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THE CREDIBILITY MODEL FOR EXPONENTIAL
PRINCIPLE WITH DEPENDENCE OVER RISKS AND

ERRORS

Qiang Zhang1, Lijun Wu2, Qianqian Cui3

In this paper, we investigate the Bühlmann and Bühlmann-
Straub credibility models with a certain dependence structure over risks and
over errors under exponential principle. By means of orthogonal projection,
the inhomogeneous Bühlmann credibility estimator of individual exponential
premium is derived. The model is also extended to Bühlmann-Straub credi-
bility. Our models generalize some well known existing results in credibility
theory.
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1. Introduction

In insurance practice, credibility theory is a set of quantitative methods
which allows an insurer to adjust premium based on the policyholder’s expe-
rience and the experience of the entire group of policyholders. It has been
widely used in commercial property of liability insurance and group health or
life insurance. The modern credibility theory is believed to be attributed to
the remarkable contribution by Bühlmann [1], which is the first one that based
the credibility theory on modern Bayes statistics. The credibility premium is
represented by a credibility form

credibilit premium = Z × experience + (1− Z)× collective premium,

where Z ∈ [0, 1] is called the credibility factor. It has been applied to broad
insurance practices such as automobile insurance and workers compensation in
loss reserving. For the recent detailed introduction, see [2, 3], which describes
modern credibility theory comprehensively.
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Let X1, · · · , XK denote K risks under observation. The distribution of
each Xi is characterized by its risk parameter Θi and contributes a sequence
of claims experience Xi = (Xi1, Xi2, · · · , XiK) over n time period. The clas-
sical credibility theory introduced in [1, 3] and studied by many subsequent
researchers, a common assumption is that the random vectors (Xi,Θi) (with
i = 1, · · · , K) are independent across individuals (independence over risks)
and for each i, Xi1, · · · , XiK are conditionally independent given Θi (condi-
tional independence over time). While such independence assumptions may
be at least approximately appropriate in some practical situations, it is far
from a universal structure in this complex world. A rather special credibility
model with claim dependence characterized by common effects was introduced
in [4], the credibility premium under normally distributed claim amounts was
derived. Wen [5] studied the credibility estimator under distribution-free cas-
es with common effects, furthermore, the credibility models with dependence
over risks were obtained, such as [6, 7, 8]. However, from the point of view of
practical application, the credibility estimator can not be applied by insurance
company. In general, in order to serve the purpose for insurance business, the
insurance practice demands that the premium must be charged under some
adaptable premium principle, see [9, 10, 11].

This present paper is an extension of the work of Wen [12], while they
discussed the Bühlmann credibility model based on a certain assumption, i.e.,
random vectors (Xi,Θi) (with i = 1, · · · , K) are independent andXi1, · · · , XiK

are conditionally independent given Θi. This study consider Bühlmann and
Bühlmann-Straub models with dependence structure over risks and errors. In
this paper, we aim at studying the credibility model under exponential princi-
ple to account for not only a certain uniform conditional dependence for claim
amounts each individual risk, but also a special dependence over risks. We in-
troduce the individual premium under exponential principle, which is denoted
by H(X,Θi) =

1
α
log[µ(Θi)], where µ(Θi) = E(exp(αXij)|Θi) and α > 0. By

means of orthogonal projection, we obtain the inhomogeneous Bühlmann cred-

ibility estimator with dependence structure over risks and errors, i.e., µ̂(Θi).
It can be written as a weighted sum of individual mean, total weighted mean
and collective premium. Furthermore, the individual exponential premium is
derived. Finally, the model is extended to Bühlmann-Straub credibility in
which the natural weights among contracts are introduced. Though the in-
homogeneous credibility estimator of µ(Θi) under Bühlmann-Straub model is
no longer universal form for the classical credibility premiums, it reveals an
important fact that the weights in the formulae also can be added to 1.

The rest of the paper is arranged as follows. In Section 2, models and
assumptions are introduced and some preliminaries are discussed. Section 3
derives the inhomogeneous Bühlmann credibility estimator with dependence
over risks and errors under exponential principle. The result is extended to the
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Bühlmann-Straub model in Section 4. Some conclusions are made in Section
5.

2. Model Assumptions and Preliminaries

Definition 2.1. The individual premium under exponential principle is given
by

H(X,Θi) =
1

α
log[µ(Θi)], α > 0, (1)

where µ(Θi) = E(exp(αXij)|Θi).

By analogy to the assumptions by Bühlmann [1], we consider the credibil-
ity models with dependence structure over risks and errors. The assumptions
are stated as the following.
Assumption 2.1. For fixed contract i, given Θi, the Xij follows the model:
eαXij = µ(Θi) + ϵij, and the errors are conditionally uniformly dependent, i.e,
Corr(ϵil, ϵit) = ρi, l ̸= t and ρi < 1. We also assume that E(ϵij|Θi) = 0 and
Var(ϵij|Θi) = σ2(Θi).
Assumption 2.2. The risk parameters Θ1,Θ2, · · · ,ΘK are dependent with the
same structure distribution function π(θ). In addition, we assume E(µ(Θi))
= µ, Var(µ(Θi)) = τ 2, E(σ2(Θi)) = σ2, Corr(µ(Θi), µ(Θj)) = ηiηj, i ̸= j.

Our goals are to estimate the individual exponential premiumH(X,Θi) =
1
α
log[E(µ(Θi)] of the i-th contracts for i = 1, 2, · · · , K. Corresponding to inho-

mogeneous credibility estimators of µ(Θi), we must solve the following optimal
problem

min
c0,cij∈R

E{µ(Θi)− c0 −
K∑
i=1

n∑
j=1

cij exp(αXij)}2. (2)

To simplify, we set Yij = exp(αXij), i = 1, 2, · · · , K, j = 1, 2, · · · , n and
Y = (Y ′

1 , Y
′
2 , · · · , Y ′

K)
′, here Yi = (Yi1, Yi2, · · · , Yi,n)

′. Hence we can rewrite the
optimal problem as

min
c0, cs

E{µ(Θi)− c0 −
K∑
s=1

c′sYs}2, (3)

where c0 ∈ R, cs ∈ Rns .
Generally, the credibility estimator is defined as the best estimator which

is a linear function of all observations in the portfolios. We denote the linear
function as follows

L(Y, 1) = {c0 +
K∑
s=1

c′sYs, c0 ∈ R, cs ∈ Rns}. (4)

The inhomogeneous credibility premium of µ(Θi) is defined, which is denoted

by µ̂(Θi).
The following lemma states some simple but fundamental features of the

dependence structure just specified.
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Lemma 2.1. Under the assumption 2.1-2.2, we have
(1) The means of Yi are given by

E(Yi) = µ1n, i = 1, 2, · · · , K, (5)

where 1n is an n-vector with 1 in all of the n entries.
(2) The covariance of Y is given by∑

Y Y
= Cov(Y, Y ) = diag(Λ1, · · · ,ΛK)+τ 2(η11n, · · · , ηK1n)

′(η11
′
n, · · · , ηK1′

n),

(6)
where Λi = ((1− η2i )τ

2 + ρiσ
2)1n1

′
n + (1− ρi)σ

2In.
(3) The covariance between µ(Θi) and the current claims is given by∑
µ(Θi)Y

= Cov(µ(Θi), Y ) = ηiτ
2(η1, · · · , ηK)⊗ 1′

n + (1− η2i )τ
2ei ⊗ 1′

n, (7)

where ei is a vector with 1 in the i-th entry and 0 in the other entries. Here,
”⊗” indicates the Kronecker product of matrices.

(4) The inverse of the variance matrix of Y is given by∑−1

Y Y
=diag(Λ−1

1 , · · · ,Λ−1
K )− τ 2

1 + naτ 2
(η1λi1n, · · · , ηKλK1n)

′

(η1λi1
′
n, · · · , ηKλK1

′
n),

(8)

where

λi =
1

(1− ρi)σ2 + n((1− η2i )τ
2 + ρiσ2))

, a =
K∑
i=1

η2i λi,

and

Λ−1
i =

1

(1− ρi)σ2
[In − λi((1− η2i )τ

2 + ρiσ
2)]1n1

′
n.

Proof. (1) is straightforward.
(2) Write Θ = (Θ1, · · · ,ΘK)

′. Then it follows from assumption 2.1, we
have

E(Yi|Θ) = µ(Θi)1n, (9)

and

Cov(Yi, Yi|Θ) = (1− ρi)σ
2(Θi)In + ρiσ

2(Θi)1n1
′
n. (10)

Using (10) implies

E[Cov(Yi, Yi|Θ)] = (1− ρi)σ
2In + ρiσ

21n1
′
n. (11)

From the dual expectation theorem of conditional covariance, we obtain

Cov(Yi, Yj) = E[Cov(Yi, Yj|Θ)] + Cov[E(Yi|Θ),E(Yj|Θ)]

=

{
(1− ρi)σ

2In + ρiσ
21n1

′
n + τ 21n1

′
n, i = j

ηiηjτ
21n1

′
n, i ̸= j

Consequently, we can get
∑

Y Y .
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(3) Notice that Cov(µ(Θi), Y |Θ) = 0. Thus∑
µ(Θi)Y

= E[Cov(µ(Θi), Y |Θ)] + Cov[E(µ(Θi)|Θ),E(Y |Θ)]

= Cov[E(µ(Θi)|Θ),E(Y |Θ)]
= Cov[µ(Θi), (µ(Θ1)1

′
n, · · · , µ(ΘK)1

′
n)]

= ηiτ
2(η1, · · · , ηK)⊗ 1′

n + (1− η2i )τ
2ei ⊗ 1′

n

(4) Using the well-known formula for matrix inverse (see [13])

(A+BCD)−1 = A−1 − A−1B(C−1 +DA−1B)−1DA−1. (12)

we may derive

Λ−1
i = 1

(1−ρi)σ2 [In − λi((1− η2i )τ
2 + ρiσ

2)]1n1
′
n

Noting that

1′
nΛ

−1
i =

1′
n

(1− ρi)σ2 + n((1− η2i )τ
2 + ρiσ2))

,

Λ−1
i 1n =

1n

(1− ρi)σ2 + n((1− η2i )τ
2 + ρiσ2))

,

and

1′
nΛ

−1
i 1n =

n

(1− ρi)σ2 + n((1− η2i )τ
2 + ρiσ2))

.

From (12), we obtain∑−1
Y Y = diag(Λ−1

1 , · · · ,Λ−1
K )− τ2

1+naτ2
(η1λi1n, · · · , ηKλK1n)

′

(η1λi1
′
n, · · · , ηKλK1

′
n).

�

Now, we present the following lemmas on projections of random variables,
which has been proven in [6].

Lemma 2.2. The inhomogeneous credibility estimator is actually the orthog-
onal projection of a random variable Y on L(X, 1). The following formula
hold

proj(Y | L(X, 1)) = E(Y ) +
∑

Y X

∑−1

XX
(X − E(X)), (13)

where proj(Y |X) represents the projection of Y on the linear space spanned by
X.

3. The Bühlmann’s Credibility Estimator for Exponential Prin-
ciple

In this section, we proceed to drive the credibility estimator of H(X,Θi)
under the model with dependence on risks and errors. We state the following
theorem.
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Theorem 3.1. Under assumptions 2.1-2.2, the inhomogeneous credibility es-
timators of µ(Θi) for i = 1, · · · , K are given by

µ̂(Θi) = Zi1Yi + Zi2Yλ + (1− Zi1 − Zi2)µ. (14)

So an inhomogeneous credibility estimator of H(X,Θi) is

̂H(X,Θi) =
1

α
log[Zi1Yi + Zi2Yλ + (1− Zi1 − Zi2)µ], (15)

where

Zi1 = (1− η2i )nτ
2λi, Zi2 =

nτ 2ληi(1− (1− η2i )nτ
2λi)

1 + naτ 2

are so-called the credibility factors. Yi =
∑n

j=1 Yij

n
and Yλ =

∑K
i=1 ηiλiYi

λ
are indi-

vidual mean and total weighted mean, respectively. In addition, λ =
∑K

i=1 ηiλi.

Proof. Lemma 2.2 gives µ̂(Θi) = proj(µ(Θi)|L(Y, 1)). We thus prove the the-
orem by computing proj(µ(Θi)|L(Y, 1)).

Firstly, we need to get the following terms. Lemma 2.2 gives µ̂(Θi) =
proj(µ(Θi)|L(Y, 1)). We thus prove the theorem by computing proj(µ(Θi)|L(Y,
1)).

Firstly, we need to get the following terms.

ηiτ
2(η1, · · · , ηK)⊗ 1′

n

∑−1
Y Y (Y − E(Y ))

= ηiτ
2(η11

′
n, · · · , ηK1′

n)[diag(Λ
−1
1 , · · · ,Λ−1

K )− τ 2

1 + naτ 2
(η1λi1n, · · · , ηK

λK1n)
′(η1λi1

′
n, · · · , ηKλK1

′
n)](Y − E(Y ))

= ηiτ
2[

K∑
i=1

ηi1
′
nΛ

−1
i (Yi − µ1n)−

aτ 2

1 + naτ 2

K∑
i=1

ηiλi1
′
n(Yi − µ1n)]

= ηiτ
2[

K∑
i=1

ηi1
′
nλin(Yi − µ)− naτ 2

1 + naτ 2

K∑
i=1

ηiλin(Yi − µ)]

=
nηiτ

2λ

1 + naτ 2
(Yλ − µ)

and

(1− η2i )τ
2ei ⊗ 1′

n

∑−1

Y Y
(Y − E(Y ))

= (1− η2i )τ
2ei ⊗ 1′

n[diag(Λ
−1
1 , · · · ,Λ−1

K )− τ 2

1 + naτ 2
(η1λi1n, · · · , ηK

λK1n)
′(η1λi1

′
n, · · · , ηKλK1

′
n)](Y − E(Y ))

= (1− η2i )τ
21′

nΛ
−1
i (Yi − µ1n)−

(1− η2i )τ
4nλiηi

1 + naτ 2

K∑
i=1

ηiλin(Yi − µ)]

= (1− η2i )nτ
2λi(Yi − µ)− (1− η2i )τ

4n2λiληi
1 + naτ 2

(Yλ − µ)



The credibility model for exponential principle with dependence over risks and errors 133

Then

µ̂(Θi) = proj(µ(Θi)|L(Y, 1))
= E(µ(Θi)) +

∑
µ(Θi)Y

∑−1

Y Y
(Y − E(Y ))

= µ+
nηiτ

2λ

1 + naτ 2
(Yλ − µ) + (1− η2i )nτ

2λi(Yi − µ)

− (1−η2i )τ
4n2λiληi

1+naτ2
(Yλ − µ)

= (1− η2i )nτ
2λiYi +

nτ 2ληi(1− (1− η2i )nτ
2λi)

1 + naτ 2
Yλ

+(1− (1− η2i )nτ
2λi −

nτ 2ληi(1− (1− η2i )nτ
2λi)

1 + naτ 2
)µ

�
From the expression of the credibility factor, we can easily see that 0 ≤

Zi1 ≤ 1, 0 ≤ Zi2 ≤ 1 and

Zi1 → 1, Zi2 → 0 when n → ∞
In addition, from the central limit theorem, under Assumption 2.1 and 2.2 we

have Yi =
∑n

j=1 exp(αXij)

n
→ µ(Θi), a.s.. So µ̂(Θi) = Zi1Yi + Zi2Yλ + (1 − Zi1 −

Zi2)µ → µ(Θi). Furthermore, the consistency of credibility estimator of (15)
with individual premium H(X,Θ) follows from the continuity of the function
1
α
log(x).

Remark 3.1. Theorem 3.1 builds the inhomogeneous credibility estimator with
dependence over risks and errors for Bühlmann model. In our model, if we
assume that ρ1 = · · · = ρK = 0 and Corr(µ(Θi), µ(Θj)) = 0, then λi =

1
σ2+nτ2

,
and the credibility estimators of µ(Θi) for i = 1, · · · , K are

µ̂(Θi) =
nτ 2

σ2 + nτ 2
ui +

σ2

σ2 + nτ 2
µ.

Furthermore, an inhomogeneous credibility estimators of H(X,Θi) is

̂H(X,Θi) =
1

α
log[

nτ 2

σ2 + nτ 2
ui +

σ2

σ2 + nτ 2
µ],

where ui =
1
n

n∑
j=1

eαXij , which are just the formulae in [12]. Therefore, these

credibility estimators are the special cases of our model.

4. Credibility Estimator for Exponential Principle Under The
Bühlmann-Straud Model

The credibility models with natural weights was developed by Bühlmann
and Straud [3], and is known as the Bühlmann-Straud model. There have been
broad applications of this model in insurance practice and thus it has been of
the building blocks of credibility theory. In this section, we give the credibility
estimators of Bühlmann-Straud with dependence structure over risks and error
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under exponential principle. To be more specific, we are given a portfolio of
K risks. The assumption is stated as follows.
Assumption 4.1 For fixed i, given Θi, the Xij follows the model: eαXij =
µ(Θi)+ ϵij, and the errors are conditionally uniformly dependent, i.e. Corr(ϵil,
ϵit|Θi) = ρi, (l ̸= t) and ρi < 1. We also assume that E(ϵij|Θi) = 0 and

Var(ϵij|Θi) =
σ2(Θi)
wij

, where wij are known weights.

We will use the following notations regarding the weights

Wi =
n∑

j=1

wij, Wa =
n∑

j=1

√
wij, βi =

1

(1− ρi)σ2
[Wi −

ρi
1 + (n− 1)ρi

W 2
a ]

Si =
1

1 + βi(1− η2i )τ
2
, Λ =

K∑
i=1

η2i Siβi, φ1 =
K∑
i=1

ηiSiWi

(1− ρi)σ2
,

φ2 =
K∑
i=1

ηiSiρiW
2
a

(1 + (n− 1)ρi)(1− ρi)σ2
, Y W

i =

n∑
j=1

wijYij

Wi

, Y Wa
i =

n∑
j=1

√
wijYij

Wa

,

Y W
i =

K∑
i=1

ηiSiWi

(1−ρi)σ2Y W
i

φ1

, Y Wa
i =

K∑
i=1

ηiSiρiW
2
a

(1+(n−1)ρi)(1−ρi)σ2Y
Wa
i

φ2

Note that assumption 4.1 implies Cov(ϵil, ϵit|Θi) = σ2(Θi)√
wil

√
wit

. Then we

derive the following lemma.

Lemma 4.1. Under the assumption 2.2 and 4.1 and with the notations above,
we have the following results.

(1) The means of Yi are given by

E(Yi) = µ1n, i = 1, 2, · · · , K. (16)

(2)The covariance of Y is given by∑
Y Y

= diag(∆1, · · · ,∆K) + τ 2(η11n, · · · , ηK1n)
′(η11

′
n, · · · , ηK1′

n), (17)

where

∆i =(1− η2i )τ
21n1

′
n + (1− ρi)σ

2diag(
1

wi1

, · · · , 1

win

)

+ ρiσ
2(

1
√
wi1

, · · · , 1
√
win

)′(
1

√
wi1

, · · · , 1
√
win

).
(18)

(3) The covariance between µ(Θi) and Y is given by∑
µ(Θi)Y

= Cov(µ(Θi), Y ) = ηiτ
2(η1, · · · , ηK)⊗ 1′

n + (1− η2i )τ
2ei ⊗ 1′

n. (19)
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(4) The inverse of the variance matrix of Y is given by∑−1

Y Y
= diag(∆−1

1 , · · · ,∆−1
K )− τ 2

1 + Λτ 2

(η1S1E
−11n, · · · , ηKSKE−11n)

′(η1S11
′
nE−1, · · · , ηKSK1

′
nE−1)

(20)

where

∆−1
i = E−1 − E−11n

1− η2i )τ
2

1 + βi1− η2i )τ
2
1′
nE−1,

and

E−1 =
1

(1− ρi)σ2
[diag(wi1, · · · , win)

− ρi
1 + (n− 1)ρi

(
√
wi1, · · · ,

√
win)

′(
√
wi1, · · · ,

√
win)].

(21)

Proof. (1) is straightforward.
(2) Write Θ = (Θ1, · · · ,ΘK)

′. Then from the dual expectation theorem
of conditional covariance, we have

Cov(Yi, Yi) =τ 21n1
′
n + (1− ρi)σ

2diag(
1

wi1

, · · · , 1

win

)

+ ρiσ
2(

1
√
wi1

, · · · , 1
√
win

)′(
1

√
wi1

, · · · , 1
√
win

)
(22)

and
Cov(Yi, Yj) = ηiηjτ

21n1
′
n. (23)

Consequently, we can get
∑

Y Y .
(3) As part (3) of lemma 2.1.
(4) Write

∆i = (1− η2i )τ
21n1

′
n + E

where E = (1−ρi)σ
2diag( 1

wi1
, · · · , 1

win
)+ρiσ

2( 1√
wi1

, · · · , 1√
win

)′( 1√
wi1

, · · · , 1√
win

).

Using (12), we can check that

E−1 =[(1− ρi)σ
2diag(

1

wi1

, · · · , 1

win

)

+ ρiσ
2(

1
√
wi1

, · · · , 1
√
win

)′(
1

√
wi1

, · · · , 1
√
win

)]−1

=
1

(1− ρi)σ2
[diag(wi1, · · · , win)

− ρi
1 + (n− 1)ρi

(
√
wi1, · · · ,

√
win)

′(
√
wi1, · · · ,

√
win)].

(24)

Note that 1′
nE

−11n = βi, thus

∆−1
i =[E + (1− η2i )τ

21n1
′
n]

−1

=E−1 − E−11n
1− η2i )τ

2

1 + βi1− η2i )τ
2
1′
nE

−1.
(25)
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Furthermore 1′
n∆

−1
i = 1′

nE
−1

1+βi(1−η2i )τ
2 , ∆−1

i 1n = E−1
1n

1+βi(1−η2i )τ
2 , and 1′

n∆
−1
i 1n =

βi

1+βi(1−η2i )τ
2 . Therefore, we can prove (4). �

Theorem 4.1. Under the assumption 2.2 and 4.1, the inhomogeneous credi-
bility estimators of µ(Θi) for i = 1, · · · , K, are given by

µ̂(Θi) = Zi1Y W
i −Zi2Y Wa

i −Zi3Y W
i +Zi4Y

Wa
i +(1−Zi1+Zi2+Zi3−Zi4)µ (26)

where

Zi1 =
(1− η2i )τ

2SiWi

(1− ρi)σ2
, Zi2 =

(1− η2i )τ
2SiρiW

2
a

(1 + (n− 1)ρi)(1− ρi)σ2

Zi3 =
φ1ηiτ

2((1− η2i )βiSiτ
2 − 1)

1 + Λτ 2
, Zi4 =

φ2ηiτ
2((1− η2i )βiSiτ

2 − 1)

1 + Λτ 2

are called credibility factors.
So an inhomogeneous credibility estimator of H(X,Θi) is

̂H(X,Θi) =
1

α
log[Zi1Y W

i − Zi2Y Wa
i − Zi3Y W

i + Zi4Y
Wa
i

+ (1− Zi1 + Zi2 + Zi3 − Zi4)µ].
(27)

g(x1, x2, . . . , xn) = diag

(
1

g21(x
1)
,

1

g22(x
2)
, · · · 1

g2n(x
n)

)
, (28)

Proof. Here ηiτ
2(η11

′
n, · · · , ηK1′

n)
∑−1

Y Y can be computed by

ηiτ
2(η11

′
n, · · · , ηK1′

n)
∑−1

Y Y

= ηiτ
2(η11

′
n∆

−1
1 , · · · , ηK1′

n∆
−1
K )− ηiτ

4

1+Λτ2

K∑
i=1

η2i 1
′
nSiE

−11n

(η1S11
′
nE

−1, · · · , ηKSK1
′
nE

−1)
= ηiτ

2(η1S11
′
nE

−1, · · · , ηKSK1
′
nE

−1)

− ηiτ
4

1+Λτ2

K∑
i=1

η2i Siβi(η1S11
′
nE

−1, · · · , ηKSK1
′
nE

−1)

= ηiτ
2

1+Λτ2
(η1S11

′
nE

−1, · · · , ηKSK1
′
nE

−1),

and

(1− η2i )τ
2ei ⊗ 1′

n

∑−1
Y Y

= (1− η2i )τ
21′

n∆
−1
i − τ4

1+Λτ2
(1− η2i )βiηiSi(η1S11

′
nE

−1, · · · , ηKSK1
′
nE

−1)

= (1− η2i )τ
21′

nSiE
−1 − τ4

1+Λτ2
(1− η2i )βiηiSi(η1S11

′
nE

−1, · · · , ηKSK1
′
nE

−1).
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Using Lemma 2.2 and Lemma 4.1, we obtain

µ̂(Θi) = E(µ(Θi)) +
∑

µ(Θi)Y

∑−1
Y Y (Y − E(Y ))

= µ+ (1− η2i )τ
21′

nSiE
−1(Yi − µ1n)

− ηiτ
2

1+Λτ2
((1− η2i )βiSiτ

2 − 1)
K∑
i=1

ηiSi1
′
nE

−1(Yi − µ1n)

= Zi1Y W
i − Zi2Y

Wa
i − Zi3Y W

i + Zi4Y
Wa
i

+(1− Zi1 + Zi2 + Zi3 − Zi4)µ.

Then

̂H(X,Θi) =
1
α
log[Zi1Y W

i − Zi2Y
Wa
i − Zi3Y W

i + Zi4Y
Wa
i

+(1− Zi1 + Zi2 + Zi3 − Zi4)µ].

�
From (26), the inhomogeneous credibility estimators of µ(Θi) are not the

strict weight from any longer. However, since the credibility factors still satisfy
Zi1 − Zi2 − Zi3 + Zi4 + (1 − Zi1 + Zi2 + Zi3 − Zi4) = 1, we can think these
from the general credibility estimators. If we take all wij = 1, then (27) are
degenerated to (15).

5. Conclusions

In this paper, we have studied the Bühlmann and Bühlmann-Straub cred-
ibility models under exponential principle with uniform dependence on risks

and errors. The inhomogeneous Bühlmann credibility estimator of µ̂(Θi) is
derived. The result is also extended to Bühlmann-Straub model. However,
as is shown in section 4, the Bühlmann-Straub credibility estimator has only
the generalized form of credibility. In addition, the Bühlmann and Bühlmann-
Straub credibility estimators of individual exponential premium are obtained.
Our model extends the results of [5, 12]. For the models established in this
paper to be taken into practical use, such parameters ρi and ηi still need to be
further estimated, which will be the investigation goal of future works.
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