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HYPERSTABILITY OF MULTI-MIXED ADDITIVE-QUADRATIC
JENSEN TYPE MAPPINGS

Somaye Salimi', Abasalt Bodaghi?

In this article, we introduce the multi-mized additive-quadratic Jensen type
mappings and then unify the system of functional equations defining a multi-mized
additive-quadratic mapping to obtain a single equation. We show that under what condi-
tions these mappings can be multi-additive, multi-quadratic and multi-additive-quadratic.
Applying a fized point theorem, we study the generalized Hyers-Ulam stability hypersta-
bility of multi-mized additive-quadratic Jensen type mappings.
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1. Introduction

In 1940, Ulam [35] raised the following question concerning stability of group ho-
momorphisms: under what condition does there exist an additive mapping near an approx-
imately additive mapping? Hyers [22] answered the problem of Ulam for Banach spaces.
Later, the result of Hyers was significantly generalized by Aoki [1], Th. M. Rassias [33]
(stability incorporated with sum of powers of norms), P. Gavruta [21] (stability controlled
by a general control function) and J. M. Rassias [32] (stability including mixed product-sum
of powers of norms).

Throughout this paper, N and Q are the set of all positive integers and rationals,
respectively, Ng := NU {0}, Ry :=[0,00). For any l € Ng,n € N, t = (¢1,...,t,) € {-1,1}"
and ¢ = (z1,...,2,) € V" we write lz := (lz1,...,lz,) and tx := (t121,...,tpTy), where
lz stands, as usual, for the [th power of an element z of the commutative group V.

Let V be a commutative group, W be a linear space, and n > 2 be an integer. Recall
from [19] that a mapping f : V* — W is called multi-additive if it is additive (satisfies
Cauchy’s functional equation A(zx +y) = A(x)+ A(y)) in each variable. Some facts on such
mappings can be found in [23] and many other sources. In addition, f is said to be multi-
quadratic if it is quadratic (satisfies quadratic functional equation Q(z + y) + Q(z — y) =
2Q(z) +2Q(y)) in each variable [16]. Zhao et al. [39] showed that the mentioned mapping
f is multi-quadratic if and only if the equation

Z f(xl —l—t.l?g) =2" Z f(a?1j1,x2j2,...,$nj") (1)
te{—1,1}" J1sdz,dn€{1,2}
holds, where z; = (21, 25, ..., 2n;) € V™ with j € {1,2}.
Prager and Schwaiger [30] introduced the notion of multi-Jensen mapping f : V" —
W (satisfies Jensen’s functional equation J (2£%) = Z@EIW) iy each variable) with the
connection with generalized polynomials and obtained their general form. The aim of this
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note was to study the stability of the multi-Jensen equation. After that, the stability of
multi-Jensen mappings in various normed spaces have been investigated by a number of
mathematicians (see [17], [18], [31], [36] and [37]).

Let V and W be linear spaces, n € Nand k € {0,...,n}. A mapping f: V" — W is
called k-Jensen and n — k-quadratic (briefly, multi-Jensen-quadratic) if f is Jensen in each of
some k variables and is quadratic in each of the other variables (satisfies the Jensen type of
quadratic equation 20 (%ﬂ) +29 (L;y) = 9(x) + Q(y)). These mappings are introduced
in [34]. Moreover, it is shown in [34] that the mapping f is multi-Jensen-quadratic mapping
if and only if it satisfies the equation

k k n—k n—k
Ty +x5 T + qx
» w (AR S e
ge{-1,1}n~F l1,onlne{1,2}
for all z¥ = (z;1,...,24) € V¥ and xf‘k = (Zika1 -+, Tin) € V' F where i € {1,2}. For a

different form of a multi-Jensen-quadratic mapping and its stability, we refer to [2].

In [19] and [16], Ciepliniski studied the generalized Hyers-Ulam stability of multi-
additive and multi-quadratic mappings in Banach spaces, respectively (see also [39]). Since
then, the stability of multi-Cauchy-Jensen mappings in non-Archimedean spaces, Banach
spaces, and multi-additive-quadratic mappings are studied in [3], [4], [5] and [6]. Recently,
the stability of multi-cubic and multi-quartic mappings in Banach spaces via a fixed point
theorem are investigated in [12] and [11], respectively. For other forms of multi-cubic map-
pings and functional equations which are recently studied, we refer to [29].

In [38], Zamani et al. introduced the mixed additive-quadratic functional equation

fle+2y) + f(@ —2y) +8f(y) = 2/ (x) + 4/ (2y). (2)

They determined the general solution of the equation (2) and studied its Hyers-Ulam stability
in non-Archimedean Banach modules over a unital Banach algebra; for the general form of
(2) see [10]. Some results on the stability of mixed additive-quadratic mappings can be
found in [9], [25] and [27]. We also mention that some results on the stability of mixed type
mappings can be found in [7], [8], [20], [24] and [26].

Here, we recall from [28] the following mixed additive-quadratic Jensen type functional
equation

20 (S5 +a (P5) +a (150) =+ a0, )

Motivated by the equation (3), in this paper we define multi-mixed additive-quadratic
Jensen type mappings and include a characterization of such mappings. In other words, we
prove that every multi-mixed additive-quadratic mapping can be shown a single functional
equation and vice versa. Furthermore, we investigate the generalized Hyers-Ulam stability
and hyperstability for such mappings by using a fixed point method which is taken from
[14].

2. Characterization of multi-mixed additive-quadratic Jensen type map-
pings

Let V and W be vector spaces over Q, n € N. Suppose that n > 2 and 2} =
(i1, Ti2,y - -y Tin) € V™, where ¢ € {1,2}. We shall denote I by z; if there is no risk of
ambiguity.

We say the mapping f : V" — W is n-multi-mized additive-quadratic Jensen type or
briefly multi-mized additive-quadratic if f is mixed additive-quadratic Jensen type in each
variable (see the equation (3)).
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Let p,q € {—1,1}" where p = (p1,...,pn) and ¢ = (q1,...,4n). In the following
equation and the rest of the paper, as a convention, we put py = ¢; = 1 whenever ppq = 1
for k,l e {1,...,n}.

In this section, we reduce the system of n equations defining the multi-mixed additive-
quadratic mapping to obtain the single functional equation as follows:

Z Z f (I)xl;_(m) - Z f<$l11,$l227~-~,$lnn)' (4)
l

pe{—1,1}" qe{-1,1}" 1o--sln €{1,2}

Put m:={1,...,m}, m € N. For asubset T'= {j1,...,jiof mwith1 <j; <...<
ji<mand z = (z1,...,2,) € V™,

TL = (0,...,0,.Tj1,0,...,0,1‘]‘,”0,...,0) eym

denotes the vector which coincides with x in exactly those components, which are indexed
by the elements of 1" and whose other components are set equal zero. Note that 4z = 0,
mZ = . We use these notations in the proof of upcoming lemma.

We shall to show that if a mapping f : V™® — W satisfies the equation (4), then it
is multi-mixed additive-quadratic mapping and vice versa. In order to do this, we need the
next lemma.

Lemma 2.1. If the mapping f : V" — W satisfies equation (4), then f(x) = 0 for any
x € V™ with at least one component which is equal to zero.

Proof. Putting 1 = x5 = (0,...,0) in (4), we get
4" f(0,...,0) = 2" f(0,...,0). (5)

Thus, f(0,...,0) = 0. Letting z1, = x5, = 0 for all k € {1,...,n}\{j} and z1; = z9; in
(4), we obtain

2)(4n71f(07...,07I1j707-..70) :2nf(07"'507I1j707"'70)’ (6)

and so f(0,...,0,21,0,...,0) = 0. The above process can be repeated to obtain 2 x
4n=1f(pay) = 2" f (1), where 1 < k <n—1. Hence, f(xz1) = 0. This shows that f(z) =0
for any x € V™ with at least one component which is equal to zero. (]

We say the mapping f : V" — W is odd in the jth variable if
flz1, o 2jm1, =25, Zj41s -y Zn) = —F (21, 00 2521, 2, Zj41, oo 3 Zn)-
Moreover, f is even in the jth variable if
Flz1s o 2jm1, =25, Zjg1s -0 2n) = f(21, 0 1 2521, 2, Zjg1s -+ Zn)-
We now prove the main result of this section.

Theorem 2.1. The mapping f : V" — W is multi-mized additive-quadratic mapping if
and only if it satisfies equation (4). Furthermore,

(1) if f is odd in a variable, then it is additive Jensen type in the same variable;
(ii) if f is even in a variable, then it is quadratic Jensen type in the same variable.

Proof. (Necessity) Assume that f is a multi-mixed additive-quadratic mapping. We prove
f satisfies the equation (4) by induction on n. For n = 1, it is trivial that f satisfies the
equation (3). Assume that (4) is valid for some positive integer n > 1. Then,
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Z f <p33?+1 +qx§+1)

2
pe{-1,1}"+1 ge{-1,1}+1

= Z Z f (W,x1n+1> + Z Z f <W73§2n+1)

pe{-1,1}" qe{-1,1}" pe{-1,1}" qe{-1,1}"

= Z f(@n1, 2,2, - Tin,, , Tin1) + Z

f(@,1, %052, -, Tin, , Tong1)
lyoodn €{1,2}

l1,...,lne{1,2}
= Z (@1, 2, - Tans Tt gyt 1)
l17~~-7ln+le{172}
This means that (4) holds for n + 1.

(Sufficiency) Let j € {1,...,n} be arbitrary and fixed. Putting z1; = xo for all
ke{l,...,n}\{j} and using Lemma 2.1, we obtain

17 + Toj
n J J
2 f($11,~~,$1j172 s T1jqls -+ Lln

T — o
n—1 1j 2j
+ 2" f ($117~~-,$1j—1,2 y L1415+ -+ Tln

Toj — I14
n—1 2j 1y
—|—2 f(d?ll,...,l‘lj_l,2,$1j+1,...,$1n

= 2" (@11, @125 - - oy T1n) + F(T11, ooy T1jm1, T2jy T1jg1s - - -y Tin)].
Thus

T1j + oy
2f <$11,~-,901j17 5 Tl Tin

xlj — (Egj
+ f <I11,---39€1j—172 s 14155 Tln

562]‘ —131]'
+f ($11,---,3€1j—1,2 s 14155 Tln

= f(z11, 712, - - -, T1n) + f(2T11, 0, T1j—1, P25, T1jit1, - Tin)- (7)
Therefore, f is mixed additive-quadratic Jensen type in the jth variable.
(i) Let f be odd in the jth variable. It follows from relation (7) that
T1;5 + T2j
2f ($11,---,l‘1j—1,1]2237$1j+17--~79€1n)

= f(371173312,---7$1n) +f(xllw-~7-731j71;372j7$1j+17~-~7-731n)~

(ii) Similar to the part (i), it follows from the assumption and (7) that

T1j + oy
2f <$11,-~-a5€1j—1, 5 s L1415 Tln

T15 — T24
+2f <$11,-~-7$1j—172 s L1j415- -3 Tln

= f($1179512,---7961n) +f($117--~79€1j—1,$2j,9€1j+17~-~79€1n)~

This means that f is quadratic in the jth variable. (]

Recall that a mapping f: V" — W is called k-Jensen and n — k-quadratic (briefly,
multi-Jensen-quadratic) if f is Jensen in each of some k variables and is quadratic in each
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of the other variables. In this note, we suppose for simplicity that f is Jensen in each of
the first k variables, but one can obtain analogous results without this assumption. We also
note that if f is odd in each of some k variables, then the concepts of multi-Jensen-quadratic
and multi-additive-quadratic (which was introduced in [5]) for the mapping f coincide. This
leads us to the next corollary.

Corollary 2.1. Suppose that the mapping f : V"* — W satisfies equation (4).

(i) If f is odd in each variable, then it is multi-additive Jensen type;
(ii) If f is even in each variable, then it is multi-quadratic Jensen type;
(iii) If f is odd in each of some k variables and is even in each of the other variables, then
it is multi-additive-quadratic.

3. Stability Results for multi-mixed additive-quadratic mappings

In this section, we prove the generalized Hyers-Ulam stability of equation (4) by a
fixed point result (Theorem 3.1) in Banach spaces. Throughout, for two sets A and B, the
set of all mappings from A to B is denoted by B#. Here, we introduce the upcoming three
hypotheses:

(Al) Y is a Banach space, 8 is a nonempty set, j € N, g1, ...

S — Ry,

(A2) T:Y$ — YS is an operator satisfying the inequality

,g; 08— 8 and Ly,...,L;:

ITA(z) ||<ZL ) IMgi(x)) = plgi@))ll, A peY® zes,

(A3) A:R$ — Rf is an operator defined through
J
x):=Y Li(z)d(gi(x)) SR}, zeS.

Here, we highlight the following theorem which is a fundamental result in fixed point
theory [14, Theorem 1]. This result plays a key tool to obtain our objecive in this section.
We also remember that this fixed point method for the stability of functional equations was
introduced and used for the first time by Brzdek in [13].

Theorem 3.1. Let hypotheses (Al)-(A3) hold and the function 6 : 8§ — Ry and the
mapping ¢ : 8§ — Y fulfill the following two conditions:

1T (z) — ¢()]| < O(x) ZAl (z €8).

Then, there exists a unique fived point ¢ of T such that
[o(z) —¢(x)| <0%(z)  (z€8).
Moreover, ¥(x) = lim;_, o, T'é(x) for all v € 8.

From now on, for the mapping f : V* — W, we consider the difference operator
Df: VP x V" — W by

Df(w1,22) = Z Z f (W) = Z (@1, @2, Tign).

pe{-1,1}" ge{-1,1}" lsensln€{1,2}

We bring the oncoming lemma from [5] will be useful in the proof of our stability result. For
simplicity, given an m € N, we write S := {0,1}", and S; stands for the set of all elements
of S having exactly i zeros, i.e.,

S ={(s1,...,8m) € S:card{j: s; =0} =1}, 1€{0,...,m}.
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Lemma 3.1. Letm e N, € Ny andy : S — R. Then

IDID D CIIIEIES S) BICIER

v=0 w=0 s€S,, tES, =0 peS;

In the sequel, S stands for {0,1}"™ and S; C S for ¢ € {0,...,n}. We have the
following stability theorem for the functional equation (4) for the odd case.

Theorem 3.2. Let V be a linear space and W be a Banach space. Suppose that ¢ : V™ x
V" — Ry is a mapping satisfying

I n
. l _
Jim ( ) > > (2 ¢(2'px1,2'prs) = 0 (8)

i=0 pesS;
for all x1,x5 € V™ and
00 1 I+1 n
d(x) =: Z (2n) Z Z (2 px, 0) < oo (9)
=0 i=0 peS;

for all x € V™. Assume also f: V"™ — W is a mapping fulfilling the inequality
1D f (1, z2)|| < ¢(z1, 72) (10)

for all x1,z0 € V™. If f is odd in each variable, then there exists a unique multi-additive
Jensen type mapping J : V" — W such that

1f(x) = 3(z)|| < B(x) (11)
forallx e V™.

Proof. Replacing (x1,x2) by (221,0) in (10) and using the oddness of f in each variable, we
have

2" f(x Zf (2sz)|| < ¢(27,0)
SES
forallz =z1 € V™ and so
1
|f(ar) 5 3 50| < 5-0(22,0) (12
seS

for all z € V™. Take 2 € V™ and let 6(z) := 5= ¢(22,0), TO(z) := 5= >, ¢ 0(2s2). Inequal-
ity (12) can be modified as

1f(2) = Tf(@)]| < 0(x) (13)

for all € V™. Define An(z) := 5= > g n(2sx) for all n € RK",x € V™. We now see that
A has the form described in (A3). Moreover, for each A,y € WV" and z € V", we get

an lZ(n(st) — p(2sx) ]

ses

< — Z In(2sx) — p(2sz)| .

ses

[TA(@) = Tu(@)| =

The above relation shows that the hypothesis (A2) holds. By induction on I, one can check
for any [ € Ny and « € V" that

1\'& ,
A(z) = <2n> > -1t 02 pa). (14)

=0 peS;
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Fix an € V™. Here, we adopt the convention that 0° = 1. Hence, the relation (14) is
trivially true for [ = 0. Next, assume that (14) holds for a I € Ny. Using Lemma 3.1 for
m =n and ¥(s) := (2" 1sz) (s € ), we get

AF10(z) = A(A! Z > (A'6)(2tx)

v=0tes,
1 I+1 n
= <2n) Z Z )" Z 6(2+ stx)
v=0tesS, w=0 SESy
1 I+1 n n
= (271) Z Z Z — 12 sta)
v=0 w=0 s€S,, teS,
= (1)l+1zn: Z (21— 1) 92 pa).
2 i=0 peS;

Therefore, (14) holds for any | € Ny and « € V™. Now, relations (9) and (14) necessitate that
all assumptions of Theorem 3.1 are satisfied. Hence, there exists a mapping J : V" — W
such that

J(x) = lim (Tf) = o0 ZH 2sx) (x e VM),

l—o0

and also (11) holds. We shall to show that

1D ) er 2| <( ) S5 @ - 1) g2, 2pea) (15)

=0 peS;

for all z1,29 € V™ and | € Ny. We argue by induction on [. The inequality (15) is valid for
I =0 by (10). Assume that (15) is true for an I € Ny. For each z1, x5 € V", we have

DT f) (@1, )|

Z’D(‘Tlf)(stl, 2s19)

seS
1 +1
= <2n> ZZ Z 2l+18tl’1,2l+1stx2)
se€S i=0teS;
1 I+1 n
= (2> DD @ =1 pay, 2 pas)
i=0 peS,;

for all 1,25 € V™. We note that the last equality follows from Lemma 3.1 with m :=n
and (s) := ¢(2" swy, 21 swy) (s € ). Letting [ — oo in (15) and applying (8), we arrive
at DJ(x1,22) = 0 for all x1,29 € V™. This means that the mapping J satisfies (4). Now,
the part (i) of Corollary 2.1 implies that J is a multi-additive Jensen type mapping. Lastly,
assume that J : V™ — W is another multi-Jensen mapping satisfying the equation (4) and
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inequality (11), and fix © € V", j € N. By Lemma 2.1 and (9), we have

1362) = 3] |
() s - () a2

< ( ! ) (13@2) — F2I)] + [3(22) — F(2)])

2n

<2 (;)j (27 x)

1 i n 1 I+1 n .
<2(5) X(5) Xm0,
=3 1=0 p€S;
Consequently, letting j — oo and using the fact that series (9) is convergent for all x € V™,
we obtain J(z) = J(x) for all € V™. This completes the proof. O

We have the next result which is analogous to Theorem 3.2 for the functional equation
(4) in the even case.

Theorem 3.3. Let V be a linear space and W be a Banach space. Suppose that ¢ : V™ x
V* — Ry is a mapping satisfying

I n
. 1 ! i Lol ! _
Jim (4”> E > Ees (2" = 1)'¢(2'pz1, 2'pan) = 0
1=V peo;

for all x1,x5 € V™ and

00 L n
o)=Y () 2 T @ - 00 o) <o

1=0 i=0 peS;
for all x € V™. Assume also f: V"™ — W is a mapping fulfilling the inequality
1Df (@1, 22)|| < d(21,22) (16)

for all k1,20 € V™. If f is even in each variable, then there exists a unique multi-quadratic
mapping Q: V" — W such that

[f(x) = Q)| < ¥(x)
forallx € V™.

Proof. Replacing (x1,x2) by (2x1,0) in (16) and using the evenness of f in each variable,
we get

1 1
R < —
1) 3 2 f(2s0) | < o(2r,0) (17)
seS
for all z € V™. Take x € V™ and let 6(z) := ;=¢(2x,0), Th(z) = ;= > g 0(2sz). The

relation (17) can be rewritten as

1f(x) = Tf (@)l < 0(x)
for all x € V™. The rest of the proof is similar to the proof of Theorem 3.2 and so we omit

it. |

The following corollary is a direct consequence of Theorem 3.2 concerning the stability
of (4) for the even case.
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Corollary 3.1. Let§ > 0. Let also V be a normed space and W be a Banach space. Suppose
that f: V™ — W is a mapping satisfying the inequality

1Df (21, 22)[| <0

for all x1,zo € V™. If f is even in each variable, then there exists a unique multi-quadratic
mapping Q : V" — W such that

1£(z) - Q) i

<
I= 2n(2n — 1)
forall x € V.

Proof. Setting the constant function ¢(x1,x2) = J for all 1, z2 € V", and applying Theorem
3.3, we have

- i (4n)l+1 i Z Lp(2 e, 0)

=0 =0 peS;

0o +1 n n
_ l n—i
_52_:(4”) ;(i)@ 1)° x 1

]

Theorem 3.4. Let V be a linear space and W be a Banach space. Suppose that ¢ : V™ x
V* — Ry is a mapping satisfying

llggo ( ) Z Z (2'pz1, 2'pas) = 0

=0 peS;

for all x1,x5 € V™ and

[(z) = i (22n k) Z > @ =12 pr,0) < oo

=0 =0 peS;

for all x € V™. Assume also f: V™ — W is a mapping fulfilling the inequality
1D f (21, 22)[| < P21, 72) (18)

for all x1,xo € V™. If f is odd in each of some k variables and is even in each of the other
variables, then there ezists a unique multi-additive-quadratic mapping F : V" — W such
that

[f(z) = F(x)|| < T(x)
forallx € V.

Proof. Similar to the proof of preceding theorems, interchanging (z1, z2) by (2x1,0) in (18)
and using the assumptions, we find

22 f(x) = > f(2s)|| < ¢(22,0)
ses
for all x € V™ and so
|| x) 22n T Zf (2sz) 2% kd)(Z:c,O) (19)
seS
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for all z € V™. Choose z € V" and let 0(z) := 555 d(22,0), TO(2) := 5oz D ,c g 0(252).
The relation (19) converts to

1f(x) = Tf (@) < 0(x)
for all x € V™. The rest of the proof is similar to the proof of Theorem 3.2. |

Let A be a nonempty set, (X,d) a metric space, ¥ € R4, and F1,F, operators
mapping a nonempty set D C X into X*". We say that operator equation

Frolar, ... an) = Fap(ar,...,an) (20)

is ©-hyperstable provided every ¢y € D satisfying inequality

d(gjl(po(a’la sy an)7 St24100(a17 e ,an)) S ’(/}(a/h LRI an)a ai,...,0n € Aa
fulfils (20); this definition is introduced in [15]. In other words, a functional equation ¥F is
hyperstable if any mapping f satisfying the equation F approximately is a true solution of
F.
Corollary 3.2. Suppose that c;; > 0 fori € {1,2} andj € {1,...,n} fulfill Zle Z?Zl oy <
n. Let f: V"™ — W be a mapping fulfilling the inequality

2 n
1D (z1, @)l < TTTT lligll™

i=1j=1
for all x1,20 € V™, where V is a normed space and W is a Banach space.

(1) If f is odd in each variable, then it is multi-additive Jensen type;
(ii) If f is even in each variable, then it is multi-quadratic Jensen type;
(iii) If f is odd in each of some k variables and is even in each of the other variables, then
it is multi-additive-quadratic.

Proof. The results follow from Theorems 3.2, 3.3 and 3.4 by taking

d(a1,x2) = [T T] Il

i=1j=1

Qg

4. Conclusions

In this paper, the authors introduced the multi-mixed additive-quadratic Jensen type
mappings. It is shown that such mappings can be described by an equation. Using a fixed
point theorem, it is proved that the multi-mixed additive-quadratic mappings can be stable
and hyperstable.
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