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THE CREDIBILITY MODEL FOR EXPONENTIAL
PRINCIPLE WITH DEPENDENCE OVER RISKS AND
ERRORS

Qiang Zhang!, Lijun Wu?, Qiangian Cui®

In this paper, we investigate the Bihlmann and Buhlmann-
Straub credibility models with a certain dependence structure over risks and
over errors under exponential principle. By means of orthogonal projection,
the inhomogeneous Biuhlmann credibility estimator of individual exponential
premium is derived. The model is also extended to Bihlmann-Straub credi-
bility. Our models generalize some well known existing results in credibility
theory.

Keywords: Exponential principle, Credibility estimator, Dependence, Or-
thogonal projection.

MSC2010: 62P 05, 53C 05, 91B 30.

1. Introduction

In insurance practice, credibility theory is a set of quantitative methods
which allows an insurer to adjust premium based on the policyholder’s expe-
rience and the experience of the entire group of policyholders. It has been
widely used in commercial property of liability insurance and group health or
life insurance. The modern credibility theory is believed to be attributed to
the remarkable contribution by Biithlmann [1], which is the first one that based
the credibility theory on modern Bayes statistics. The credibility premium is
represented by a credibility form

credibilit premium = Z X experience + (1 — Z) x collective premium,

where Z € [0, 1] is called the credibility factor. It has been applied to broad
insurance practices such as automobile insurance and workers compensation in
loss reserving. For the recent detailed introduction, see [2, 3], which describes
modern credibility theory comprehensively.
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Let Xi,---, Xk denote K risks under observation. The distribution of
each X; is characterized by its risk parameter ©; and contributes a sequence
of claims experience X; = (X;1, X2, -, X;x) over n time period. The clas-
sical credibility theory introduced in [1, 3] and studied by many subsequent
researchers, a common assumption is that the random vectors (X;, ©;) (with
i =1,---,K) are independent across individuals (independence over risks)
and for each i, X;,---, X;x are conditionally independent given ©; (condi-
tional independence over time). While such independence assumptions may
be at least approximately appropriate in some practical situations, it is far
from a universal structure in this complex world. A rather special credibility
model with claim dependence characterized by common effects was introduced
in [4], the credibility premium under normally distributed claim amounts was
derived. Wen [5] studied the credibility estimator under distribution-free cas-
es with common effects, furthermore, the credibility models with dependence
over risks were obtained, such as [6, 7, 8]. However, from the point of view of
practical application, the credibility estimator can not be applied by insurance
company. In general, in order to serve the purpose for insurance business, the
insurance practice demands that the premium must be charged under some
adaptable premium principle, see [9, 10, 11].

This present paper is an extension of the work of Wen [12], while they
discussed the Bithlmann credibility model based on a certain assumption, i.e.,
random vectors (X;, ©;) (withi = 1,--- | K) are independent and X, -+ , X
are conditionally independent given ©;. This study consider Biihlmann and
Bithlmann-Straub models with dependence structure over risks and errors. In
this paper, we aim at studying the credibility model under exponential princi-
ple to account for not only a certain uniform conditional dependence for claim
amounts each individual risk, but also a special dependence over risks. We in-
troduce the individual premium under exponential principle, which is denoted
by H(X,0;) = Xlog[u(©;)], where u(6;) = E(exp(aX;;)|©;) and o > 0. By
means of orthogonal projection, we obtain the inhomogeneous Biihlmann cred-

—

ibility estimator with dependence structure over risks and errors, i.e., u(©;).
It can be written as a weighted sum of individual mean, total weighted mean
and collective premium. Furthermore, the individual exponential premium is
derived. Finally, the model is extended to Biihlmann-Straub credibility in
which the natural weights among contracts are introduced. Though the in-
homogeneous credibility estimator of p(©;) under Bithlmann-Straub model is
no longer universal form for the classical credibility premiums, it reveals an
important fact that the weights in the formulae also can be added to 1.

The rest of the paper is arranged as follows. In Section 2, models and
assumptions are introduced and some preliminaries are discussed. Section 3
derives the inhomogeneous Biihlmann credibility estimator with dependence
over risks and errors under exponential principle. The result is extended to the
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Biuhlmann-Straub model in Section 4. Some conclusions are made in Section
5.

2. Model Assumptions and Preliminaries

Definition 2.1. The individual premium under exponential principle is given
by
1
H(X,0;) = —log[u(6;,)], a >0, (1)
!
where u(0;) = E(exp(aX;;)|0;).

By analogy to the assumptions by Biithlmann [1], we consider the credibil-
ity models with dependence structure over risks and errors. The assumptions
are stated as the following.

Assumption 2.1. For fixed contract i, given ©;, the X,; follows the model:
el = 1(©;) + €;;, and the errors are conditionally uniformly dependent, i.e,
Corr(ey, €1) = pi,l # t and p; < 1. We also assume that E(e;;/0;) = 0 and
Var(eij|@i) = 0‘2(91»)'

Assumption 2.2. The risk parameters O, 0, - , O are dependent with the
same structure distribution function 7(#). In addition, we assume E(u(©;))
=, Var(u(0;)) = 72, E(0%(6;)) = 02, Corr(u(©,), 1(©;)) = nimy, i # j.

Our goals are to estimate the individual exponential premium H (X, 6;) =
Llog[E(1(©;)] of the i-th contracts for i = 1,2,--- , K. Corresponding to inho-
mogeneous credibility estimators of 14(©;), we must solve the following optimal
problem

K n
min E{1(6;) —¢o — D> ciexplaXy)}. (2)
0 i=1 j=1
To simplify, we set Y;; = exp(aX;),i = 1,2,--- K, j = 1,2,--- ,n and
Y =,Y), -, Y.), here Y; = (Yi1, Yie, -, Yin). Hence we can rewrite the

optimal problem as 7

K
min E{u(0;) — ¢ — Z Y, (3)
€0, G s=1
where ¢y € R, ¢; € R™.

Generally, the credibility estimator is defined as the best estimator which
is a linear function of all observations in the portfolios. We denote the linear
function as follows

K
L(Y,1) ={co+ Y Vs, co € Ry, € R™}. (4)
s=1

The inhomogeneous credibility premium of ;(©;) is defined, which is denoted

—

by u(©;).
The following lemma states some simple but fundamental features of the
dependence structure just specified.
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Lemma 2.1. Under the assumption 2.1-2.2, we have
(1) The means of Y; are given by

EY;)=pl,, 1=1,2,--- K, (5)

where 1,, 1s an n-vector with 1 in all of the n entries.
(2) The covariance of Y is given by

ZYY = COU(}/’ Y) = diag(Alv o JAK)+T2(77117L7 T 77]K1n)/(7711;z7 T 777K1;1>7

(6)
where \; = (1 — )72 + pio?) 1,1, + (1 — p;)o’1,.
(8) The covariance between pu(©;) and the current claims is given by

Z,u(@')Y = COU(/JJ<@Z)7 Y) = 771'7'2(7717 T 777K) & 1;1 + (1 - 771'2)7—261' X 1;17 (7)

where e; is a vector with 1 in the i-th entry and 0 in the other entries. Here,
"® 7 indicates the Kronecker product of matrices.

(4) The inverse of the variance matriz of Y is given by
2

-t 1Ay T 1. !
ZYY =diag(Ay, - A) 1+ nat? (mAidn, == s thchac In) (8)
(mAidy,, -+ Ak 1y,),
where
. K

Ai — 5 — 2)\17

(1= pi)o? +n((1 = )%+ pic?)) ‘ ;771
and .
Al — = 1 =M\ =272 + po?)] 1,1

; (1_pi)02[ (L =n;)7" + pio”)] 1,1,

Proof. (1) is straightforward.
(2) Write © = (Oy,---,0k)". Then it follows from assumption 2.1, we

have

E(Yi[©) = u(0:)1,, (9)
and
Cov(Y;,Yi®) = (1 — p;)o*(0;) I, + pic?(0;)1,11,. (10)
Using (10) implies
E[Cov(Y;,Y;|0)] = (1 — p;)oL, + pio*l,1.,. (11)

From the dual expectation theorem of conditional covariance, we obtain
Cov(Y;,Yj) = E[Cov(Y;,Y;[0)] + Cov[E(Yi|©), E(Y;[0)]
| (1= p)?L, + pio?1, 1, + 11,1, =
N nianQ]-n]-;p i 7é ]

Consequently, we can get » i
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(3) Notice that Cov(u(0;),Y|©) = 0. Thus

(©
Y@y = BlCov(u(0;),Y[0)] + Cov[E(1(6:)]0), E(Y|0)]
= Cov[E(u(©:)|0), E(Y[0)]
= COV[M( i), (1(©1)17,,- -+, (Ok)17,)]
= (- k) @ 1, + (1 —nf)m2e; @ 1)

(4) Using the well-known formula for matrix inverse (see [13])
(A+BCD) ' =A"1'—A'B(C™'+ DA™'B)"'DA™". (12)
we may derive
AT = gl = M = 17)7% + pio®)]1,15,
Noting that

1/ A-_l — 1;1
(= p)o?+n((1 =0T+ pio?))’
A, = Ln
P (L= pot (10T + pio?))
and
1A', = "

=)o+ al(L— )+ o)
From (12), we obtain
Yyy = diag(ATh - AR = s AL, Ak
(mALy, - Ak L)
0

Now, we present the following lemmas on projections of random variables,
which has been proven in [6].

Lemma 2.2. The inhomogeneous credibility estimator is actually the orthog-
onal projection of a random variable Y on L(X,1). The following formula
hold

proj(Y|L(X, 1)) +ZYX XXX E(X)), (13)

where proj(Y'|X) represents the projection of Y on the linear space spanned by
X.

3. The Bithlmann’s Credibility Estimator for Exponential Prin-
ciple

In this section, we proceed to drive the credibility estimator of H (X, ©;)
under the model with dependence on risks and errors. We state the following
theorem.
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Theorem 3.1. Under assumptions 2.1-2.2, the inhomogeneous credibility es-
timators of ;(©;) fori=1,--- K are given by

w(©;) = ZuYi+ ZinYs + (1—Zi — Zip)p. (14)
So an inhomogeneous credibility estimator of H(X,©;) is
—_— 1 - f—

where
nT2An; (1 — (1 — n})nt?N\;)
1+ nar?

Zﬂ = (1 — T]?)nTZ)\i, ZiQ =

J— n L. e K NN
are so-called the credibility factors. Y; = % and Y, = M are indi-

vidual mean and total weighted mean, respectively. In addition, A = Zfil NiN; -

Proof. Lemma 2.2 gives @ = proj(u(0;)|L(Y,1)). We thus prove the the-
orem by computing proj(u(06;)|L(Y,1)).

Firstly, we need to get the following terms. Lemma 2.2 gives u(0;) =
proj(u(©;)|L(Y;1)). We thus prove the theorem by computing proj(u(0;)|L(Y,
1))

Firstly, we need to get the following terms.

mm (1, i) © 1,30y (Y — E(Y))

=7 (1, - 1) [diag(A7Y - A — ——— (N1, - -
T (771 n’ ) T n)[ 1ag</ 1 ) K) 1+na7_2(771 ) » K
Al )(771)\ 1, g 1)|(Y — E<Y))
-2
i Y —  rm— Nl (Vi — ul
Zn pl,) — HMTQZU p1,)]
72[2 mil A (Y; — ) — m Z mAin(Y; — )]
i=1 i=1
2
TN =
— 7y —
1+na72( ")
and
-1
— )26, ! _
(- )1,y (v —BY)) 2
_ 2y, 2 . -1 -1 g
= (L—mn)7m7e; ® 1, [diag(Ay 7, -+, Ay ) — m(m}\ilm“' MK

A1) (mAd, - nr Ak 1,)]|(Y — E(Y))
_ 1—77 Tn)\mz
= (1 -1 ATYNY; — 1n—< g A (Y; —
(1 =) 1AM (Y: = il T Znn )]

— 1 — )2\ Ay, =
—(1— 2 2 Y— _( i
(L= Ai(Ys — ) Lt nar?

(Ya—p)
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Then
pO) =proj(u(©)ILY. )
=B((O)) + 3 o) Dy (¥ —E(Y)

2
TN = 2 2\
=+ 12 (Y — 1 — 2 nr2\(Y, —
(/10 +2)14 i’ (: N =)+ (1 =n)nT N(Y; — p)
— e (Y — )

— 2Ami(1 — (1 — n2)nT2\;
:(1—?71-2)77172)\2‘}/;—1-”7— 771( ( 771)”7_ Z)

Ya

QQT?ME 25 720,)
L (1— 2 2>\i_m' ni(1— (1 —n)nt\;
+(1 = (L —=n)nt 5 a2 )i

O

From the expression of the credibility factor, we can easily see that 0 <
Zin <1,0< Z;p <1 and

Zi1—>1, Zi2—>0WheHTL—>OO

In addition, from the central limit theorem, under Assumption_Q.l and 2.2 we
have Y; = Lz oploXy) w(0;), a.s.. So u(0;) = ZnYi + ZpYs + (1 — Ziy —
Zio)pp — p(©;). Furthermore, the consistency of credibility estimator of (15)
with individual premium H (X, ©) follows from the continuity of the function

L log(x).
Remark 3.1. Theorem 3.1 builds the inhomogeneous credibility estimator with
dependence over risks and errors for Bihlmann model. In our model, if we

assume that py = - -- = px = 0 and Corr(u(0;), 1(0;)) = 0, then \; = ———;,
and the credibility estimators of 1(©;) fori=1,--- K are

. 2 2

1(0) = T+~

o2 +nr2 ' o2+ nret
Furthermore, an inhomogeneous credibility estimators of H(X,©;) is

— 1 nr? o? ]
)

H(X,0;) = —log|

u; + iz
a 02+ nr? 02 4+ nr?

n

where u; = L 37 % which are just the formulae in [12]. Therefore, these
j=1

credibility estimators are the special cases of our model.

4. Credibility Estimator for Exponential Principle Under The
Bithlmann-Straud Model

The credibility models with natural weights was developed by Biithlmann
and Straud [3], and is known as the Bithlmann-Straud model. There have been
broad applications of this model in insurance practice and thus it has been of
the building blocks of credibility theory. In this section, we give the credibility
estimators of Bithlmann-Straud with dependence structure over risks and error
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under exponential principle. To be more specific, we are given a portfolio of
K risks. The assumption is stated as follows.
Assumption 4.1 For fixed i, given ©;, the X;; follows the model: e
1(©;) + €5, and the errors are conditionally uniformly dependent, i.e. Corr(e;,
€t|©;) = pi, (I # t) and p; < 1. We also assume that E(e;|0;) = 0 and
Var(e;;|0;) = w? D where w;; are known weights.

We will use the following notations regarding the weights

aXij —

N WS e gL o :
Wz—jzlwzjq Wa—jzl Wi, 62—(1_ A [V[/z 1+(7’L—1)pZWa]

pi)o?
K
1 ;S W
Si = = 251‘ is i ,
1_|_6Z(1_ an 6 P1 Z(l—p)0'2
w; Y; W; Y;
0 _Z niSipiWs Y_:jz—:l Y v Wa g; Y
2T 2 (- Dp) (L= po? W, W,
K _ K -
i ’LW’L w T]ZS’LPZW Wa
— ;(l—pi)ﬂy; 2 (1+(n—1)p;)(1— p)gzyz
YW _ = ’ YWa _ i=1
% 1 7 0o

Note that assumption 4.1 implies Cov(e;, €;|0;) = %&T Then we

derive the following lemma.

Lemma 4.1. Under the assumption 2.2 and 4.1 and with the notations above,
we have the following results.
(1) The means of Y; are given by

E(Y) =pul,, i=1,2,-- K. (16)
(2)The covariance of Y is given by

ZYY = diag(AD e 7AK) + 7—2(7711717 e 77]K1n>/(7711,n7 e 777K1;’L>’ (17>

where
2\ 24 1 9 . 1 1
Ai =1 = )T 1 1, + (1 = pi)o”diag(—, -, ——)
Wil Win (18)
1 1, 1 1
+pio*(——= — =) (s ).
wln wln
(3) The covariance between ( i) a is given by

S oy = Cown(©).Y) = nir2lm - i) © 2, + (1= n)re; 1. (19)

i
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(4) The inverse of the variance matriz of Y is given by
2

-1 , 1 1 T
Zyyzdm‘q(Al ’”"AK)_l—l—AT2 (20)
(nlle_l 1n7 e ?nKSKE_l 1n),(77151 I;LE_la T 777KSK1;LE_1)
where
-1 1 1 - 77z2) 2 /1
A =E"—-FE"1, 5 1, E,
"1+ 81— n3)T
and
E—l :%[dzag(wll, e ’win)
(1—=pi)o (21)

m(\/w_zla 7\/w_m)/(\/w_117 7\/w_m)]

Proof. (1) is straightforward.
(2) Write © = (Oy,--- ,0k)". Then from the dual expectation theorem
of conditional covariance, we have

1 1
Cov(Y;, Vi) =771,1;, + (1 — p)o’diag(—,- -+, —)
Wi Win
1 1 1 (22)
+piot(— V(s )
’ ’ vV Win wil’ 7 vV Win
and
Cov(Y;,Y;) = nim; 71,10, (23)

Consequently, we can get )y
(3) As part (3) of lemma 2.1.
(4) Write
A =(1-n)r1,1, +E

- Vo2diae( L ... L g2(—Ll_ ... Loy (Lo ... 1
where E = (1—p;)o*diag(,—, -, .= )+pio (\/le, : m) (\/le’ : m)
Using (12), we can check that

1 1
B =[(1 = pi)o’diag(—, -+, —)
21 Win,

1 ) ()]
Vo e e 21
[diag(wil, o 7win)

T o VI V) (VT V)

Note that 1, E~'1,, = 3;, thus
AT =[EA+ (1—97)m71,1,]7

+ pio?(

(1 p)o?

:E—l - E—ll - 7]12) 2 1/ E—l <25)
"1+ Bl —n2)r2
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-1 vE™ -1 E'1, -1
Furthermore 1;IA’L = W, Al 1n = W, and ]_;.LAZ 1n =
Hmf—l_ng)ﬂ Therefore, we can prove (4). O

Theorem 4.1. Under the assumption 2.2 and 4.1, the inhomogeneous credi-
bility estimators of u(0;) fori=1,--- K, are given by

—

1(00) = Za Y — ZidY Ve — ZoY W 4 ZuY Ve (1= Ziy+ Zi2+ Zys— Zia)p (26)

where
Z. = (1 —n7)T2S:Wi 2 = (1 —n})T*SipiWe
(1—pi)o? (1+(n—=1)p:)(1 = p;)o?
o (1 =) BiSit? — 1) o (1 — ) BiSit* — 1)
Zig = ) Zz'4 -

1+ AT2 14 A7?

are called credibility factors.
So an inhomogeneous credibility estimator of H(X, ©;) is

—_— 1 [ —_— — p—
H(X,0;) =—log[Zu YW — Zi2Y"* — Z,3Y" + Zu Y™ (27)
o
+ (1 — Zil + YAY) + Zig — ZZ4),u]
1 1 1
1 2 n .
gl ,z*, ..., x :dlag( , o ), 28
( ) @) B A 2%)

Proof. Here n;7*(m1., -+ ,nx1)) Z;; can be computed by

771'7—2(7711{@7 e anK]-;z) Z;;
K

=0 (mLAT kAR - P55 Y L, SETL,
=1

14+AT2 i
(mSI1LE™ - xSl E™)
=3 (S E - xSk ETY

K
g B )
_1ZZA7'2 Z 77125251(771511;]3 17 . 77]KSK1;1E 1)
=1

= 12/(?’2 (nlsllan_lﬁ U 777KSK141E_1)7

and

-1
1—n)me; @1, 1ZYY \ ) X
1= )T U AT = s (L= n2)BmiSi(mS11,E™ -+ xSk 1,E™Y)

)
— )1, 5B — 1[,;2 (1= nH)BmiSi(mS11,E~" -+ ngSk1,E7").
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Using Lemma 2.2 and Lemma 4.1, we obtain

10, =EuO) + Y 0y Srv(Y — EY))
= p+ (1= n7)r? 1, 5B (Y; — ul,)

K
— 2 (1= n2)BiSir® = 1) LSBT (Vi — i)
i=1

= ilY;'_W — ZpY Ve — Zi3Y;;:W + Zu Y}

Then

H(X,0;) = Llog[ZyYV — ZpY" — Zi3Yi:W + ZuYVe
0J

From (26), the inhomogeneous credibility estimators of u(©;) are not the
strict weight from any longer. However, since the credibility factors still satisfy
Zi — Zz — Zig + Zz’4 + (1 — Zil + Zig + Zig — Zz4) = ]_, we can think these
from the general credibility estimators. If we take all w;; = 1, then (27) are
degenerated to (15).

5. Conclusions

In this paper, we have studied the Bithlmann and Bithlmann-Straub cred-
ibility models under exponential principle with uniform dependence on risks

and errors. The inhomogeneous Biithlmann credibility estimator of u(©;) is
derived. The result is also extended to Biihlmann-Straub model. However,
as is shown in section 4, the Biithlmann-Straub credibility estimator has only
the generalized form of credibility. In addition, the Biihlmann and Biihlmann-
Straub credibility estimators of individual exponential premium are obtained.
Our model extends the results of [5, 12]. For the models established in this
paper to be taken into practical use, such parameters p; and n; still need to be
further estimated, which will be the investigation goal of future works.
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