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ESTIMATION OF THE STRUCTURAL PARAMETERS IN 
THE GENERAL SEMI-LINEAR CREDIBILITY MODEL 

 
Virginia ATANASIU1 

 
O lucrare originală care prezintă şi analizează estimatorii 

parametrilor structurali din modelul de credibilitate semi-liniară, implicând 
proprietăţi matematice complicate ale valorilor medii condiţionate şi ale 
covarianţelor condiţionte. 

Deci pentru a putea folosi rezultatele superioare de credibilitate semi-
liniară, obţinute in acest model, vom oferi estimatori utili ai parametrilor de 
structură. 

Din punct de vedere practic, este evidenţiată proprietatea atractivă de 
nedeplasare a acestor estimatori. 

 
An original paper which presents and analyses the estimators of the 

structural parameters, in the semi-linear credibility model involving 
complicated mathematical properties of conditional expectations and of 
conditional covariances. 

Thus, to be able to use the superior semi-linear credibility results 
obtained in this model, we will provide useful estimators for the structure 
parameters. 

From the practical point of view, the attractive property of the 
unbiasedness of these estimators is highlighted. 
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1. Introduction 
 
In this article we first give the general semi-linear credibility model 

(see Section 1), which involves only one isolated contract. 
We derive the optimal linearized credibility estimate for the risk 

premium for this case and we consider as applications of this result: 1) the special 
semi-linear credibility model (obtained from the general semi-linear credibility 
model for n = 1), 2) the approximation to ( )θμ0 -the net premium for a contract 
with risk parameter θ -based on a unique optimal approximating function f, 3) the 
special hierarchical semi-linear credibility model. 
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It turns out that this procedure does not provide us with a statistics 
computable from the observations, since the result involves unknown parameters 
of the structure function. 

To obtain estimates for these structure parameters, for the general semi-
linear credibility model we embed the contract in a collective of contracts, all 
providing independent information on the structure distribution (see Section 2). 
We first derive the unbiased estimators for the structure parameters of the special 
semi-linear credibility model. We close this section giving as application of this 
estimation the unbiased estimators obtained for the structural parameters of the 
general semi-linear credibility model. 

 
 

Section 2 
The semi-linear credibility model 
 
Consider a finite sequence 11 ,,...,, +tt XXXθ  of random variables. 

Assume that for fixed θ , the variables 11,..., +tXX  are conditionally independent 
and identically distributed (conditionally i.i.d). The variables tXX ,..,1  are 
observable and θ  is the structure variable. The variable 1+tX  is considered as 

being not (yet) observable. We assume that ( ) 1,1;,0, +== trnpXf rp  have finite 
variance. For 0f , we take the function of 1+tX  we want to forecast. 

We use the notation: 
( ) ( )[ ]θθμ |rpp XfE=  (1.1) 

( )1,1;,0 +== trnp  
This expression does not depend on r. 
For this model we define the following structure parameters: 

( )[ ] ( )[ ]{ } ( )[ ]rprppp XfEXfEEEm === θθμ |  (1.2), 
( ) ( )[ ]{ }θ|, rqrppq XfXfCovEa =  (1.3), 

( ) ( )[ ]θμθμ qppq Covb ,=  (1.4), 
( ) ( )[ ]rqrppq XfXfCovc ,=  (1.5), 
( ) ( )[ ]θμqrppq XfCovd ,=  (1.6), 

for nqp ,0, = . These expressions do not depend on 1,1 += tr . The structure 
parameters are connected by the following relations: 

pqpqpq bac +=  (1.7), 

pqpq bd =  (1.8), 

for nqp ,0, = . This follows from the covariance relations obtained in the 
probability theory where they are very well-known. 
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Just as in the case of considering linear combinations of the observable 
variables themselves, we can also obtain non-homogeneous credibility estimates, 
taking as estimators the class of linear combinations of given functions of the 
observable variables, as shown in the following theorem: 

Theorem 1.1 (Optimal non-homogeneous linearized estimators) 
The linear combination of 1 and the random variables 

( ) trnpXf rp ,1;,1, ==  closest to ( ) ( )[ ]θθμ |100 += tXfE  and to ( )10 +tXf  in the 
least squares sense equals: 

( ) ∑∑ ∑
== =

−+=
n

p
pp

n

p

t

r
rpp mzmXf

t
zM

1
0

1 1

1  (1.9), 

where nzzz ,...,, 21  is a solution to the linear system of equations: 

( )[ ] qp

n

p
pqpq tdzdtc 0

1

1 =−+∑
=

( nq ,1= ) (1.10) 

or of the equivalent linear system of equations: 

( ) qp

n

p
pqpq tbztba 0

1
=+∑

=

( nq ,1= ) (1.11) 

Applications of Theorem 1.1: 
1) Let us consider the case of one given function 1f  in order to 

approximate ( )θμ0 . We formulate the following theorem. So for the special when 
n = 1, Theorem 1.1 reads: 

Theorem 1.2 (Optimal non-homogeneous linearized estimator, n = 1) 
The linear combination of 1 and the random variables ( )rXf1  ( tr ,1= ) 

closest to ( )θμ0  in the least squares sense equals: 

( ) 101
1

1 zmmXf
t

zM r

t

r
−+= ∑

=

 (1.12) 

where ( )[ ]rXfEm 11 = , tr ,1= , ( )[ ]111101 1/ dtctdz −+=  (1.13) 

with ( ) ( )[ ]'1001 , rr XfXfCovd = , ( ) ( )[ ]'1111 , rr XfXfCovd = , ( )',,1', rrtrr ≠= ; 
( ) ( )[ ] , 1111 rr XfXfCovc = . (1.14) 

2) The estimator M  for ( )θμ0  of Theorem 1.1 can be displayed as: 
( ) ( )tXfXfM ++= ...1       (1.15) 

, where ( ) ( ) ∑∑
==

−+=
n

p
pp

n

p
pp mz

t
m

t
xfz

t
xf

1
0

1

111 . 

Let us forget now about this structure of f  and look for any function 
f  such that (1.15) is closest to ( )θμ0 . If are considered only functions f  such 

that ( )1Xf  has finite variance, then the optimal approximating function f  results 
from the following theorem: 
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Theorem 1.3 (Optimal approximating function or unique optimal 
function f) 
( ) ( )tXfXf ++ ...1  is closest to ( )θμ0  and to ( )10 +tXf  in the least squares sense, 

if and only if f  is a solution of the equation: 
( ) ( ) ( )[ ] ( )[ ] 01 120121 ≡−−+ XXfEXXfEtXf     (1.16) 

Proof: we have to solve the following minimization problem: 
( ) ( ) ( )[ ]{ }2

110 ... ttg
XgXgXfEMin −−−+      (1.17) 

Suppose that f  denotes the solution to this problem, then we consider: 
( ) ( ) ( )XhXfXg α+= , with ( )⋅h  arbitrary, like in variational calculus. Let: 
( ) ( ) ( ) ( ) ( ) ( )[ ]{ }2

1110 ...... ttt XhXhXfXfXfE αααϕ −−−−−−= +   (1.18) 
Clearly for f  to be optimal, ( ) 00' =ϕ , so for every choice of h : 

( ) ( ) ( )[ ] ( ) ( )[ ]{ } 0...... 1110 =++−−−+ ttt XhXhXfXfXfE    (1.19), 
, must hold. This can be rewritten as: 

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] 01 1211120 =−−− XhXfttXhXtfXhXtfE    (1.20), 
, or: 

( ) ( ) ( ) ( )[ ] ( )[ ]{ }[ ] 01 1201211 =+−−− XXfEXXfEtXfXhE    (1.21) 
Because this equation has to be satisfied for every choice of the 

function h  one obtains, the expression in brackets in (1.21) must be identical to 
zero, which proves (1.16). 

The following example is an application of Theorem 1.3: 
If 11 ,..., +tXX  can only take the values n,...,1,0  and 

[ ]rXqXPpqr === 21 ,  for: q , nr ,0= , then ( ) ( )tXfXf ++ ...1  is closest to 

( )θμ0  and to ( )10 +tXf  in the least squares sense, if and only if for nq ,0= , ( )qf  
is a solution of the linear system: 

( ) ( ) ( ) ( ) qr
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Inserting these expressions for: ( )1Xf , ( )[ ]12 XXfE  and ( )[ ]120 XXfE  into 
(1.16) leads to (1.22). 

3) The special hierarchical semi-linear credibility theory is another 
application of the special semi-linear credibility theory. 
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Like in Jewell’s hierarchical model we consider a portfolio of contracts, 
which can be broken up into P  sectors each sector p  consisting of pk  groups of 

contracts. Instead of estimating: 1,, +tjpX , ( ) [ ]
jpptjpjpp XE θθθθμ ,, 1,, +=  (the pure 

net risk premium of the contract ( )jp, ), ( ) [ ]ptjpp XE θθν 1,, +=  (the pure net risk 

premium of the sector p ), we now estimate: ( )1,,0 +tjpXf , 

( ) ( )[ ]
jpptjpjpp XfE θθθθμ ,, 1,,00 +=  (the pure net risk premium of the contract 

( )jp, ), ( ) ( )[ ]ptjpp XfE θθν 1,,00 +=  (the pure net risk premium of the sector p ), 

where Pp ,1=  and pkj ,1= . In semi-linear credibility theory the following class 

of estimators is considered: ( )qirp

n

p

P

q

k

i

t

r
pqir Xf

q

∑∑∑∑
= = = =

+
1 1 1 1

0 αα , where ( ) ( )⋅⋅ nff ,...,1  are 

functions given in advance. Let us consider the case of one given function 1f  in 
order to approximate ( )1,,0 +tjpXf  or ( )pθν 0  and ( )

jpp θθμ ,0 . We formulate the 

following theorem: 
Theorem 1.4 (Hierarchical semi-linear credibility) 
Using the same notations as introduced for the hierarchical model of 

Jewell and denoting ( )pjspjs XfX 0
0 =  and ( )pjspjs XfX 1

1 =  one obtains the 
following least squares estimates for the pure net risk premiums: 

( ) ( ) 1
10

^

0 pzwppp Xzmzm +−=θν , ( ) ( ) 1
10

^

0 , pjwpjpjpjp Xzmzm +−=θθμ  
 (3.1) 

where: 1
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= , ( )[ ]11.1101. 1/ dwcdwz pjpjpj −+=  

(the credibility factor on contract level), with: ( )1
'

0
01 , pjrpjr XXCovd = , 

( )1
'

1
11 , pjrpjr XXCovd = , 'rr ≠ , ( ) ( )111

11 , pjrpjrpjr XVarXXCovc == , and: 
( )[ ]11.1101. 1/ DzCDzz ppp −+=  (the credibility factor at sector level), with: 

( )1
'

0
01 , wpjpjw XXCovD = , ( )1

'
1

11 , wpjpjw XXCovD = , 'jj ≠ , 

=11C ( ) ( )111 , pjwpjwpjw XVarXXCov = . 

Remark 1.1 -the linear combination of 1 and the random variables 1
pjrX  

( Pp ,1= , pkj ,1= , tr ,1= ) closest to ( )1,,0 +tjpXf  and to ( )pθν 0  in the least 

squares sense equals ( )pθν
^

0 , and the linear combination of 1 and the random 

variables 1
pjrX  ( Pp ,1= , pkj ,1= , tr ,1= ) closest to ( )

jpp θθμ ,0  in the least 

squares sense equals ( )pjp θθμ ,
^

0 . 
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Remark 1.2 -it should be noted that the solution (1.9) to the linearized 
credibility problem only yields a statistics computable from the observations, if the 
structure parameters are known. Generally, however, the structure function ( )⋅U  is 
not known. Then the “estimator” as it stands is not a statistic. Its interest is merely 
theoretical, but it will be the basis for further results on semi-linear credibility. In 
the following section we consider different contracts, each with the same structure 
parameters, so we can estimate these quantities using the statistics of the different 
contracts. 
 
 Section 3 
 Parameter estimation 
 

The estimator obtained in the previous section contained structure 
parameters. In this section we assume the structure parameters are unknown, so the 
expressions for these (pseudo-) estimators are no longer statistics. But since the 
contracts are embedded in a collective of identical contracts, we now have more 
than one observation available on the risk parameter θ, so we can replace the 
unknown structure parameters by estimates. So now that we embedded the 
separate contract j in a collective of identical contracts, it is possible to give 
unbiased estimators of these quantities. It should be noted that the approximation 
to ( )10 +tXf  or to ( )θμ0  based on a unique optimal approximating function f  is 
always better than the one furnished in Section 1 based on prescribed 
approximating functions nfff ,...,, 21 . The usefulness of the latter approximation is 
that it is easy to apply, since it is sufficient to know estimates for the parameters 

pqa , pqb  appearing in the credibility factors pz . In this section we give some 
unbiased estimators for the parameters. For this purpose we consider k contracts, 

kj ,1=  and ( )2≥k  independent and identically distributed random vectors 
( ) ( )jtjjjj XXX ,...,, 1

' θθ = , for kj ,1= . The contract indexed j is a random vector 
consisting of a random structure parameter jθ  and observations jtjj XXX ,...,, 21 , 

where kj ,1= . For every contract kj ,1=  and for jθ  fixed, the variables 

jtjj XXX ,...,, 21  are conditionally independent and identically distributed. Here we 
will only derive estimators for the following parameters: 

( )[ ]jrXfEm 00 =  (2.1) 
( ) ( )[ ]{ }jjrjr XfXfCovEa θ|, 1001 =  (2.2) 
( )[ ] ( )[ ]{ }jjrjjr XfEXfECovb θθ |,| 1001 =  (2.3) 

One can prove the following theorem to hold. 
Theorem 2.1 (Unbiased estimators for structure parameters) 
Let: 
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We close this section giving as application of this estimation the 
unbiased estimators obtained for the structural parameters of the general semi-
linear credibility model. 

An application of Theorem 2.1: 
The estimators 
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are unbiased estimators of the corresponding structure parameters, i.e.: 
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(see (2.13)). So the verification of the first equality (2.11) is readily performed. 
Remark 2.1. Note that the usual definitions of the structure parameters 

apply, with jθ  replacing θ  and jrX  replacing rX , so: 
( )[ ] ( )[ ]{ } ( )[ ]jrpjjrpjpp XfEXfEEEm === θθμ |  (2.13) 
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(see the calculations from (2.23)). 
So: 
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Inserting (2.20), (2.21), (2.22), (2.23), (2.24), (2.25), (2.26) and (2.27) 
in (2.17) one obtains: 
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(see (2.27)) 
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Also, we have: 
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(see (2.21)). 
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(see (2.22)). Inserting the values of the covariances and of the expectations (see 
(2.29), (2.32), (2.33), (2.34), (2.35), (2.36), (2.37) and (2.38) in (2.28), provides us 
with the desired results. 
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as was to be proven (see (2.11)). 
 
 4. Conclusions 
 

This paper completes the solution of the semi-linear credibility model 
in case of a non homogeneous linear estimator for f0(Xj,t+1), or what amounts to the 
same, for μ0(θj). In view of the assumption about the independence of contracts, it 
might come as a surprise that the premium for contract j involves results from 
other contracts. A closer look at this assumption reveals that this is so because the 
other contracts provide additional information on the structure distribution. For 
this reason the claim figures of other contracts cannot be ignored when estimating 
the parameters appearing in the semi-linear credibility estimate for contract j. In 
this article, the semi-linear credibility model is refined by the introduction of the 
isolated contract j in a collective of contracts, all providing independent 
information on the structure distribution. But since the contracts are embedded in a 
collective of identical contracts, we now have more than one observation available 
on the risk parameter θ, so we can estimate these structural parameters in the semi-
linear credibility model using the statistics of the different contracts. The above 
two theorems show that it is possible to give unbiased estimators of these 
quantities (the portfolio characteristics), if we embed the separate contract j in a 
collective of identical contracts. The article contains a description of the semi-
linear credibility model, behind a heterogeneous portfolio, involving an underlying 
risk parameter for the individual risks. Since these risks can now no longer be 
assumed to be independent, mathematical properties of conditional expectations 
and of conditional covariances become useful. The original model involving only 
one contract contains the basics of all further semi-linear credibility models. In the 
refined semi-linear credibility model a portfolio of contracts is studied, to be able 
to use the semi-linear credibility results. 

Therefore, the main purpose of this paper is to get unbiased estimators 
for the portfolio characteristics. The mathematical theory provides the means to 
calculate useful estimators for the structure parameters. From the practical point of 
view, the property of unbiasedness of these estimators is very appealing and very 
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attractive. The fact that it is based on complicated mathematics, involving 
conditional expectations, conditional covariances and variational calculus, needs 
not bother the user more than it does when he applies statistical tools like 
discriminatory analysis, scoring models, SAS and GLIM. These techniques can be 
applied by anybody on his own field of endeavor, be it economics, medicine, or 
insurance. 
 

 
R E F E R E N C E S 

 
[1]. Atanasiu V., Contributions to the credibility theory, Doctoral Dissertation, University of 

Bucharest-Faculty of Mathematics, 2000. 
[2]. Atanasiu V., Un model de credibilitate, Revista Studii şi Cercetări de Calcul Economic şi 

Cibernetică Economică, XXXII, nr.3, 1998. 
[3]. Goovaerts M.J., Kaas R., Van Heerwaarden, Bauwelinckx T., Insurance Series, volume 3, 

Effective Actuarial Methods, University of Amsterdam, The Netherlands, 1991. 
[4]. Pentikäinen T., Daykin C.D.,Pesonen M., Practical Risk Theory for Actuaries, Université 

Pierré et Marie Curie, 1990. 
[5]. Sundt B., An Introduction to Non-Life Insurance Mathematics, Veröffentlichungen des Instituts 

für Versicherungswissenschaft der Universität Mannheim Band 28, VVW Karlsruhe, 1990.  
 


