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ON THE DUALITY OF BANACH FRAMES 

Seyedeh Sara KARIMIZAD1, Mohammad Sadegh ASGARI2* 

 
A basic problem of interest in connection with the study of frames in 

Banach spaces  is that of characterizing those  Bessel sequences which can 
essentially be regarded as dual Banach frames.  Dual  Banach  frames  are  Bessel 
 sequences that  have  basis-like  properties  but  which  need  not  be  bases.  In this paper, 
we study this problem using  the notion of   dual  and generalized dual for    Bessel  
sequences with respect  to a ܭܤ-space . We prove that duals and generalized duals  of 
Banach   frames are  stable under small perturbations so that the perturbations results 
obtained  in [5] is a special  case of it .   For generalized dual Banach frames 
constructed  via perturbation theory ,  we provide a bound on the   deviation from 
perfect reconstruction.  
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1. Introduction 

Frames with respect to a ܭܤ-space of scalar-valued sequences were extended 
firstly by Grochenig [8] in Banach spaces. Then ℓ௣-frames were introduced by 
Aldroubi et al. [1] and Christensen et al. [6] as a tool to obtain series expansions 
in shift-invariant spaces.  Dual  Banach  frames  are  Bessel  sequences that  have 
 basis-like  properties  but  which  need  not  be  bases.  In particular, they allow 
elements of a Banach space to be written as linear combinations of the Banach 
frame elements. Unfortunately, it is usually complicated to calculate a dual 
Banach frame explicitly. Hence we seek methods for constructing generalized 
duals. Approximate dual and pseudo-dual frames in Hilbert spaces are defined by 
Christensen in [7]. The main subject of this paper deals with the concepts of 
pseudo-dual and approximate dual Banach frames and examines their properties. 
We also investigate using of perturbation theory to construct pseudo-dual and 
approximate dual Banach frames. 
  The paper is organized as follows: in the rest of this Section, we will briefly 
recall the definitions and basic properties of Banach frames and bases that for 
more informations, we refer to [2, 3, 4, 9]. In Section 2, we discuss dual Banach 
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frames and find some characterizations about them. In Section 3, we introduce the 
generalized duals for Banach frames and examine their properties and we show 
that these concepts are stable under small perturbations. In Section 4, we show that 
generalized dual Banach frames are stable under small perturbations of the 
Banach frame elements.  
  Throughout the paper ܺ will be a separable Banach space and ܫ is a countable 
index set that has been well-ordered. We shall denote by ሼܫ௡ሽ௡ୀଵ

ஶ  the family of 
subsets of the first ݊ indices in ܫ. If |ܫ| ൏ ∞ then ܫ௡ ൌ ݊ for ܫ ൒  .|ܫ|
Definition 1.1. Let ܺௗ be a family of scalar-valued sequences indexed by ܫ. Equip 
ܺௗ with pointwise addition and scalar multiplication and let the coordinate 
functionals ሼߨ௜ሽ௜אூ on ܺௗ be defined by 

ூሻא௜ሺሼܿ௞ሽ௞ߨ ൌ ܿ௜,     ݅׊ א  .ܫ
Then ܺௗ with a norm ԡ·ԡ௑೏ is called a ܭܤ-space, if ሺܺௗ, ԡ·ԡ௑೏ሻ is a Banach space 
and ߨ௜ is continuous operator from ܺௗ to ԧ for every ݅ א  We call ܺௗ solid if .ܫ
whenever ሼܽ௜ሽ௜אூ and ሼܿ௜ሽ௜אூ are sequences with ሼܿ௜ሽ௜אூ א ܺௗ and |ܽ௜| ൑ |ܿ௜|, then 
it follows that ሼܽ௜ሽ௜אூ א ܺௗ and ԡሼܽ௜ሽ௜אூԡ௑೏ ൑ ԡሼܿ௜ሽ௜אூԡ௑೏. Moreover, the dual 
space ܺௗ

݀ space of sequences-ܭܤ of ܺௗ is also a  כ ൌ ሼ݀௜ሽ௜אூ such that ݀௜ א ԧ and 
݀ሺܿሻ ൌ ∑ ܿ௜݀௜௜אூ ܿ ׊          א ܺௗ.  

We note that ℓ௣ሺܫሻ is a solid ܭܤ-space and if ܺௗ is a solid ܭܤ-space such that 
there exists some ሼܿ௜ሽ௜אூ א ܺௗ with ܿ௜ ് 0 for each  ݅ א  then every canonical ,ܫ
unit vector ݁௜ ൌ ൛ߜ௜௝ൟ

௝אூ
 is in ܺௗ. We shall also require that the canonical unit 

vectors ሼ݁௜ሽ௜אூ form a Schauder basis for ܺௗ. Moreover, if the series ∑ ܿ௜݀௜௜אூ  is 
convergent for every ܿ א ܺௗ then ݀ א ܺௗ

כ  and if the above series converges for all 
݀ א ܺௗ

כ , then  ܿ א ܺௗ. 
Definition 1.2. A family ሼ ௜݂ሽ௜אூ ك  is a ܺௗ-Bessel sequence for ܺ if כܺ
ሼ ௜݂ሺݔሻሽ௜אூ א ܺௗ for all ݔ א ܺ; it is called a ܺௗ-frame for ܺ if it is a ܺௗ-Bessel 
sequence and there exist 0 ൏ ܣ ൑ ܤ ൏ ∞ such that 

ԡ௑ݔԡܣ ൑ ԡሼ ௜݂ሺݔሻሽ௜אூԡ௑೏ ൑  ԡ௑              (1)ݔԡܤ
The constants ܣ and ܤ are called a lower and upper frame bound for ܺௗ-frame. A 
ܺௗ-frame ሼ ௜݂ሽ௜אூ is called a Banach frame for ܺ with respect to ܺௗ if there exists a 
bounded linear operator ௟ܵ : ܺௗ ื ܺ such that ௟ܵሺሼ ௜݂ሺݔሻሽ௜אூሻ ൌ  .ܺ∋ݔ for all ݔ
Definition 1.3. Let ሼ ௜݂ሽ௜אூ be a ܺௗ-frame for ܺ. Then the ܺௗ-frame condition 
implies that the coefficient mapping 

ܷ: ܺ ՜ ܺௗ,     ܷݔ ൌ ሼ ௜݂ሺݔሻሽ௜אூ   ݔ׊ א ܺ,            (2) 
is an isomorphism. The mapping ܷ is called the analysis operator of  ሼ ௜݂ሽ௜אூ. Also 
if ሼ ௜݂ሽ௜אூ is a Banach frame for ܺ with respect to ܺௗ, then the extra condition in 
Definition 1.2 means that ௟ܵ is a left-inverse of analysis operator ܷ, and thus ܷ ௟ܵ 
is a bounded linear projection of ܺௗ onto the range ࣬௎. The mapping ௟ܵ is called 
the reconstruction operator of Banach frame and the optimal frame bounds are 
צ ௟ܵ  .ଵ, ԡܷԡିצ
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  By replacing ܺௗ by ܺௗ
כ  and ܺ by ܺכ, we can define a ܺௗ

 as כܺ frame for-כ
an indexed set of elements from ܺ as follows: 
Definition 1.4. A sequence ሼݔ௜ሽ௜אூ ك ܺ is a ܺௗ

 if כܺ Bessel sequence for-כ
ሼ݂ሺݔ௜ሻሽ௜אூ א ܺௗ

כ
 for all ݂ א it is called a ܺௗ ;כܺ

 with frame bounds כܺ frame for-כ
0 ൏ ܣ ൑ ܤ ൏ ∞ if ሼ݂ሺݔ௜ሻሽ௜אூ א ܺௗ

כ  and    
כԡ݂ԡ௑ܣ ൑ ԡሼ݂ሺݔ௜ሻሽ௜אூԡ௑೏

כ ൑ ݂ for all   כԡ݂ԡ௑ܤ א  (3)    .כܺ
The family ሼݔ௜ሽ௜אூ is called a Banach frame for ܺכ with respect to ܺௗ

כ , if it is a 
ܺௗ

:and there exists a bounded linear operator ܵ௥ כܺ frame for-כ ܺ ื ܺௗ such 
that ܵ௥

ூሻא௜ሻሽ௜ݔሺሼ݂ሺכ ൌ ݂ for all  ݂ א  .כܺ
Proposition 1.5. Let ሼݔ௜ሽ௜אூ ك ܺ and ሼ ௜݂ሽ௜אூ ك  Then .כܺ

(i) ሼݔ௜ሽ௜אூ is a ܺௗ
 if and only if ,ܤ with Bessel bound כܺ Bessel sequence for-כ

∑ ܿ௜ݔ௜௜אூ  converges in ܺ for all ܿ א ܺௗ and ԡ∑ ܿ௜௜אூ ௜ԡ௑ݔ ൑  .ԡܿԡ௑೏ܤ
(ii) ሼ ௜݂ሽ௜אூ is a ܺௗ-Bessel sequence for ܺ with Bessel bound ܤ, if and only if 

∑ ݀௜ ௜݂௜אூ  converges in ܺכ for all ݀ א ܺௗ
כ  and ԡ∑ ݀௜௜אூ ௜݂ԡ௑כ ൑ ԡ݀ԡ௑೏ܤ

כ . 
Proof. (i) Suppose that ሼݔ௜ሽ௜אூ is a ܺௗ

 Let .ܤ with Bessel bound כܺ frame for-כ
ܿ א ܺௗ, then for every ݉ ൐ ݊ we have 
ฮ∑ ܿ௜ݔ௜௜אூ೘ିூ೙ ฮ

௑
ൌ supԡ௙ԡ೉כஸଵ

௙א௑כ
ห݂൫∑ ܿ௜ݔ௜௜אூ೘ିூ೙ ൯ห ൌ supԡ௙ԡ೉כஸଵ

௙א௑כ
ห∑ ܿ௜݂ሺݔ௜௜אூ೘ିூ೙ ሻห  

    ൑ supԡ௙ԡ೉כஸଵ
௙א௑כ

ԡሼ݂ሺݔ௜ሻሽ௜אூԡ௑೏
כ ฮ∑ ܿ௜݁௜௜אூ೘ିூ೙ ฮ

௑೏
  

                  ൑ ∑ฮܤ ܿ௜݁௜௜אூ೘ିூ೙ ฮ
௑೏

. 

Since ሼ݁௜ሽ௜אூ form a Schauder basis for ܺௗ
כ , hence ฮ∑ ܿ௜݁௜௜אூ೘ିூ೙ ฮ

௑೏
 goes to zero 

as ݉, ݊ tend to infinity. This shows that ∑ ܿ௜ݔ௜௜אூ  converges in ܺ and inequality 
holds. For the converse, assume that ∑ ܿ௜ݔ௜௜אூ  converges in ܺ for all ܿ א ܺௗ and 
the inequality satisfied. Then for every ݂ א  we obtain כܺ

∑ ܿ௜݂ሺݔ௜ሻ௜אூ ൌ lim௡՜ஶ ∑ ܿ௜݂ሺݔ௜ሻ௜אூ೙ ൌ ݂൫lim௡՜ஶ ∑ ܿ௜ݔ௜௜אூ೙ ൯ ൌ ݂ሺ∑ ܿ௜ݔ௜௜אூ ሻ.  
By our requirements on ܺௗ and ܺௗ

כ , ሼ݂ሺݔ௜ሻሽ௜אூ א ܺௗ
כ  and we have  

|ሼ݂ሺݔ௜ሻሽ௜אூሺܿሻ| ൌ |∑ ܿ௜௜אூ ݂ሺݔ௜ሻ| ൌ |݂ሺ∑ ܿ௜௜אூ   |௜ሻݔ
                 ൑ ԡ݂ԡ௑כԡ∑ ܿ௜௜אூ ௜ԡ௑ݔ ൑  ,ԡܿԡ௑೏כԡ݂ԡ௑ܤ

which implies that ሼݔ௜ሽ௜אூ is a ܺௗ
 .ܤ with Bessel bound כܺ Bessel sequence for-כ

The implication (ii) can be proved in a similar way.■ 
Definition 1.6. Let ሼݔ௜ሽ௜אூ ك ܺ be a ܺௗ

 Then Proposition .כܺ Bessel sequence for-כ
1.5 implies that the mapping 

ܸ: ܺௗ ՜ ܺ,     ܸܿ ൌ ∑ ܿ௜ݔ௜௜אூ ܿ׊    א ܺௗ,        (4) 
is a bounded operator. The mapping ܸ is called the synthesis operator of ሼݔ௜ሽ௜אூ. 
Also if ሼݔ௜ሽ௜אூ is a Banach frame for ܺכ with respect to ܺௗ

כ , then the extra 
condition in Definition 1.4 implies that ܵ௥ is a right-inverse of synthesis operator 
ܸ, and thus ܵ௥ܸ is a bounded linear projection of ܺௗ onto the range ࣬ௌೝ. The 
mapping ܵ௥ is called the reconstruction operator of Banach frame and the optimal 
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frame bounds are צ ܵ௥  .ଵ, ԡܸԡିצ
  A family ሼ ௜݂ሽ௜אூ ك ሻݔif  ௜݂ሺ כܺ is called total in כܺ ൌ 0  for all ݅ ∈ ݔ then  ,ܫ  ൌ 0. 
Similarly, ሼݔ௜ሽ௜אூ is total in ܺ, if ݂ሺݔ௜ሻ ൌ 0, for all ݅ א then ݂ ൌ ܫ  0. 
Definition 1.7. Let ሼݔ௜ሽ௜אூ  be a sequence in ܺ. Then 

(i) ሼݔ௜ሽ௜אூ is a Schauder basis for ܺ if for every Xx∈  there exists an unique 
sequence of scalars ሼܿ௜ሽ௜אூ which is called the coordinates of ݔ, such that 
ݔ ൌ ∑ ܿ௜ݔ௜௜אூ . 

(ii) ሼݔ௜ሽ௜אூ is a ܺௗ-Riesz basis for ܺ if it is a total set in ܺ and there exist two 
positive constants 0 ൏ ܣ ൏ ܤ ൏ ∞  such that 

ԡܿԡ௑೏ܣ ൑ ԡ∑ ܿ௜ݔ௜௜אூ ԡ௑ ൑ ܿ ׊   ԡܿԡ௑೏ܤ א ܺௗ.       (5) 
The constants ܣ and ܤ are called the lower and upper Riesz bounds, respectively. 
  The following example shows that in a Hilbert space, there is a Banach frame 
with respect to a ܭܤ-space which is not a Banach frame with respect to ℓଶሺԳሻ. 
Example 1.8. Suppose that ሼ݁௜ሽ௜ୀଵ

ஶ  is an orthonormal basis for a separable Hilbert 
space ࣢. Consider the family ሼ݁௜ ൅ ݁௜ାଵሽ௜ୀଵ

ஶ
 which is a complete set in ࣢. By [2, 

Lemma 2.6] this family is a Banach frame with respect to the ܭܤ-space 
ܺௗ ൌ ሼሼ൏ ݄, ݁௜ ൅ ݁௜ାଵ ൐ሽ௜ୀଵ

ஶ |  ݄ א ࣢ሽ, 
but not a Banach frame for ࣢ with respect to ℓଶሺԳሻ. 
Remark 1.9. Let ሼݔ௜ሽ௜אூ be a Schauder basis for ܺ, then the linear functionals  
ሼ ௜݂ሽ௜אூ ك ∑defined by ௜݂ሺ כܺ ܿ௞ݔ௞௞אூ ሻ ൌ ܿ௜ are called the coefficient functionals 
of  ሼݔ௜ሽ௜אூ. If we define the space ܺௗ by 

ܺௗ ൌ ሼሼ ௜݂ሺݔሻሽ௜אூ | ݔ א ܺሽ, 
and we equip ܺௗ with the norm צ ሼ ௜݂ሺݔሻሽ௜אூ צ௑೏ൌצ ݔ -ܭܤ ௑, then ܺௗ becomes aצ
space. The dual space of ܺௗ and its norm as follows: 

ܺௗ
כ ൌ ሼሼ݂ሺݔ௜ሻሽ௜אூ|   ݂ א ூԡ௑೏א௜ሻሽ௜ݔሽ,   and   ԡሼ݂ሺכܺ

כ ൌ ԡ݂ԡ௑כ. 
This shows that ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ are Banach frames for ܺ, ,with respect to ܺௗ כܺ ܺௗ

כ , 
respectively. Further since 

ԡ∑ ௜݂ሺݔሻݔ௜௜אூ ԡ௑ ൌ ԡݔԡ௑ ൌ ԡሼ ௜݂ሺݔሻሽ௜אூԡ௑೏, 
thus ሼݔ௜ሽ௜אூ is also a ܺௗ-Riesz basis for ܺ. 
Definition 1.10. Let ሼ ௜݂ሽ௜אூ ك ூא௜ሽ௜ݔሼ ,כܺ ك ܺ be ܺௗ-Bessel and ܺௗ

 Bessel-כ
sequences for ܺ,  respectively. Then כܺ 

(i) ሼ ௜݂ሽ௜אூ is called a dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ, if 
ݔ ൌ ∑ ௜݂ሺݔሻݔ௜௜אூ  for all ݔ א ܺ, with respect the norm topology on ܺ. 

(ii) ሼݔ௜ሽ௜אூ is called a dual Banach frame for ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ
כ , if 

݂ ൌ ∑ ݂ሺݔ௜ሻ ௜݂௜אூ  for all ݂ א  .כܺ with respect the norm topology on ,כܺ
There is an equivalence assertion on duality of the ܺௗ-Bessel and ܺௗ

 Bessel-כ
sequences. 
Theorem 1.11. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be ܺௗ-Bessel and ܺௗ

 Bessel sequences for-כ
ܺ,  :respectively. Then the following conditions are equivalent כܺ

(i) ሼ ௜݂ሽ௜אூ is a dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
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(ii) ሼݔ௜ሽ௜אூ is a dual Banach frame for ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ
כ . 

(iii) ݂ሺݔሻ ൌ ∑ ௜݂ሺݔሻ݂ሺݔ௜ሻ௜אூ  for all ݔ א ܺ, ݂ א  .כܺ
Proof. To prove ሺiሻ ֜ ሺiiሻ, let ݂ א  be arbitrary; then by Lemma 1.5(ii) the כܺ
series ∑ ݂ሺݔ௜ሻ ௜݂௜אூ  is convergent in ܺכ and for every ݔ א ܺ  we have 

݂ሺݔሻ ൌ ݂ሺ∑ ௜݂ሺݔሻݔ௜௜אூ ሻ ൌ ∑ ௜݂ሺݔሻ݂ሺݔ௜ሻ௜אூ ൌ ሺ∑ ݂ሺݔ௜ሻ ௜݂௜אூ ሻሺݔሻ  
This shows that ݂ ൌ ∑ ݂ሺݔ௜ሻ ௜݂௜אூ . The implications ሺiiሻ ֜ ሺiiiሻ and ሺiiiሻ ֜ ሺiሻ are 
obvious.■ 
 The following result relates dual Banach frames to Banach frames. 
Lemma 1.12. Every dual Banach frame is a Banach frame. 
Proof. Let ሼ ௜݂ሽ௜אூ be a dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ and 
let ܷ, ܸ be the analysis and synthesis operators for ሼ ௜݂ሽ௜אூ and  ሼݔ௜ሽ௜אூ 
respectively. Then by Theorem 1.11 we have ܷכܸכሺ݂ሻ  ൌ  ݂ for all ݂ א  These .כܺ
yields 

ԡ݂ԡ௑כ ൌ ԡܷכܸכሺ݂ሻԡ௑כ ൑ ԡܷԡԡܸכሺ݂ሻԡ௑೏
כ ൌ ԡܷԡԡሼ݂ሺݔ௜ሻሽ௜אூԡ௑೏

כ . 
The upper frame bound for ሼݔ௜ሽ௜אூ follows from ܸܷ ൌ  ௑. Similarly, we canܫ 
show that ሼ ௜݂ሽ௜אூ is also a Banach frame for ܺ with respect to ܺௗ .■ 
Definition 1.13. Let ሼ ௜݂ሽ௜אூ and ሼݔ௜ሽ௜אூ be ܺௗ-Bessel and ܺௗ

 Bessel sequences for-כ
 respectively. If one of the conditions in Theorem 1.11 is satisfied. Then the כܺ  ,ܺ
pair ሺሼݔ௜ሽ௜אூ, ሼ ௜݂ሽ௜אூሻ is called a ܺௗ-dual Banach frame for ܺ. 
  The following result shows that every Banach frame have at least one dual 
Theorem 1.14. Let ሼ ௜݂ሽ௜אூ be a Banach frame for ܺ with respect to ܺௗ . Then 
there exists a ܺௗ

,ூא෤௜ሽ௜ݔsuch that ሺሼ כܺ ூ forא෤௜ሽ௜ݔBessel sequence ሼ-כ ሼ ௜݂ሽ௜אூሻ is 
a ܺௗ-dual Banach frame for ܺ. 
Proof. Let ܷ, ௟ܵ be the analysis and reconstruction operators for ሼ ௜݂ሽ௜אூ. Put 
෤௜ݔ ൌ ௟ܵሺ݁௜ሻ where ሼ݁௜ሽ௜אூ is the Schauder basis of the canonical unit vectors in ܺௗ. 
We first show that ሼݔ෤௜ሽ௜אூ is a ܺௗ

ܿ Given .כܺ Bessel sequence for-כ א ܺௗ and 
݉, ݊ א Գ with ݉ ൐ ݊. 

ฮ∑ ܿ௜ݔ෤௜௜אூ೘ିூ೙ ฮ
௑

ൌ ฮ∑ ܿ௜ ௟ܵ݁௜௜אூ೘ିூ೙ ฮ
௑

ൌ ฮ ௟ܵ൫∑ ܿ௜݁௜௜אூ೘ିூ೙ ൯ฮ
௑

  
   ൑ ԡ ௟ܵԡฮ∑ ܿ௜݁௜௜אூ೘ିூ೙ ฮ

௑೏
.           

Since ܿ א ܺௗ, ∑ ܿ௜݁௜௜אூ  is convergent, this implies that ൛∑ ܿ௜ݔ෤௜௜אூ೙ ൟ
௡אԳ

 is a Cauchy 
sequence and therefore it is convergent in ܺ. Now Proposition 1.5 implies that 
ሼݔ෤௜ሽ௜אூ is a ܺௗ

 we have ܺ∋ݔ Moreover, for every .כܺ Bessel sequence for-כ
ݔ ൌ ௟ܷܵሺݔሻ ൌ ௟ܵሺ∑ ௜݂ሺݔሻ݁௜௜אூ ሻ ൌ ∑ ௜݂ሺݔሻ ௟ܵ݁௜௜אூ ൌ ∑ ௜݂ሺݔሻݔ෤௜௜אூ   

This shows that ሺሼݔ෤௜ሽ௜אூ, ሼ ௜݂ሽ௜אூሻ is a ܺௗ-dual Banach frame for ܺ.■ 
   Via Theorem 1.11 the Banach frame ሼݔ෤௜ሽ௜אூ obtained in Theorem 1.14 is called 
the canonical dual Banach frame of ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ

כ . We also have 
a parallel result for Banach frames for ܺכ with respect to ܺௗ

כ . 
Corollary 1.15. Let ሼݔ௜ሽ௜אூ be a Banach frame for ܺכ with respect to ܺௗ

כ . Then 
there exists a ܺௗ-Bessel sequence ൛ ሚ݂௜ൟ௜אூ

 for ܺ such that ቀሼݔ௜ሽ௜אூ, ൛ ሚ݂௜ൟ௜אூቁ is a ܺௗ-
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dual Banach frame for ܺ. 
Proof. Let ܸ and ܵ௥ be the synthesis and reconstruction operators for ሼݔ௜ሽ௜אூ. Put 
ሚ݂௜ ൌ ܵ௥

ூ is the Schauder basis of the canonical unit vectors in ܺௗא௜, where ሼ݁௜ሽ௜݁כ
כ . 

Since for all ݀ א ܺௗ
כ  and ݉, ݊ א Գ with ݉ ൐ ݊ we have 

        ฮ∑ ݀௜ ሚ݂௜௜אூ೘ିூ೙ ฮ
௑כ ൌ ฮ∑ ݀௜ܵ௥

ூ೘ିூ೙א௜௜݁כ ฮ
௑כ ൌ ฮܵ௥

∑൫כ ݀௜݁௜௜אூ೘ିூ೙ ൯ฮ
௑כ 

   ൑ ԡܵ௥ԡฮ∑ ݀௜݁௜௜אூ೘ିூ೙ ฮ
௑೏

כ .  

Therefore ൛ ሚ݂௜ൟ௜אூ is a ܺௗ-Bessel sequence for ܺ. Also for all ݂ א   we have כܺ
݂ ൌ ܵ௥

ሺ݂ሻכܸכ ൌ ܵ௥
∑ሺכ ݂ሺݔ௜ሻ݁௜௜אூ ሻ ൌ ∑ ݂ሺݔ௜ሻܵ௥

ூא௜௜݁כ ൌ ∑ ݂ሺݔ௜ሻ ሚ݂௜௜אூ   
From this the result follows.■ 
  Similarly the Banach frame ൛ ሚ݂௜ൟ௜אூ

 obtained in Corollary 1.15 is called the 
canonical dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ.  

2. Characterizations and perturbations of Dual Banach frames 

In this section we generalize some results of Christensen [4] to the situation of 
dual Banach frames. We give a characterization of dual Banach frames in terms of 
the synthesis and analysis operators without any knowledge of the frame bounds. 
We also show that every Banach frame has infinitely many dual Banach frames. 
Theorem 2.1. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be ܺௗ-Bessel and ܺௗ

,ܺ Bessel sequences for-כ  כܺ
respectively. Then the following statements hold. 

(i) Let ሼ ௜݂ሽ௜אூ be a Banach frame for ܺ with respect to ܺௗ with the analysis 
operator ܷ. Then the dual Banach frames for ሼ ௜݂ሽ௜אூ in ܺכ with respect to 
ܺௗ

כ  are precisely the families ሼݔ௜ሽ௜אூ ൌ ሼ ௟ܶ݁௜ሽ௜אூ, where ௟ܶ ׷ XX d →  is a 
bounded left-inverse of  ܷ. 

(ii) Let ሼݔ௜ሽ௜אூ be a Banach frame for ܺכ with respect to ܺௗ
כ  with the synthesis 

operator ܸ. Then the dual Banach frames for ሼݔ௜ሽ௜אூ in ܺ  with respect to 
ܺௗ are precisely the families ሼ ௜݂ሽ௜אூ ൌ ሼ ௥ܶ

ூ where ௥ܶא௜ሽ௜݁כ ׷ ܺ ื ܺௗ is a 
bounded right-inverse of ܸ. 

Proof. The proof is identical to the proof of Theorem 1.14 and Corollary 1.15.■ 
  The next result is analogous to [4, Lemma 5.7.3] for the situation of dual Banach 
frames. 
Theorem 2.2. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be Banach frames for ܺ,  with respect to כܺ
ܺௗ, ܺௗ

כ , with the analysis and synthesis operators ܷ, ܸ respectively. Then the 
following holds: 

(i) The bounded left-inverses of ܷ are precisely the operators having the 
form ௟ܵ ൅ ܹሺܫ௑೏ െ ܷ ௟ܵሻ, where ܹ: ܺௗ →  ܺ is a bounded operator and 
 ௟ܵ  denotes the reconstruction operator of ሼ ௜݂ሽ௜אூ. 

(ii) The bounded right-inverses of ܸ are precisely the operators having the 
form ܵ௥ ൅ ሺܫ௑೏ െ ܵ௥ܸሻܹ, where ܹ: ܺ→  ܺௗ is a bounded operator and 
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ܵ௥ denotes the reconstruction operator of ሼݔ௜ሽ௜אூ. 
Proof. For the proof of ሺiሻ, it is obvious that an operator of the given form is a 
left-inverse of ܷ. On the other hand, if ௟ܶ  is a left-inverse of ܷ, then by taking  
ܹ ൌ ௟ܶ   we have ௟ܶ ൌ ௟ܵ ൅ ௟ܶሺܫ௑೏ െ ܷ ௟ܵሻ. The argument for statement ሺiiሻ is 
similar.■ 
  The next theorem is analogous to a well-known result in abstract frame theory 
[4, Theorem 5.7.4]. This theorem is a characterization of all dual Banach frames 
associated with a given Banach frame. 
Theorem 2.3. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be Banach frames for ܺ,  ,with respect to ܺௗ כܺ
ܺௗ

כ  with the analysis and synthesis operators ܷ, ܸ, respectively. Then the 
following holds: 

(i) The dual Banach frames of ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ
כ  are precisely 

the families 
ሼݖ௞ሽ௞אூ ൌ ሼݔ෤௞ ൅ ௞ݕ െ ∑ ௜݂ሺݔ෤௞ሻݕ௜௜אூ ሽ௞אூ  

where ሼݕ௞ሽ௞אூ is a ܺௗ
 ூ denotes theא෤௜ሽ௜ݔand ሼ כܺ Bassel sequence for-כ

canonical dual Banach frame of ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ
כ . 

(ii) The dual Banach frames of ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ are precisely the 
families  

ሼ݃௞ሽ௞אூ ൌ ൛ ሚ݂௞ ൅ ݄௞ െ ∑ ሚ݂௞ሺݔ௜ሻ݄௜௜אூ ൟ௞אூ
  

where ሼ݄௞ሽ௞אூ is a ܺௗ-Bessel sequence for ܺ and ൛ ሚ݂௜ൟ௜אூ denotes the 
canonical dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 

Proof. ሺiሻ By Theorems 2.1, 2.2 we can characterize the dual Banach frames, 
 ሼ ௜݂ሽ௜אூin ܺכ with respect to ܺௗ

כ  as families the form 
ሼݖ௞ሽ௞אூ ൌ ൛ሺ ௟ܵ ൅ ܹሺܫ௑೏ െ ܷ ௟ܵሻሻ݁௞ൟ

௞אூ
 

where ܹ: ܺௗ ื ܺ is a bounded operator, or equivalently an operator of the form 
ܹሺܿሻ ൌ ∑ ܿ௜ݕ௜௜אூ  where ሼݕ௞ሽ௞אூ is a ܺௗ

 Inserting this .כܺ Bessel sequence for-כ
expression for ܹ we obtain 

ሼݖ௞ሽ௞אூ ൌ ሼ ௟ܵ݁௞ ൅ ܹ݁௞ െ ܹܷ ௟ܵ݁௞ሽ௞אூ 
         ൌ ሼݔ෤௞ ൅ ௞ݕ െ ∑ ௜݂ሺݔ෤௞ሻݕ௜௜אூ ሽ௞אூ.       

The proof for the statement ሺiiሻ is analogous.■  
  A nonzero operator Λ א ,ሺܺܤ ܻሻ is called a left divisor of zero if there exists a 
nonzero operator Γ א ,ሺܻܤ ܺሻ such that Λ߁ ൌ 0; similarly, it is called a right 
divisor of zero if there exists a nonzero operator Γ א ,ሺܻܤ ܺሻ such that Γ߉ ൌ 0. 
Theorem 2.4. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be Banach frames for ܺ,  ,with respect to ܺௗ כܺ
ܺௗ

כ . Then the analysis and synthesis operators of them are right and left divisors of 
zero in ܤሺܺ, ܺௗሻ, ܤሺܺௗ, ܺሻ respectively. 
Proof. Suppose that ܷ, ܸ are the analysis and synthesis operators of ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ 
respectively. Let 

Λ: ܺௗ ื ܺ and Γ: ܺ ื ܺௗ by Λ ൌ ௑ܫ െ ܷ ௟ܵ and Γ ൌ ௑ܫ െ ܵ௥ܸ, 
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where ௟ܵ , ܵ௥ denote the reconstruction operators of ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ. Then we have 
Λܷ ൌ 0 and ܸΓ ൌ 0.■ 
  The following Theorem is another characterization of the dual Banach frames by 
the family of left and right divisors of zero. 
Theorem 2.5. Let ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ be Banach frames for ܺ,  ,with respect to ܺௗ כܺ
ܺௗ

כ  with the analysis and synthesis operators ܷ, ܸ, respectively. Then the 
following holds: 

(i) There exists a one to one correspondence between dual Banach frames of 
ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ

כ  and the bounded operators Λ: ܺௗ ื ܺ 
such that  Λܷ ൌ 0. 

(ii) There exists a one to one correspondence between dual Banach frames of 
 ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ and the bounded operators Γ: ܺ ื ܺௗ such 
that  ܸΓ ൌ 0. 

Proof. ሺiሻ Let ሼݕ௜ሽ௜אூ be a dual Banach frame of ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ
כ  

with the synthesis operator ܹ. Define Λ: ܺௗ ื ܺ by Λ ൌ ܹ െ ௟ܵ, where ௟ܵ 
denotes the reconstruction operator of ሼ ௜݂ሽ௜אூ. Clearly, Λ is a bounded operator 
and by using Theorem 1.11 we have Λܷ ൌ ܹܷ െ ௟ܷܵ ൌ 0. For the opposite 
implication, suppose that Λ is a bounded operator from ܺௗ in ܺ such that Λܷ ൌ 0. 
Let ݕ௜ ൌ ௟ܵ݁௜ ൅ Λ݁௜, ݅ א  ூ denotes the Schauder basis of theאwhere ሼ݁௜ሽ௜ ,ܫ
canonical unit vectors in ܺௗ. As in the proof of Theorem 1.14,  ሼݕ௜ሽ௜אூ  is a ܺௗ

-כ
Bessel sequence for ܺכ and for every ݔ א ܺ we have   

∑ ௜݂ሺݔሻݕ௜௜אூ ൌ ∑ ௜݂ሺݔሻ ௟ܵ݁௜௜אூ ൅ ∑ ௜݂ሺݔሻΛ݁௜௜אூ ൌ ௟ܷܵݔ ൅ Λܷݔ ൌ     .ݔ
This shows that ሼݕ௜ሽ௜אூ is a dual Banach frame of ሼ ௜݂ሽ௜אூ in ܺכ with respect to ܺௗ

 .כ
ሺiiሻ The proof is similar to ሺiሻ.■  
  The following theorem is a perturbation result of dual Banach frames. 
Theorem 2.6. Let ሼ ௜݂ሽ௜אூ and ൛݂′௜ൟ௜אூ

 be two Banach frames for ܺ with respect 
to ܺௗ with the canonical dual Banach frames ሼݔ෤௜ሽ௜אூ and  ൛ݔ′෩௜ൟ௜אூrespectively. 
Also let ሼݕ௜ሽ௜אூ  be a fix alternate dual Banach frame of ሼ ௜݂ሽ௜אூ  in ܺכ  with 
respect to ܺௗ

כ  with the synthesis operator ܸ  and ൛ ௜݂ െ ݂′௜ൟ
௜אூ

, ൛ݔ෤௜ െ ෩′ݔ ௜ൟ௜אூ be 
two ܺௗ-Bessel, ܺௗ

,ܺ Bessel sequences for-כ  with sufficiently small Bessel כܺ
bounds ߝ ൐ 0. Then there exists an alternate dual Banach frame ൛ݕ′௜ൟ௜אூ

 for 
൛݂′௜ൟ௜אூ

in ܺכ  with respect to ܺௗ
௜ݕsuch that ൛ כ െ ூא௜ൟ௜′ݕ

 is also a ܺௗ
כ -Bessel 

sequence in ܺכ and its bound is a multiple of ߝ. 
Proof. Suppose that ܷ, ௟ܵ and ܷ′, ܵ′௟  are the analysis and reconstruction 
operators of ሼ ௜݂ሽ௜אூ  and ൛݂′௜ൟ௜אூ

 respectively. Then we have ݔ෤௜ ൌ ௟ܵ݁௜  and 
෩௜′ݔ ൌ ܵ′௟݁௜  for all ݅ א ,ܫ  where ሼ݁௜ሽ௜אூ  denotes the Schauder basis of the 
canonical unit vectors in ܺௗ. By using Theorem 2.5, there exists a bounded 
operator Λ: ܺௗ ื ܺ such that 
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Λܷ ൌ 0  and  ݕ௜ ൌ ෤௜ݔ ൅ Λ݁௜, ݅׊ א  .ܫ
If we define ݖ௜ ൌ ෩௜′ݔ ൅ Λ݁௜ for all ݅ א  ூ is aא௜ሽ௜ݖThen it is easy to check that ሼ .ܫ
ܺௗ

with the synthesis operator of ܵ′௟ כܺ Bessel sequence in-כ ൅ Λ. We claim that 
the bounded operator Γݔ ൌ ሺܵ′௟ ൅ Λሻܷ′ݔ ൌ ∑ ݂′௜ሺݔሻݖ௜௜אூ  is invertible. In fact, for 
any  ݔ∈ܺ,  we have 

       ԡݔ െ Γݔԡ௑ ൌ ฮݔ െ ∑ ݂ ′௜ሺݔሻݖ௜௜אூ ฮ
௑

ൌ ฮΛܷ′ݔฮ௑ ൌ ฮΛܷ′ݔ െ Λܷݔฮ௑ 
൑ ԡΛԡฮܷ′ݔ െ ฮݔܷ

௑೏
൑  .ԡ௑ݔԡΛԡԡߝ

Therefore, if ߝԡΛԡ ൏ 1, then צ ௑ܫ െ Γ ൑צ ߝ צ Λ ൏צ 1 and so ߁ is invertible and 
we obtain ฮΓିଵฮ ൑ ଵ

ଵିԡூ೉ିΓԡ ൏ ଵ
ଵିఌԡΛԡ. This implies that 

ฮܫ௑ െ Γିଵฮ ൌ ฮΓିଵሺΓ െ ௑ሻฮܫ ൑ ฮΓିଵฮԡܫ௑ െ Γԡ ൑ ఌԡΛԡ
ଵିఌԡΛԡ

. 

Put ݕ′௜ ൌ Γିଵݖ௜ for all ݅ א ௜ൟ′ݕIt is trivial that ൛ .ܫ
௜אூ

 is a ܺௗ
 כܺ Bessel sequence in-כ

and we see from Γݔ ൌ ∑ ݂′௜ሺݔሻݖ௜௜אூ  that ݔ ൌ ∑ ݂′௜ሺݔሻݕ′௜௜אூ . Hence ൛ݕ′௜ൟ௜אூ
 is a 

dual Banach frame for ൛݂′௜ൟ௜אூ
 in  ܺכ with respect to ܺௗ

 On the other hand, for .כ
every ܿ א ܺௗ we have 
 ฮ∑ ܿ௜ሺݕ௜ െ ூא௜ሻ௜′ݕ ฮ

௑
ൌ ฮ∑ ܿ௜ሺݕ௜ െ Γିଵݕ௜ ൅ Γିଵݕ௜ െ Γିଵݖ௜ሻ௜אூ ฮ௑  

                  ൑ ฮܫ௑ െ Γିଵฮԡ∑ ܿ௜ݕ௜௜אூ ԡ௑൅צ Γିଵ צצ ∑ ܿ௜ሺݕ௜ െ ூא௜ሻ௜ݖ       ௑צ
             ൑ ఌԡΛԡ

ଵିఌԡΛԡ
ԡ∑ ܿ௜ݕ௜௜אூ ԡ௑ ൅ ଵ

ଵିఌԡΛԡ ฮ∑ ܿ௜൫ݔ෤௜ െ ෩′ݔ ௜൯௜אூ ฮ௑   

                   ൑ ଵାԡΛԡԡ௏ԡ
ଵିఌԡΛԡ צ ܿ ௑೏צ    .ߝ

This completes the proof.■ 
Corollary 2.7.  Let ሼݔ௜ሽ௜אூ and ሼݔ′௜ሽ௜אூ be Banach frames for ܺכ with respect to 
ܺௗ

כ  and let ሼ ௜݂ሽ௜אூ be a dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. Let 
൛ ௜݂ െ ݂′௜ൟ

௜אூ
 and ሼݔ௜ െ ூ be two ܺௗ-Bessel ܺௗא௜ሽ௜′ݔ

,ܺ Bessel sequences for-כ  כܺ
with sufficiently small Bessel bounds ߝ. Then there exists a dual Banach frame 
൛݂′௜ൟ௜אூ

 for ሼݔ′௜ሽ௜אூ in ܺ with respect to ܺௗ such that ൛ ௜݂ െ ݂′௜ൟ௜אூ
 is a ܺௗ-Bessel 

sequence in ܺ and its bound is a multiple of ߝ. 
Proof. The proof is similar to Theorem 2.6.■ 

3. Generalized dual Banach frames 

In this section we generalize the concepts of pseudo-dual and approximate dual 
for Banach frames in Banach spaces and examines their properties. 

Definition 3.1. Suppose that ሼ ௜݂ሽ௜אூ, ሼݔ௜ሽ௜אூ are ܺௗ-Bessel and ܺௗ
 Bessel–כ

sequences for ܺ, ,ܷ with analysis and synthesis operators כܺ ܸ respectively. Then 

(i) ሼ ௜݂ሽ௜אூ is called a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect 
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to ܺௗ, if the operator ܸܷ is a bijection on ܺ. 
(ii)  ሼ ௜݂ሽ௜אூ is an approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect 

to ܺௗ, if  ԡܫ௑ െ ܸܷԡ ൏ 1. 

  Note that if ሼ ௜݂ሽ௜אூ is a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ, then  

ݔ ൌ ∑ ௜݂ሺݔሻሺܸܷሻିଵݔ௜௜אூ ݔ׊          א ܺ. 

Thus ሼ ௜݂ሽ௜אூ is a dual Banach frame for ሼሺܸܷሻିଵݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
Therefore ሼ ௜݂ሽ௜אூ is a Banach frame for ܺ with respect to ܺௗ. By symmetry ሼݔ௜ሽ௜אூ 
is also a Banach frame for ܺכ with respect to ܺௗ

כ . Obviously, every approximate 
dual Banach frame for ܺ with respect to ܺௗ is a pseudo-dual Banach frame.  

  The next result follows immediately from the definition. We leave the proof to 
interested readers. 

Corollary 3.2. Let ሼ ௜݂ሽ௜אூ and ሼݔ௜ሽ௜אூ be ܺௗ-Bessel and ܺௗ
 Bessel sequences for-כ

 with analysis and synthesis operators ܷ and ܸ respectively. Then the כܺ ,ܺ
following statements are equivalent: 

(i)  ሼ ௜݂ሽ௜אூ is a pseudo-dual Banach frame for  ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
(ii)  ݔ ൌ ∑ ௜݂ሺሺܸܷሻିଵݔሻݔ௜௜אூ ൌ ∑ ௜݂ሺݔሻሺܸܷሻିଵݔ௜௜אூ ݔ׊       א ܺ. 
(iii) ݂ ൌ ∑ ݂ሺሺܸܷሻିଵݔ௜ሻ ௜݂௜אூ ൌ ∑ ݂ሺݔ௜ሻሺܷכܸכሻିଵ

௜݂௜אூ ݂׊     א  .כܺ
(iv)  For every ݔ א ܺ and ݂ א   we have כܺ

݂ሺݔሻ ൌ ∑ ݂ሺሺܸܷሻିଵݔ௜ሻ ௜݂ሺݔሻ௜אூ ൌ ∑ ݂ሺݔ௜ሻ ௜݂ሺሺܸܷሻିଵݔሻ௜אூ . 

Theorem 3.3. Let ሼ ௜݂ሽ௜אூ be an approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ 
with respect to ܺௗ with the analysis and synthesis operators ܷ, ܸ, respectively. 
Then the following holds: 

(i) ሼሺܷכܸכሻିଵ
௜݂ሽ௜אூ is a dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to 

ܺௗ and ሺܷכܸכሻିଵ
௜݂ ൌ ௜݂ ൅ ∑ ሺܫ௑כ െ ሻ௡כܸכܷ

௜݂
∞
௡ୀଵ  

(ii)  For fixed ݊ א Գ, consider the partial sum 
௡݂௜ ൌ ௜݂ ൅ ∑ ሺܫ௑כ െ ሻ௝כܸכܷ

௜݂
௡
௝ୀଵ . 

Then ሼ ௡݂௜ሽ௜אூ is an approximate dual Banach frame of  ሼݔ௜ሽ௜אூ in ܺ with 
respect to ܺௗ. Denoting its associated analysis operator by ܷ௡, we have 

צ כ௑ܫ െ ܷ௡
כܸכ צ൑צ כ௑ܫ െ כܸכܷ ௡ାଵืצ 0   as  ݊ ื ∞. 

Proof. (i) If ሼ ௜݂ሽ௜אூ is an approximate dual Banach frame for ሼݔ௜ሽ௜אூ then the 
operator ܸܷ is a bijection on ܺ and for all ݔ א ܺ we have  

ݔ ൌ ሺܸܷሻሺܸܷሻିଵݔ ൌ ∑ ௜݂ሺሺܸܷሻିଵݔሻݔ௜௜אூ ൌ ∑ ሺܷכܸכሻିଵሺ ௜݂ሻݔ௜௜אூ .  

This shows that ሼሺܷכܸכሻିଵ
௜݂ሽ௜אூ is a dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with 

respect to ܺௗ. Moreover, the inverse of  ܸܷ can be written as follows:  
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ሺܸܷሻିଵ ൌ ሺܫ௑ െ ሺܫ௑ െ ܸܷሻሻିଵ ൌ ௑ܫ ൅ ∑ ሺܫ௑ െ ܸܷሻ௡∞
௡ୀଵ   

From this the result in (i) follows.  
(ii) For any ݔ א ܺ we have  

 

  ሺܫ௑ െ ܸܷ௡ሻݔ ൌ ݔ െ ∑ ௡݂௜ሺݔሻݔ௜௜אூ   
ൌ ݔ െ ∑ ∑ ሺܫ௑כ െ ሻ௝ሺכܸכܷ ௜݂ሻሺݔሻݔ௜

௡
௝ୀ଴௜אூ   

    ൌ ݔ െ ∑ ൫ܫ௑ െ ሺܫ௑ െ ܸܷሻ൯ሺܫ௑ െ ܸܷሻ௝ݔ௡
௝ୀ଴   

             ൌ ሺܫ௑ െ ܸܷሻ௡ାଵݔ    

Thus  

צ ௑ܫ െ ܸܷ௡ צൌצ ሺܫ௑ െ ܸܷሻ௡ାଵ צ൑צ ௑ܫ െ ܸܷ ௡ାଵ՜צ 0  as  ݊ ՜ ∞. ■ 

  The following result shows that the image of a dual Banach frame under a 
bounded invertible operator is a pseudo-dual Banach frame.  

Theorem 3.4. Suppose that ሼ ௜݂ሽ௜אூ and ሼݔ௜ሽ௜אூ are ܺௗ-Bessel and ܺௗ
 Bessel–כ

sequences for ܺ, ௝ൟߙrespectively, and let ൛ כܺ
௝ୀଵ
ே

 be a finite sequence of complex 

numbers such that  ∑ α୨
N
୨ୀଵ ് 0. Then the following holds: 

(i) If for all 1 ൑ ݆ ൑ ܰ, ൛ ௜݂௝ൟ
௜אூ

ك  ܺ ூ inא௜ሽ௜ݔis a dual Banach frame for ሼ כܺ
with respect to ܺௗ and Λ: ܺ ื ܺ is an invertible operator, then the 
sequence ሼ ௜݃ሽ௜אூ ك defined by ௜݃ כܺ ൌ ∑ ௝Λߙ

൫כ ௜݂௝൯ே
௝ୀଵ , ሺ݅ א  ሻ is aܫ

pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
(ii) If for all 1 ൑ ݆ ൑ ܰ, ሼ ௜݂ሽ௜אூ is a dual Banach frame for ൛ݔ௜௝ൟ

௜אூ
 in ܺ with 

respect to ܺௗ and Λ: ܺ ื ܺ is an invertible operator, then ሼ ௜݂ሽ௜אூ is also a 
pseudo-dual Banach frame for the sequence ሼݕ௜ሽ௜אூ ك ܺ defined by 
௜ݕ ൌ ∑ ௜௝ݔ௝Λߙ

ே
௝ୀଵ  in ܺ with respect to ܺௗ. 

Proof. (i) Let ܷ and ܸ be the analysis and synthesis operators of ሼ ௜݃ሽ௜אூ and 
ሼݔ௜ሽ௜אூ respectively. For every ݔ א ܺ we have 

ܸܷሺݔሻ ൌ ∑ ௜݃ሺݔሻݔ௜௜אூ ൌ ∑ ∑ ௝Λߙ
൫כ ௜݂௝൯ሺݔሻݔ௜

ே
௝ୀଵ௜אூ   

     ൌ ∑ ௝ߙ ∑ ௜݂௝ሺݔ߉ሻ௜אூ
ே
௝ୀଵ ௜ݔ ൌ ൫∑ ௝ߙ

ே
௝ୀଵ ൯ݔ߉, 

hence ܸܷ is invertible. From this the result follows.  

(ii) The proof is similar to (i).■ 

Theorem 3.5. Let ሼݔ௜ሽ௜אூ, ሼݕ௜ሽ௜אூ be ܺௗ-Riesz bases for ܺ with the canonical dual 
Banach frames ൛ ሚ݂௜ൟ௜אூ, ሼ ෤݃௜ሽ௜אூ respectively. Then ൛ ሚ݂௜ൟ௜אூ is a pseudo-dual Banach 
frame for ሼݕ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
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Proof. If ଵܸ and ଶܸ are the synthesis operators of ሼݔ௜ሽ௜אூ, ሼݕ௜ሽ௜אூ, then ଵܸ, ଶܸ are 
invertible and ଵܸ

ିଵ, ଶܸ
ିଵ are the analysis operators of ൛ ሚ݂௜ൟ௜אூ, ሼ ෤݃௜ሽ௜אூ respectively. 

Thus ଶܸ ଵܸ
ିଵ is a bijection on ܺ and for every ݔ א ܺ we have  

ݔ ൌ ∑ ሚ݂௜ሺݔሻ ଵܸ ଶܸ
ିଵݕ௜௜אூ ൌ ∑ ሚ݂௜ሺ ଵܸ ଶܸ

ିଵݔሻݕ௜௜אூ . 

From this the claim follows immediately.■  

Theorem 3.6. Suppose that ሼ ௜݂ሽ௜אூ and ሼݔ௜ሽ௜אூ are ܺௗ-Bessel and ܺௗ
 Bessel–כ

sequences for ܺ, ,respectively, and let Λ כܺ Γ be two invertible operators on ܺ. 
Then ሼ ௜݂ሽ௜אூ is a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ if 
and only if  ሼΛכ

௜݂ሽ௜אூ is a pseudo-dual Banach frame for ሼΛݔ௜ሽ௜אூ in ܺ with 
respect to ܺௗ.  

Proof. Suppose that ܷ, ܷΓ and ܸ, Λܸ are the analysis and synthesis operators of  
ሼ ௜݂ሽ௜אூ, ሼΓכሺ ௜݂ሻሽ௜אூ and ሼݔ௜ሽ௜אூ, ሼΛݔ௜ሽ௜אூ respectively. This claim follows 
immediately from the fact that for each ݔ א ܺ we have  

Λܸ Γܷሺݔሻ ൌ ∑ Γכሺ ௜݂ሻሺݔሻΛݔ௜௜אூ ൌ Λሺ∑ ௜݂ሺΓݔሻݔ௜௜אூ ሻ ൌ ΛܸܷΓݔ. 

This finishes the proof.■  

Theorem 3.7. Let ሼ ௜݂ሽ௜אூ,  ሼݔ௜ሽ௜אூ be two ܺௗ-Bessel and ܺௗ
 Bessel sequences for-כ

ܺ, ,and let Λכܺ  Γ be invertible operators on ܺ. If ሼ ௜݂ሽ௜אூ is a dual Banach frame 
for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ then ሼכ߁ሺ ௜݂ሻሽ௜אூ is a pseudo-dual Banach frame 
for ሼΛݔ௜ሽ௜אூ in ܺ with respect to ܺௗ.  

Proof. The hypotheses imply that ݔ ൌ ∑ ௜݂ሺݔሻݔ௜௜אூ  therefore  
∑ Γכሺ ௜݂ሻሺݔሻΛݔ௜௜אூ ൌ Λሺ∑ ௜݂ሺΓݔሻݔ௜௜אூ ሻ ൌ ΛΓݔ. 

From this the result follows at once.■ 

  Next we give a method for constructing a family of pseudo-dual Banach frames 
from a given Banach frame. 

Theorem 3.8. Let ሼ ௜݂ሽ௜אூ be a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with 
respect to ܺௗ with the analysis and synthesis operators ܷ, ܸ respectively. Let ߙ,  ߚ
be two complex numbers such that ߙ ൅ ߚ ൌ 1. Then the sequence ሼ݃௜ሽ௜אூ defined 
by ௜݃ ൌ ߙ ௜݂ ൅ ൫כሺܸܷሻߚ ሚ݂௜൯, is a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with 
respect to ܺௗ, where ൛ ሚ݂௜ൟ௜אூ is the canonical dual Banach frame of ሼݔ௜ሽ௜אூ. 

Proof. For every ݔ א ܺ we have  

   ∑ ௜݃ሺݔሻݔ௜௜אூ ൌ ߙ ∑ ௜݂ሺݔሻݔ௜௜אூ ൅ ߚ ∑ ሺܸܷሻכ൫ ሚ݂௜൯ሺݔሻݔ௜௜אூ  

   ൌ ݔܷܸߙ ൅ ߚ ∑ ሚ݂௜ሺܸܷݔሻݔ௜௜אூ  

 ൌ ሺߙ ൅ ݔሻܸܷߚ ൌ  ■ .ݔܷܸ
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4. Perturbation results of generalized dual Banach frames 

In this section we show that generalized dual Banach frames are stable 
under small perturbations of the Banach frame elements so that the perturbation 
results obtained in [5] is a special case of it. 
Theorem 4.1. Let ሼ ௜݂ሽ௜א௜ be a Banach frame for ܺ with respect to ܺௗ with the 
analysis and reconstruction operators ܷ, ௟ܵ. Assume that ሼ ௜݃ሽ௜אூ ك  and there כܺ
exist ߣ, ߤ ൒ 0 such that 

(i)  2ሺߣ צ ܷ צ ൅ߤሻԡ ௟ܵԡ ൏ 1. 
(ii)  צ ሼ ௜݂ሺݔሻ െ ݃௜ሺݔሻሽ௜אூ ௑೏൑צ ߣ צ ሼ ௜݂ሺݔሻሽ௜אூ ௑೏൅צ ߤ צ ݔ  ,௑צ
for all ݔ א ܺ. Then ሼ ௜݃ሽ௜אூ is a Banach frame for ܺ with respect to ܺௗ and 
ሼ ௜݃ሽ௜אூ, ሼ ௜݂ሽ௜אூ are approximate dual Banach frames of ሼݔ෤௜ሽ௜אூ, ሼݕ෤௜ሽ௜אூ in ܺ 
with respect to ܺௗ  respectively, where ሼݔ෤௜ሽ௜אூ, ሼݕ෤௜ሽ௜אூ  are the canonical 
dual Banach frame of ሼ ௜݂ሽ௜אூ, ሼ݃௜ሽ௜אூ in ܺכ with respect to ܺௗ

כ . 
Proof. If ܷԢ is the analysis operator of  ሼ ௜݃ሽ௜אூ, then by the hypotheses we have 

צ ܷԢݔ צ௑೏൑צ ܷԢݔ െ ݔܷ צ௑೏൅צ ݔܷ ௑೏൑צ ሺሺߣ ൅ 1ሻ צ ܷ צ ൅ߤሻ צ ݔ  .௑צ
for all ݔ∈ܺ. This establishes the upper frame bound for ሼ ௜݃ሽ௜אூ. On the other hand, 
from ௟ܷܵ ൌ צ ௑ we haveܫ ௑ܫ െ ௟ܷܵԢ ൑צ ԡ ௟ܵԡԡܷ െ ܷԢԡ ൏ 1 and this implies that 
ሼ ௜݃ሽ௜אூ is an approximate dual Banach frame of ሼݔ෤௜ሽ௜אூ and so 

ԡሺ ௟ܷܵԢሻିଵԡ ൑ ଵ
ଵିሺఒԡ௎ԡାఓሻԡௌ೗ԡ. 

If we set ܵԢ ൌ ሺ ௟ܷܵԢሻିଵ
௟ܵ, then ܵԢܷԢ ൌ ௑ܫ    which implies that ሼ ௜݃ሽ௜אூ is a Banach 

frame for ܺ with respect to ܺௗ and 
ԡܵԢԡ ൑ ԡௌ೗ԡ

ଵିሺఒԡ௎ԡାఓሻԡௌ೗ԡ
. 

Finally, from ݕ෤௜ ൌ ܵԢሺ݁௜ሻ we obtain 
ԡܫ௑ െ ܵԢܷԡ ൌ ԡܵԢܷԢ െ ܵԢܷԡ ൑ ԡܵԢԡԡܷԢ െ ܷԡ ൑ ሺఒԡ௎ԡାఓሻԡௌ೗ԡ

ଵିሺఒԡ௎ԡାఓሻԡௌ೗ԡ ൏ 1.` 
This concludes the proof. 
Theorem 4.2. Let ሼ ௜݂ሽ௜אூ be a dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ with the analysis and synthesis operators ܷ, ܸ. Assume that ሼ ௜݃ሽ௜אூ is a 
sequence in ܺכ and there exist ߣ, ߤ ൒ 0 such that 

(i)   2ሺߣ צ ܷ צ ൅ߤሻ צ ܸ ൏צ 1. 
(ii)   צ ሼ ௜݂ሺݔሻ െ ݃௜ሺݔሻሽ௜אூ ௑೏൑צ ߣ צ ሼ ௜݂ሺݔሻሽ௜אூ ௑೏൅צ ߤ צ ݔ ݔ׊    ௑צ א ܺ. 

Then ሼ ௜݃ሽ௜אூ is an approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ. 
Proof.  The proof is similar to that of Theorem 4.1.■ 
Theorem 4.3. Let ሼ ௜݂ሽ௜אூ be a dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ with the analysis and synthesis operators ܷ, ܸ. Assume that ሼݕ௜ሽ௜אூ is a 
sequence in ܺ  and there exist  ߣ, ߤ ൒ 0  such that 

(i)   ሺߣ ൅ ԡܷԡሻሺ1ߤ ൅ ԡܸԡԡܷԡሻ ൏ 1. 
(ii)   ԡ∑ ܿ௜ሺݔ௜ െ ூא௜ሻ௜ݕ ԡ௑ ൑ ∑ԡߣ ܿ௜ݔ௜௜אூ ԡ௑ ൅  ,ԡܿԡ௑೏ߤ
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for all ܿ ∈ܺௗ. Then ሼ ௜݂ሽ௜אூ is an approximate dual Banach frame for ሼݕ௜ሽ௜אூ in ܺ 
with respect to ܺௗ. Furthermore, there exists a ܺௗ-Bessel sequence ሼ݃௜ሽ௜אூ for ܺ 
such that it is an approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ. 
Proof. The hypotheses imply that ሼݕ௜ሽ௜אூ is a ܺௗ

 Let ܸԢ .כܺ Bessel sequences for-כ
be the synthesis operator of  ሼݕ௜ሽ௜אூ. For all ݔ א ܺ we have 

צ  ݔ െ VԢUݔ צ௑ൌצ ∑ ௜݂ሺݔሻሺݔ௜ െ ூא௜ሻ௜ݕ  צ
           ൑ ߣ צ ݔ ௑൅צ ߤ צ ݔܷ  ௑೏צ
          ൑ ሺߣ ൅ ߤ צ ܷ ሻצ צ ݔ  ௑צ

                        ൏ ሺ1൅צ ܸ צצ ܷ ߣሻሺצ ൅ ߤ צ ܷ ሻצ צ ݔ  .௑צ
From this we obtain ԡܫ௑ െ VԢUԡ ൏ ߣ ൅ ԡܷԡߤ ൏ 1, which implies that  ሼ ௜݂ሽ௜אூ is 
an approximate dual Banach frame for ሼݕ௜ሽ௜אூ in ܺ with respect to ܺௗ and 

ԡሺܸԢܷሻିଵԡ ൑ ଵ
ଵିሺఒାఓԡ௎ԡሻ

. 
Therefore if we define ௜݃ ൌ ሺሺܸᇱܷሻିଵሻכሺ ௜݂ሻ, for all ݅ א  then we have  ,ܫ

ݔ ൌ ܸᇱܷሺܸᇱܷሻିଵݔ ൌ ∑ ௜݃ሺݔሻݕ௜௜אூ ,  
Which shows that ሼ ௜݃ሽ௜אூ is a dual Banach frame for ሼݕ௜ሽ௜אூ in ܺ with respect to 
ܺௗ with the analysis operator ܷᇱ ൌ ܷሺܸԢܷሻିଵ. We also have 

  ԡܫ௑ െ ܸܷԢԡ ൑ ԡܸԡԡܷ െ ܷԢԡ 
                    ൑ ԡܸԡԡܷԡԡܫ௑ െ ሺܸԢܷሻିଵԡ 

                         ൑ ԡܸԡԡܷԡԡሺܸԢܷሻିଵԡԡܫ௑ െ VԢUԡ 
                    ൑ ԡܸԡԡܷԡ ఒାఓԡ௎ԡ

ଵିሺఒାఓԡ௎ԡሻ
൏ 1. 

Therefore ሼ݃௜ሽ௜אூ is an approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with 
respect to ܺௗ.■ 
Corollary 4.4. Let ሼ ௜݂ሽ௜אூ be a dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ with the analysis and synthesis operators ܷ, ܸ. Assume that ሼݕ௜ሽ௜אூ is a 
sequence in ܺ such that ሼԡݔ௜ െ ூא௜ԡሽ௜ݕ א ܺௗ

כ  and  
ሺ1 ൅ ԡܸԡԡܷԡሻԡܷԡԡሼԡݔ௜ െ ூԡ௑೏א௜ԡሽ௜ݕ

כ ൏ 1. 
Then ሼ ௜݂ሽ௜אூ is an approximate dual Banach frame for ሼݕ௜ሽ௜אூ in ܺ with respect to 
ܺௗ and there exists a ܺௗ-Bessel sequence ሼ ௜݃ሽ௜אூ for ܺ such that it is an 
approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
Proof. Since for every ܿ א ܺௗ we have 

ԡ∑ ܿ௜ሺݔ௜ െ ூא௜ሻ௜ݕ ԡ௑ ൑ ԡሼԡݔ௜ െ ூԡ௑೏א௜ԡሽ௜ݕ
כ ԡܿԡ௑೏, 

therefore by ߣ ൌ 0 and  ߤ ൌ ԡሼԡݔ௜ െ ூԡ௑೏א௜ԡሽ௜ݕ
כ , the result follows from Theorem 

4.3.■ 
Corollary 4.5. Let ሼ ௜݂ሽ௜אூ be a dual Banach frame of ሼݔ௜ሽ௜אூ in ܺ with respect to 
ܺௗ with the analysis and synthesis operators ܷ, ܸ. Assume that exists a family 
൛Λ௝ൟ

௝א௃
 of bounded operators on ܺ and a family ൛ߙ௜௝ൟ

௜אூ,௝א௃
 of scalars so that 

௜ݕ ൌ ௜ݔ െ ∑ ௃א௜௝ݔ௜௝Λ௝ߙ ݅׊     א  .ܫ
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If ߙ௝ ൌ sup௜אூ |௜௝ߙ| ൏ ∞, for all ݆ א  and ܬ
ሺ1 ൅ ԡܸԡԡܷԡሻԡܸԡԡܷԡ ∑ ௃א௝ฮΛ௝ฮ௝ߙ ൏ 1, 

then ሼ ௜݂ሽ௜אூ is an approximate dual Banach frame for ሼݕ௜ሽ௜אூ in ܺ with respect to 
ܺௗ and there exists a ܺௗ-Bessel sequence ሼ ௜݃ሽ௜אூ for ܺ such that it is an 
approximate dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ.  
Proof. For all ݆ א ܿ and ܬ א ܺௗ we have 

  ฮ∑ ܿ௜ߙ௜௝ݔ௜௜אூ ฮ
௑

ൌ supצ௙צ೉೏
כ ୀଵห∑ ܿ௜ߙ௜௝݂ሺݔ௜ሻ௜אூ ห  

                       ൑ supצ௙צ೉೏
כ ୀଵԡܸכሺ݂ሻԡ௑೏

כ ቛ൛ߙ௜௝ܿ௜ൟ
௜אூ

ቛ
௑೏

 

              ൑  .௝ԡܸԡԡܿԡ௑೏ߙ
This yields 

ԡ∑ ܿ௜ሺݔ௜ െ ூא௜ሻ௜ݕ ԡ௑ ൌ ฮ∑ ∑ ܿ௜ߙ௜௝Λ௝ݔ௜௝א௃௜אூ ฮ
௑

  
                   ൌ ฮ∑ Λ௝൫∑ ܿ௜ߙ௜௝ݔ௜௜אூ ൯௝א௃ ฮ

௑
  

                    ൑ ∑ ฮΛ௝ฮ௝א௃ ฮ∑ ܿ௜ߙ௜௝ݔ௜௜אூ ฮ
௑

  
                   ൑ ԡܿԡ௑೏ԡܸԡ ∑ ௃א௝ฮΛ௝ฮ௝ߙ . 

Now with ߣ ൌ 0 and ߤ ൌ ԡܸԡ ∑ ௃א௝ฮ௝߉௝ฮߙ , the result follows from Theorem 
4.3.■ 
Theorem   4.6. Let ሼ ௜݂ሽ௜אூ, ሼ݃௜ሽ௜אூ be two pseudo-dual Banach frames for ሼݔ௜ሽ௜אூ 
in ܺ with respect to ܺௗ with the analysis and synthesis operators ଵܷ, ଶܷ and ܸ, 
respectively. If צ ሺܸ ଵܷሻିଵ צצ ܸ צצ ଶܷ ൏צ 1, then the sequence ሼ ௜݂ ൅ ௜݃ሽ௜אூ is a 
pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ in ܺ with respect to ܺௗ. 
Proof. Since צ ሺܸ ଵܷሻିଵ צצ ܸ צצ ܷଶ ൏צ 1 the operator ܫ௑ ൅ ሺܸ ଵܷሻିଵܸܷଶ is 
invertible, which implies that ܸሺ ଵܷ ൅ ଶܷሻ is invertible. We have 

∑ ሺ ௜݂ ൅ ௜݃ሻሺݔሻݔ௜௜אூ ൌ ∑ ௜݂ሺݔሻݔ௜௜אூ ൅ ∑ ௜݃ሺݔሻݔ௜௜אூ ൌ ܸሺ ଵܷ ൅ ܷଶሻݔ, 
for all ݔ א ܺ. Therefore ሼ ௜݂ ൅ ௜݃ሽ௜אூ is a pseudo-dual Banach frame for ሼݔ௜ሽ௜אூ.■   
 

Acknowledgements 

  The authors are grateful to the reviewers for their accurate reading and their 
helpful suggestions. The authors were supported by Central Tehran Branch of 
Islamic Azad University. 

R E F E R E N C E S 
[1] A. Aldroubi, Q. Sun, W. Tang, ݌-Frames and shift invariant subspaces of ܮ௣, J. Fourier Anal. 

Appl. 7 (2001) 1-22. 
[2] P. G. Casazza, O. Christensen, D. T. Stoeva, Frame expansions in separable Banach spaces, J. 

Math. Anal. Appl. 307 (2005) 710-723. 
[3] P. G. Casazza, D. Han, D. Larson, Frames for Banach spaces, Contemp. Math. 247 (1999) 

149-182. 
[4] O. Christensen, An introductory course of frames and bases, Birkhauser, Boston, 2008. 



182              Seyedeh Sara Karimizad, Mohammad Sadegh Asgari 

[5] O. Christensen, C. Heil, Perturbations of Banach frames and atomic decompositions, Math. 
Nachr. 185 (1997) 33-47. 

[6] O. Christensen, D. T. Stoeva, p-Frames in separable Banach spaces, Adv. Comput. Math. 18 
(2003) 117-126. 

[7] O. Christensen, R. S. Laugesen, Approximately dual frames in Hilbert spaces and application 
to Gabor frames, Sampl. Theory Signal Image Process, 9 (2011), 77-90. 

[8] K. Grochenig, Describing functions: frames versus atomic decompositions, Monatsh. Math. 
112 (1991) 1-41. 

[9] H. Zhang, J. Zhang, Frames, Riesz bases, and sampling expansions in Banach spaces via semi-
inner products, Appl. Comput. Harmon. Anal. 31(1) (2011) 1-25. 

 


