1 5045 (t,m) +tO,(n, v
o 719 < - o\by - a,& - ’ e ! .
0o 0) £ 704(01) + 10,1, 9) *
Then
1 890(57 77) + tGQ(na '19)
1 T, VYo 719 S 1 .
+ t—|—8@ +o(, V) + ts
Since O (¢,1m)O,4(n,¥) > 0, we have
t+ 5+ Optp(t,0) clst $04(1,m) +16,(n, V)
t+s - ts
< 18450 (1,1) +10o(1, ) + O (1,1)O (1, V)
— ts )
which gives:
ts < t+s
ts + SGU(Lv 77) + tGQ(n’ 19) + @U(L7 T])@.Q(n’ 19) T tts+ ®U+Q(L7 19) .
Hence
t « s < t+s
t4+0,(t,m) " s+ 0,(n,9) T t+ s+ Ouip(, )’
Thus
Ca(La n, t) * Cg(na 9, 5) < Co—&-g(% 9,1+ s).
O
Remark 3.1. (1) For ©,(t,n) = IL;”', we have (,(t,n,t) = ﬁ is a modular fuzzy
metric. ‘
— L] ot :
(2) For ©,(t,n) 071+ we have ColL,m,t) L 65 ¢ modular fuzzy metric.
o

Example 3.2. Let (E,0,) be a modular metric space. Define axf = af for alla, 5 € [0,1],
and C, : (0,00) x 2 x = x (0,00) — [0,1] by

C@(Lﬂ%t) = exp{ _ M}

Then (E,(,, *) is a modular fuzzy metric space.

Proof. Let ¢,n € Zand t, o > 0. Then (, satisfies (1), (2), (3) and (5) of the definition of the
modular fuzzy metric space. Now, we will prove that (,(¢,7,¢)*(,(1,9,5) < Coqp(t, U, t+5).
By the definition of the modular metric space, we have:

®U+Q(L719) < @U(Lvn) + 69(77’79)7

which gives:
t+s

t+s
@U-FQ(L”ﬂ) S TGU(Lvn) + 99(77’19)

So
1

_— <
P 890+g(bv19) S

| =

1
90(L7 77) + g@Q(na '19);
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which imply that

1
_m90+g(b’19) > _7@0'([‘777) - 7@.9(77719)
Hence
1 1 1
exp{ — m60+g(L,ﬁ)} > eXp{ - 260(5777) - ;@Q(L,ﬁ)}
1 1
—exp{ = 50,0} x exp{ = £0,(1.9)}
Thus

CU+Q(L7’L97t+ S) 2 Cﬂ(l’a 777t) * CQ(L7197 5)'
]

Remark 3.2. (1) For ©,(:,n) = ‘L_Qm , we have (y(t,m,t) = exp{ - %} is a modular

fuzzy metric.

(2) For ©,(t,m) = |;jr"1| , we have Cy(L,m,t) = eXp{ - t'&:’ll)} is a modular fuzzy metric.

Theorem 3.1. On a complete modular fuzzy metric space (Z,C,,*), consider a continuous
mapping I' : 2 — Z. Suppose there exist a strictly decreasing, continuous function Y :
(0,1] — [0,00) with Y(1) =0 and a real number H with 0 < H < 1 such that

T(CQ(Fbvrnat)) S HT(CQ(L7nat)) (31)
forall v,n € 2, 1 #n. Then T' has a unique fixed point in =.
Proof. Let 1y be an arbitrary point in Z. Choose ¢1 € E such that ¢; = I'yg. Continuing this

process, we construct a sequence (t,) such that ¢,41 = I'ty, for kK =0, 1, 2..
Let ¢ = t,—1 and n = ¢,;. Replacing this in (3.1), we get

T(Co(Le, I, t)) = T(Co(Ter—1, T, 1))
= T (Coltwr thry1,1))
< HY (Colen—1, 1)) (3.2)
< Y(Colth—1,tr,t)).

Since T is a strictly decreasing function, we obtain

CQ(LH7LK+1)t) > CQ([/K—].?LK?t)‘ (33)
We use the same method for « = 1,9 and 7 = 1,_1, we get
Cg(Lanflat) > Cg(LnthNvat)- (34)

Therefore, (3.3) and (3.4) imply that {C,(¢x,tx+1,t)} is a strictly increasing sequence of
positive real numbers in [0, 1].
Put X, (0,t) = Co(tr, trt1,t). Then {E,(0,t)} is a strictly increasing sequence.
So 3 X(p,t) such that li_>m Yo, t) = X(0,t). Assume that 0 < X(p,t) < 1.
K (o)
By (3.2), we have
T(En(ga t)) < HT(En—l(Qa t))
So,
lim Y (X.(0,t)) < lim HY(X.;-1(0,1)).

K— 00 K— 00
The continuity of YT implies that
T(X(e,t)) < HY(X(o, 1)),

a contradiction. Then X(p,t) = 1.
Now, we will prove that {..} is a Cauchy sequence. Assume not, then for 0 < e < 1,



52 Handa Kerim, Wasfi Shatanawi, Abdalla Tallafha and Taqi A. M. Shatnawi

there exist two sub-sequences {t¢(;)} and {t,(;)} such that for each i € N, let x(i),£(i) € N
satisfying x(), (i) > k and k(i) > £(i) > ¢, such that
Coltu(iys tei)> t) S 1 =€, Coltu(iy—1,tei)—1,1) > 1 — €, Coltniiy—1,te),t) >1—€.  (3.5)

Consider

t
1_6>CQ(LK(7, Le(i)s )>C (Lka( yle(i)—1, 5 ) C (Ln(z 1;%(2’))5)'

By definition of Ag,-condition on = and (3.5), we have

t
Ce (Lr(iy—1- te(i) 5) >1—e

Hence

t
1 — € > Colniys te(iys t) > Ce(Ln(iys br(i)— 172)*1—6-
If i — oo, we have X,.(;)(%, %) C o (Lig(iys Lr(i)—19 2) — 1.
So
CQ(L/{(i)7 L£(1)7t) —1—e
Then by (3.1), we have

T (Coltn(i), teqiy t) < HY(Colbr(iy—1steiy—1,1)) < Y(Coltn(i)—15 tei)—151))-
Thus
1 — € > Coltn(iyy Leiys t) > Coltu(iy—15Le(iy—1,1) > 1 —¢,
which is impossible. Hence {¢,} is a Cauchy sequence in a complete modular fuzzy metric

space. So 3 w € E such that lim ¢, = w, that means lim (,(¢x,@,t) = 1.
K—> 00 K—r00

To show w is a fixed point of I', we have :
I’ is continuous: ¢, — w = I't, = I'w.
By (8.1), we have

T(CQ(‘MFLmt)) < HT(CQ(LH—hLmt))'
Since Y(1) = 0 and for kK — oo, we get
T(Cg(wa F’(D,t)) < HT(CQ(w,w,t)) = HT(l) =0.
So
Co(w, T'w,t) = 1.

Hence, (,(w,['w,t) =1 = I'w = w. Thus w is a fixed point of T".
Now, we will prove that w is unique. Assume not, Jw € Z, such that 'w = w where w # w
and lim ¢, = w. Then

K—00
T(Co(w, @, t)) = T((o(Tw,I'w, 1))
< HY((p(w, w, 1))
t t
< o — P —)).
< HY (G4 (0,00 ) # g (. 5))
Since Y (1) = 0 and for kK — oo on both sides, we have

T(Colw, @,1)) < HY(Cg(w,w, 5) = Gy (.50, 7)) = HT(1) =0.

2
So
T (((w,w,t)) =0.

Hence, (,(w,w,t) =1 = w = w. Thus I' has a unique fixed point w. |



Fixed Point Theorems On Modular Fuzzy Metric Spaces 53

Theorem 3.2. On a complete modular fuzzy metric space (Z,C,, *), consider a continuous

—_

mapping I' : & — Z. Suppose there exist a strictly decreasing, continuous function Y :
(0,1] = [0,00) with Y(1) =0 and a real number H with 0 < H < 1 such that

CQ(Lv n,t) + CQ(FL, L,1) + CQ(”?? I'n, t))
4 2
forallv,n € 2, 1 #n. Then T’ has a unique fixed point in =.

T(C(Te, T, ) < HY (3.6)

Proof. Let 1y be an arbitrary point in =Z. Choose ¢; € = such that ¢; = ['tg. Continuing this
process, we construct a sequence (t) such that ¢,y = Ty, for kK =0, 1, 2..
Let ¢ = t4—1 and 7 = 1. Replacing this in (3.6), we get
T(Co(Te, T, t)) = T (Co(Ttk—1, T, t))
= T(CQ(Lﬁa lr+1, t))

< HT(CQ(LH—M Lk, t) + ig(FLr;—ly lk—1, t) + CQ(LH7;LK) t)) (37)
< T(CQ([/Kflv Lmt) + CQ(FLK717 LH717t) + CQ(LmFLmt)>
4 2
_ T(CQ(Lnflv Lmt) + CQ(LK) Lnflat) + CQ(Lm L/ﬁ»lat)).
4 2
Since T is a strictly decreasing function, we obtain
K—1» Hat Ky *K— 7t Ky YK 7t
Coltms trsn t) > Colbr—1,trs t) + Coltms ti—1,1) n Colt: it 1)
4 2
Hence
Colbrs tp1,t) > Colts tio—1,1). (3.8)
We use the same method for « = 1,9 and 7 = 1,1, we get
CQ(LHa lk—1, t) > Cg(%—c—l» lk—2, t)~ (39)

Therefore, (3.8) and (3.9) imply that {(,(¢s, tkt1,t)} is a strictly increasing sequence of
positive real numbers in [0, 1].

Put . (0,t) = (o(tr, trt1,t). Then {E.(0,t)} is a strictly increasing sequence.

So 3 3(t, o) such that KILIIolO Y.(0,t) = X(0,t). Assume that 0 < X(p,t) < 1.

By (8.7), we have

EH—l(Q? t) + ZK(Q7 t))

T(Sa(et) < HY (=25 :

So,

. . Zn—l(@a t) EK(Q)t)
Jim Y(Su(ort) € Jim AT(Z585 4 =002).
By the continuity of Y, we have

T(S(o,1)) < HT(E(g’t) N E(g,t))’

a contradiction. Then X(p,t) = 1.

Now, we will prove that {i.} is a Cauchy sequence. Assume not, then for 0 < e < 1,
there exists two sub-sequences {¢¢(;y} and {t,(;)} such that for each i € N, let (i), £(i) € N
satisfying x(7), (i) > k and k(i) > £(i) > ¢, such that

Coltu(ys te(i)> 1) <1 =€, Colluiy—1ste(i)—1,1) > 1 =€ Coltuiy—1,te), t) > 1 —€.  (3.10)
Consider

t 4

1 —€ > Coltn(iys be(iys 1) = Ce(br(iys bu(iy—1 5) * G2 (br(i)—15 Le(i) 3

2 )
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By definition of Ag,-condition on = and (8.10), we have

t
Ce (Lr(iy—15 te(i) 5) >1—e.
Thus

t
1 —€> Coltr@y, L), t) > C%(Ln(i)v Ur(i)—15 5) *1—e

Ifi— 00, we have E,{(i)(g, %) = C% (L,{(i),b,i(i),l, %) — 1.
So

CQ(LN(Z-), Le(i)s t)—>1—c¢
Then by (3.6), we have

Coltu(iy—1ste(iy—1>1) + Co(Tlu(iy—1, tri)y—1,1)  Colteiy—1,Treqy—1,1)
T(CQ(LK(i)aLf(i)at))gHT( o\bk (i) £(4) - 0 (%) (%) + o\“§(7) 5 £(4) )
< T(CQ(Ln(i)fleE(i)flat) _ZCQ(FLH(i)flybm(i)flat) n CQ(LE(i)fla;%(i)flvt))
_ T(Cg(bn(i)q, Le(i)—15 t)4+ Coltu(i)s tr(iy—1,1) N Cg(bg(i);u Lg(i)ﬂf)).

Since Y is a strictly decreasing function, (3.10) implies that

1—e+1 1 €
1-— - ot =1—-—=>1-
> T3 1779
which is impossible. Hence {¢;} is a Cauchy sequence in a complete modular fuzzy metric

space. So 3 w € E such that lim ¢, = w, that means lim (,(is,w,t) = 1.
K— 00 K— 00

To show w is a fixed point of ', we have :
I' is continuous: ¢, > w = 'y, = ['w.
By (3.6), we have

Cg(bn—la Lmt) + CQ(FLK—h LH—17t) CQ(LmFLmt)>
+
4 2
CQ(Lnflvllmt) +CQ(LN7LK171)t) CQ(LK7LN+17t))
4 + 2 '

Y(Coltms T, 1)) < HT(

gHT(

Since Y(1) = 0 and for k — oo, we get

Cg(wuwat) +CQ(W7W7t) Cg(w7w7t)
+
4 2
Hence, (,(w,I'w,t) =1 = I'w = w. Thus w is a fixed point of T'.

Now, we will prove that w is unique. Assume not, Jw € =, such that 'w = w where w # w
and lim ¢, = w. By (3.6), we have
K—00

Y (Cy(w, Tw, ) < HT( ) = HY(C,(w,w,t)) = HY(1) = 0.

T((p(w,w,t)) = T((,(Tw, T'w, t))

< HT(CQ(w,w,t) + (o(Tw, w, t) n Cg(w,Fw,t))
4 2
Colw,wm, ) +1 1
= HT(—Q - + 5).
Hence
Colw,wm,t) > 1.
Thus, {,(w,w,t) =1 = w = w. So I has a unique fixed point w. a

The two following examples satisfy Theorem (3.1).
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Example 3.3. Let = = [0,1] and (,(¢,n,t) = ﬁ Define T : [0,1] = [0,1] via T'(¢) = 5.

Also, define T : (0,1] — [0,00) via Y(:) = 2 — 1. Note that Y is a strictly decreasing,
continuous function and Y(1) = 0. Now, we have:

3ot ot
Lo, t)=—"" (e t)= —— .
CQ( n ) 3Qt+|b_7’]| CQ( n ) Qt“r‘b_’lﬂ
1 il 1 e —
So, T((,(Te,I'n,t)) = -1= ; Y (pnt) = ——— —1= .
(CQ( 77 )) <9(FL,F77,t) 3Qt (CQ( 77 )) CQ(L7777t) Qt

Hence, for H = 1, we get Y((o(Te,Tn,t)) = HY((o(t,m,t)). Thus, Theorem (3.1) implies
that T' has a unique fized point 0 € =.

Example 3.4. Let = = [0,1] and (,(¢,n,t) = exp{ - M} Define T' : [0,1] — [0,1]

to

via I'(t) = £. Also, define T : (0,1] — [0,00) via T(1) = —Int. Note that Y is a strictly

decreasing, continuous function and Y(1) = 0. Now, we have:

Co(L'e, I, t) = exp{ - |L5;Q77| }7 Coltymst) = exp{ — “;@m}

So

T(Co(Te, T, 1)) = St TGl 1) = 152
Hence, for H = %, we get Y(Co(T'e,Tn,t)) = HY(Co(1,m,t)). Thus Theorem (3.1) implies
that T has a unique fixed point 0 € =.

The following example satisfies Theorem (3.2).
Example 3.5. Let = = [0,1] and (o(¢,n,t) = ﬁ Define T : [0,1] — [0,1] via T'(¢) = ¢,

c € [0,1]. Also, define Y : (0,1] — [0,00) via Y(:) = L — 1. note that Y is a strictly
decreasing, continuous function and Y(1) = 0. Now, we have:

Colt,myt) 1 y ot

F F t = = M — — P
CQ( Lv nv) t+|C—C‘ ’ 4 4 Qt+|b_77|7
Go(Te, 1, t) _ 1 % ot . and Co(n, ', t) _ 1 % ot .
4 47 ot +|c— 2 2 ot+le—n
So
Coltat) + (Tt t,) | ol I t) _ 1 ( ot et . _ d )
4 2 4 \ot+le—nl ot +|c—1 ot +[c—mn
1
< 1(1+1+2> =1 =, (T, T, 1).

So, for H such that 0 < H < 1, we have

CQ(L7 U t) ZCQ(FL7 Ly t) 4 CQ(U?J”) t)) Z 0= T(CQ(FL, 1—\77’ t))

Thus Theorem (3.2) implies that T’ has a unique fixed point ¢ € =.

HT(

4. Application

In this section, we use our obtained results to show that the following integral equation
has a solution:

u(k) = h(k) +/0 Q(k, s)s(s,u(s))ds, ke]0,1]. (4.1)

Let = = C([0,1]) be the space of all continuous functions defined on [0, 1]. Define a modular
fuzzy metric:

Colt,m,t) 1 (0,00) x C([0,1]) x C([0,1]) x (0,00) — [0,1],
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t
CQ(Lanvt) = t+ sup le(k)—n(k)| *
ke[0,1] ¢

Then (=, (p, *) is a complete modular fuzzy metric space.

Theorem 4.1. Suppose we have the following hypotheses:
(1) 3 a continuous function g : [0,1] — [0,1] such that

[S(s,0) = <(s,m)| < g(s)|e —nl. (4.2)
And
! 1
sup / g(k)dk < =. (4.3)
kef0,1] Jo 3
(2)
Q(k,s) <1, Vk,s €[0,1]. (4.4)
Then the integral equation (4.1) has a solution t* € C?(]0,1]).
Proof. Take the operator:
1
(k) = h(k) —|—/ Q(k, s)s(s,¢(s))ds, k € [0,1].
0
For all ¢, € C([0,1]), we have
t
Co(l'e, Iy t) = i+ sup \D(k);l“n(k)l
kel0,1]
. t
t sup GI() + [y @k, s)<(s, o(5)ds = h(k) = [k, 5)<(s,(s))ds]
keo,1]
_ t
t+ Slgp]*\fo (s,1(s)) = <(s,m(s)))ds]
1
By (4.2) and (4.4), we have
1 1
[ 02k 5) 565250 = sCsvn(s))ds| < [ k)]s = sCsvn(s))[ds
0 0
1
< [ ae)lte) = nslas.
Hence by (4.3), we get
t > t
t+ sup 7|f0 s(s,1(s)) —s(s,n(s)))ds|  t+ sup ,fo —n(s)|ds
ke[0,1] ke[0,1]
t
> .
T+ s (k) — (R
kel0,1]
Thus
t+ sup golu(k) —n(k)| t+ Sup Lo (s,(s)) = <(s,m(s)))ds]
ke[0,1] - k€[0,1]

t - t
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So
sup Llu(k) = (k)| sup L[ [5'Q(k, 5)(s(s, () = s(s,m(s)))ds|

1 kef0,1] S ke

3 t - t
Define Y : (0,1] — [0,400) by Y(t) = 1 — 1. Then Y is a strictly decreasing, continuous
function and Y (1) = 0. For H = %, we obtain T ((,(I't,I',t)) < HY((,(t,n,t)). Therefore
theorem (3.1) implies T has a unique fixed point and hence the integral equation (4.1) has
a solution t* € C2([0,1]). O

Conclusion: In this paper, we defined a new space called modular fuzzy metric space and
stated some examples of this space. Also, we formulate and prove some new fixed point
results under this space. In addition, we provided some examples and an application for
showing the validity of our results.
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