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ON THE STABILITY OF A SYSTEM OF TWO DIFFERENCE
EQUATIONS

Alexandru Negrescu!

Using the centre manifold theory, we study the stability of the
zero equilibrium of a system of two difference equations in the special case
when one of the eigenvalues is equal to 1 and the other eigenvalue has the
absolute value less than 1.
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1. Introduction

The study of the difference equations and systems of difference equations,
especially those involving exponential terms, is a topic in current mathematical
research (see, e.g., [1], [2], [3], [6], [8], [9], [13], [15], [16], [18], [19], [20], [22],
(23], [28], [29], [30], [31], [34]). This is also due to the fact that the difference
equations have many applications in biology, population dynamics, genetics,
economy, physics and other applied sciences (see, e.g., [5], [7], [10], [14], [17],
26], [32], [33], [35)).

In their study of the dynamics of a perennial grass, Tilman and Wedin
[33] investigated the following model

a—bLy
By = CN 1iea [yl
ed— bLyg
Lt+1 d + CkN 1+e— bLt 9

where B represents the living blomass, L the litter mass, N the total soil
nitrogen, ¢ the time (measured in years) and constants a,b,c,d > 0 and 0 <
k<1

Motivated by the second equation of the previous system, Papaschinopou-
los, Schinas and Ellina [21] studied the dynamics of the solutions of the bio-
logical model described by the following difference equation

ar? ek—dwn
Tl = T, +0b T + ek—dan’

where 0 < a < 1,0, ¢, d, k are positive constants and the initial condition xg
is a positive real number. Also, Psarros, Papaschinopoulos and Schinas [25]
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investigated the stability of the zero equilibria of the following two systems of
difference equations:

ko—d ko—dox
_ x Yne 2 2Yn _ Yn, rpnet2 2Tn
Ynt1 = Q2= + C2 1 f—dyun s Ynt1 = Q220 + Co T =dpwn »

k1—dix k1 —d
_ Yn Tpefl—%1%n _ Tn yne®1—41Yn
{x”+1 =M b1+yn +a 1+ek1—d1zn > and {x”"'l = bi+an +a 14+ek1—d1yn>

where ay, as, by, by, c1, o, dy, do, k1 and ko are real constants and the initial
values xy and y, are real numbers.

Psarros, Papaschinopoulos and Schinas [24] provided some conditions for
the semistability of the zero equilibria of the following two close-to-symmetric
systems of difference equations:

Tpt1 = ATy + byneixna d Tp+1 = AYn + bl’neiyna
an
Ynt1 = CYn + dxne_yna Ynt1 = CTp + dyne_xna

where a, b, ¢ and d are positive constants and the initial conditions zy and
Yo are positive numbers. Mylona, Psarros, Papaschinopoulos and Schinas [15]
provided some conditions for the stability of the zero equilibria of the same
two systems of difference equations.

Flondor, Olteanu and Stefan [11] proved the asymptotic stability of the
unique equilibrium point of the following system of two differential equations:

dn —b—m(d+ Ap),
((11—’::6—/1(5+Bm).

The previous system models a certain class of (open) enzymatic reactions.

Their approach uses Lyapunov theory, invariant regions and controllability.
Motivated by those presented above, in this paper we will study the

stability of the zero equilibrium of the following system of difference equations:

—d1xn

{xn-i-l = (1 - al)xn - blxnyn + C1Yn€ )

n=0,1,2, ..,
Yni1 = (1 — a2)yn — boTpyn + compe 29,

where the parameters ay, ¢1, as, co € (0,1), by, by are negative numbers and the
initial conditions xg and yo are positive numbers.

2. Preliminaries

Let us consider the following two-dimensional discrete dynamical system:

Ln+1 :fl (xnayn)a 712071727"'7 (1)
Yn+1 = E (.’L’n, yn) )

where f1 : I x J — [ and fy : [ x J — J are continuously differentiable
functions and I, J are some intervals of real numbers. Furthermore, a solution,
{(@n, yn)},>0, of the system (1) is uniquely determined by the initial conditions
(w0,10) € I x J (see, e.g., [27], Theorem 4-1, p. 167).

We first recall the following definition ([7], p. 2).
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Definition 2.1. An equilibrium point of the two-dimensional discrete dynam-
ical system (1) is a point (T,7y) that satisfies

T = fl (fa y) )
y= f2 (fa y) :
We continue with the following definition ([7], Definition 2.1, p. 2).

Definition 2.2. Let (Z,7) be an equilibrium point of the two-dimensional dis-
crete dynamical system (1).

(1) The equilibrium point (T,y) is stable if, for every e > 0, there exists 6 >
0 such that, for every initial condition (xo,yo), if ||(zo,%0) — (T,7)| <
d then ||(zn,yn) — (Z,7)|| < &, for all n > 0, where ||-|| is the usual
Euclidean norm in R2.

(2) The equilibrium point (T,7) is unstable if it is not stable.

(3) The equilibrium point (T,7y) is asymptotically stable if there exists n > 0
such that if ||(zo,v0) — (T,7)|| < 7n, then the solution with initial data
(x07y0> vem’ﬁes (xna yn) - (fa y); as n — 00.

Let T : R? — R? be a map written in the following form

z— Az + f(z,y),
y+— By +g(z,y),

where (z,y) € R?, A and B are real numbers such that |A] =1 and |B| < 1,
the functions f and g are of class C? and the functions f, g, and their first
order partial derivatives are zero at the origin.

The following theorem ([10], Theorem 5.1, p. 243) establishes the exis-
tence of a (non-unique) centre manifold (i.e., a curve y = h(x)) on which the
dynamics of the system (2) is given by the map on the centre manifold.

(2)

Theorem 2.1. There is a C" centre manifold for system (2) that can be rep-
resented locally, for a sufficiently small d, as

M, = {(:E,y) € R? |y = h(x),|z| < 6,h(0) = 0,1 (0) = 0} )

Furthermore, the dynamics restricted to the center manifold M. are given lo-
cally by the map

x> Az + f(x,h(z)), zeR.

If the system (2) is C*-smooth, with k < oo, then the center manifold is
C*-smooth ([12], Theorem 5A.1, p. 68).

In order to determine the expression of the function h(x) we have to solve
the equation

h(Az + f (z,h(x))) = Bh(x) + g (z, h(z)).
For functions ¢ : R — R, define

F () = (Az + [ (z,9(2))) — Bi(x) = g (z,9(x)),
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so that F' (h(z)) = 0.

Mostly, the function h(x) cannot be found explicitly, and, therefore, it is
approximated using power series. The following theorem ([4], Theorem 7, p.
35) provides the theoretical justification for this approximation.

Theorem 2.2. Let 1) : R — R be a C' map with (0) = ¢'(0) = 0. Suppose
that

F (@) =0(|=]"),

as x — 0, for somer > 1. Then
h(z) =¢(x)+O(|z]"), asz—0.

We continue with the following theorem ([4], Theorem 8, p. 35), which
shows that the dynamics of the centre manifold M, completely determines the
dynamics of (2).

Theorem 2.3. If the equilibrium point (0,0) of the map x — Az + f (z, h(z))
is stable/asymptotically stable/unstable, then the equilibrium point (0,0) of the
system (2) is stable/asymptotically stable/unstable.

Finally, to determine the nature of the equilibrium point of the previous
map we will use the following result ([10], Theorem 1.5, p. 28).

Theorem 2.4. Let T be an equilibrium point of a one-dimensional map G
such that G' (Z) = 1. If G'(x), G"(x) and G"(x) are continuous at T, then the
following statements hold true:

(1) if G"(Z) # 0, then T is unstable;

(2) if G" (T) =0 and G" (T) > 0, then T is unstable;

(3) if G"(Z) =0 and G" (T) < 0, then T is asymptotically stable.

3. Main results

As we have stated in the first section, we will study the stability of the
zero equilibrium of the following system of difference equations:

{an = (1 — a1)z, — biTnyn + c1yne” B, n=0,1,2, .., (3)

Yn+1 = (]- - af2)yn - benyn + C2xn€7d2yna
where the parameters ay, ¢1, as, co € (0,1), by, by are negative numbers and the

initial conditions xg and yy are positive numbers.
The following theorem represents the main result of the paper.

Theorem 3.1. Let us consider:
aq ﬁ a9 «
o = —, = -, =
& o T OB —a
2a

Ll

[Oé (bl + Cldl) — (bg -+ ngz)] ,

[—5 (b1 + c1dy) + by + cady] ,
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and
3
y = i a (—=28%nby — 2aBnby — 2afncidy + afey — 26°neidi+
+26nby + 2amby + 2B1cads — acy + 2047702032) )
If ayas = cqco, then the following statements hold true:

(1) if v # 0, then the zero equilibrium of (3) is unstable;

(2) if y=0 and § > 0, then the zero equilibrium of (3) is unstable;

(3) if vy =0 and 6 < 0, then the zero equilibrium of (3) is asymptotically
stable.

Proof. We consider the following functions:
filz,y) = (1 —ay)x — by + crye e,
fo(z,y) = (1 — ag)y — by + coze Y.

The first order partial derivatives of the functions f; and f5 are

Oh =1—a; — by — cxdiye ", oh = —biz + cre” 7,
ox dy
% = —boy + cee” Y and % =1 — ay — by — Codome %Y.
ox dy
Hence
0 0 0 0
8—“2(0,0):1—@1, a—];l(o,o):cl, a—f(O,O)ZCQ, a—“’;(o,o):l—ag,

and the Jacobian matrix at the zero equilibrium is

o 1—0,1 C1
JO_( Co 1—61,2)'

To determine the eigenvalues of the matrix A, we calculate the following
determinant

det (JQ - )\IQ) = (1 — a; — )\)(1 — Q9 — )\) — C1C9
= /\2+(a1+a2—2))\+(1—a1—a2+a1a2—0102).

Taking into account, from the hypothesis, that a;as = ¢1co, we obtain that the
eigenvalues of the matrix Jy are A\ = 1 and Ay = 1 —a; — as. Again, from the
hypothesis we have that || < 1.

We rewrite the initial system as

Gy = ()= Gln) 0

1T

where

f(x,y) = —bixy + cye” M — ey

and

day

g(z,y) = —boxy + coxe™ Y — com.
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It can be easily demonstrated that the vector v; = (a_1 > is an eigenvector
C1

. . . 1 .
associated with the eigenvalue \; = 1 and the vector v, = (_Q_Q ) is an
Cc1
eigenvector associated with the eigenvalue Ay = 1 — a; — as. Then a matrix
which diagonalizes matrix J; is
1 1
(0 3);

where o = & and § = —2.

c1 C1

Using the previous matrix 7', we write
Tn\ U,
(o) =7 () <5>

Ty = Up + Up,
{ (6)

Yn = QlUy, + ﬁvrr

equivalent to

With this, the relationship (4) becomes
Un+1 o Unp, f (un + Up, QUp + an)
T (Un+1> N JOT (Un) + (g (un + Un, QU + ﬁvn) .
We multiply our last relationship with the inverse of the matrix 7" and
obtain
Un+1 o Unp, —1 f (un + Up, QUp + ﬁvn)
(vn+1) =D (vn> 1 (g (Un, + v, iy, + Bvy) )

(1 0 T 6 —1
WhereD—(O )\2) and T _B——a<_04 1).

Hence
(-6 D) ()
Unt1)  \O Ao Un g (tn,vn) /)’
where
J/C\(Una Un) - 6 i o [ﬁf (un + Up, QUy + ﬁ'Un) -9 (u" + Un, QUp + ﬁvn)]
_ 6—;04 (8 (=1 (tn + va) (0 + Bon) +

+¢1 (Quy + Buy) e Bt e (quy, + Buy)) —
— (=by (wn + V) (Qty + BUn) + o (uy + vy,) e~ 2@
—c2 (U + vp))]
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and

1
B—a
— o a b+ ) (e + o) +

ey (a4 Buy) e MW — e (au, + Buy,)) +
+ (—bg (Up, + vp) (uy + Bvy) + co (U + vy) e~ d2(aun+pBon) _
—Co (Up + vp))]

Based on the Theorem 2.2, we consider
v=h(u) =¢(u)+ 0 (u4) ,

with ¢(u) = nu® + 0u?, where 1 and 6 are real numbers.

According to the Theorem 2.3, the study of the stability of the zero
equilibrium of the system (3) is reduced to the study of the stability of the
zero equilibrium of the equation

Now, consider the map

9 (up,v,) = [—af (uy + Un, @y + Bon) + g (U + U, Quy, + fy,)]

~

Gu) =u+ f(u, ¢ @),
which leads to
Glu) = ut f(unu’+0u’)
1
= u g 18 (b (w4 00%) (ot By 4 ) +

ey (au + Bru? + BouP) ¢ (wrmd+out) _

e (ot B+ 5007)) — (b (-t e +00) (o + e 4+ 500)

ey (u 4 nu® 4 0u’) ¢~ d2 (aurpmit+p0u®) _ (u+nu* + 9u3)>]

Using the power series expansion, we find that
G(U) = u-+ ﬁ [—ﬁ (bl —+ Cldl) + b2 + Czdz] u2 —+
1 2 1 2
+ﬁ——a =B nb1 — afnby — afncidy + 3 afc; — Brnedi+
1
+Bnbe + anby + Pncads — 5 a’cy + OZT]Cng) u + O(u).

B 200
b —«

[—5 (b1 + c1dy) + by + cody]
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and
3
G"(0) = 7 a (—=28%nby — 2aBnby — 2afncidy + afey — 26°ncidi+
+28nbs + 2amby + 26ncods — ey + 2047702032) )
Now we will determine the expression of 1. According to the comments

following the Theorem 6 from [4], the map h satisfies the centre manifold
equation

B+ F (b)) = Aah(u) + 5 (u, h(w)
As before, using the power series expansion, we find that
«
= b dy) — (b ds)] .
Ui (1_/\2)(5—04)[(1(1—'—61 1) — (bg + cad)]

Finally, according to the Theorem 2.4, we have:

e if G"(0) # 0, then the zero equilibrium of (7) is unstable, therefore, due
to the Theorem 2.3, the zero equilibrium of the system (3) is unstable;

e if G”(0) = 0 and G"(0) > 0, then the zero equilibrium of (7) is unstable,
therefore, due to the Theorem 2.3, the zero equilibrium of the system
(3) is unstable;

e if G"(0) = 0 and G"(0) < 0, then the zero equilibrium of (7) is asymp-
totically stable, therefore, due to the Theorem 2.3, the zero equilibrium
of the system (3) is asymptotically stable.

The conclusions of the Theorem 3.1 follow immediately. U

4. Conclusions

Using centre manifold theory, we provided some conditions for the sta-
bility of the zero equilibrium of the system (3).
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