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G-FRAMES POTENTIAL IN HILBERT SPACES
Azam YOUSEFZADEHEYNI!, Mohammad Reza ABDOLLAHPOUR?

In this paper, by generalizing the frame potential to the g-frame, we
introduce the g-frame potential and investigate some of its properties. We also

generalize the Welch inequality to the g-frames.
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1. Introduction

The frames for Hilbert spaces were introduced by Duffin and Schaeffer [6] in
1952. In 2006, g-frame as a generalization of frame was introduced and
investigated by Sun [11]. In 2003, Benedeto and Fickus introduced an important
tool in the frame theory so called the frame potential [1]. This gave a geometric
interpretation for the tight frames which resulted in the field including a physical
interpretation for the tight frames along the lines of Coulomb’s law in Physics [1],
[5].

Throughout this paper, H isacomplex N-dimensional Hilbert space and {H;} ¢;
is a finite sequence of Hilbert spaces, where J is a finite subset of natural numbers
N. We denote the space of all bounded linear operators from H into H; by

B(H, H)).

Definition 1.1. A sequence of operators A = {A; € B(H, H;): j € J}} is called a
g-frame for H with respect to {H;};¢; if there exist two constants 0 < 4, <
B, < oo, such that

AAIfII? < X lINFIIP S BAlIFII?, f €H, (1.1)
A, and B, are called the lower and upper g-frame bounds, respectively.
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We call A atight g-frameif A, = B, and a Parseval g-frameif Ay = B, = 1. If
the right hand inequality of (1.1) holds for all f € H then we say that A is a g-
Bessel sequence. Let us consider the space
A={f}ja: f; € Hyj €T}
with the inner product given by ({f;};ej, {9;}jep) = Xjey (fj» ;). Itis easy to show
that A is a Hilbert space with respect to the pointwise operations. It is proved in
[9], if A isa g-Bessel sequence for H then the operator that
Tnl - H, Ta({(fYje) = Zjg A5(F)  (L2)
is well defined and bounded and its adjoint is
Ty:H = H, TAf = {Aif}jep
Also, a sequence A isa g-frame for H if and only if the operator T, defined by
(1.2) is bounded and onto. We call the operators T, and T,, the synthesis and
analysis operators of A, respectively. If A isa g-frame for H then
SatH = H, Saf = Xje MjAS,
is a bounded invertible positive operator [11]. S, is called the g-frame operator
of A.

Definition 1.2. [8] Let A = {A; € B(H,H;):j €]} and I' = {I; € B(H,H;):j €
J} be g-Bessel sequences for H with respectto {H;}¢;. I' is called a dual of A
if
f=ZA;rjf, feEH.
j€) 5

Let A={A; € B(H,Hj):j €]} bea g-frame for H and A; = Ajsgl forall j €
J. Then A = {A; € B(H,H,):j €]} isa g-frame for H with the g-frame bounds
1 and i
BA AN
then S, = S;*.

. We call A the canonical dual of A. If S, isa g-frame operator of A

Definition 1.3. Let T be a finite subset of N. The frame potential of a frame
{x;}ier In H is defined by
FP({x;}ie1) = Yie1 Xjer [{x0x)|%
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2. Main Results
In this section we introduce the g-frame potential and we generalize the Welch
inequality. Also, we generalize some results of [3], [5], [10] and [12] to the g-frame
setting.
Definition 2.1. Let A = {A; € B(H, H;): j € J} be a g-frame for H. Suppose that
{f;}_, is a Parseval frame for H. The g-frame potential of {Ai}igy With respect
to {H,};¢; is defined by

L
FP({Aie) = ). D > (MM, A ().
I=1 i€] jeJ
Proposition 2.2. Let A = {A; € B(H, H;):j € J} be a g-frame for H and {fi¥i-,

be a Parseval frame for H. Then

L
FP({Adbe) = ) (3D f),
=1

and the definition of the g-frame potential is independent of the choice of the
Parseval frame.
Proposition 2.3. Let A = {A; € B(H, H;): j € J} be a g-frame for H. Then
ApNTT(Sp) < FP({A}igp) < BATT(S))-
In particular, FP({A;}ig)) = AZN for a tight g-frame A and FP({Ai}ig)) =N
for a Parseval g-frame A.
Proof. Since A isa g-frame, thus

Aply < Sp < Buly,
where I, is the identity operator in H. By Theorem A. 6.5 of [4], we have

ApSp < S2 < B,S,.
Therefore,

Ap Yigy LIMS 1P < Xjeg Digg (NN S, AGAf)
< Bp Yigy lIAif11% f €H. (2.1)

Suppose that {e,}¥_, is an orthonormal basis for H. Then by (2.1)

AAi D lienll? < i DD insCen), A (en))

n=1 i€J n=1 jeJ i€]

N
<By Y Y el

n=1 i€]
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Since Tr(Sp) = Yiey 1Aillfs, we have
ApNTT(Sp) < FP({A}igp) < BATT(S4)-
]

Theorem 2.4. Let A = {A; € B(H, H;): j € J} be a g-frame for H. Then

Cigy 1Al Fs)?
FP({AJigp) 2 =55 (2.2)

Proof. Let {e,}}Y_, be an orthonormal basis for H and
Spen =Ae,, n=12,...,N.
Then
Yn=1An = Xn=1 (Saen en) = L=t Zigy [1Ai(e)||? = Zigy 11AillFs. (2.3)
We have

N N N
D A= (Steneny = ) () Kiilen), ) K(en)
n=1 n=1 n=1 i€]J Jj€J
= Yn=1 Yigy Lje (AiAi(en), AjA;(en)). (2.4)

So, by the Cauchy-Schwarz inequality and (2.4) we have

%(i M) < i 2= i D BihiCen), K Cen)).
n=1 n=1

n=1 (€] je€J
Therefore by (2.3),
N
1
SO IMED? < DY (Ni(en), Aihj(en) = FP({Adkie).
i€] n=1 i€] je€J

Theorem 2.5. Let A = {A; € B(H, H;): j € J} be a g-frame for H. Then the
followings are equivalent:

(1) We have equality in (2.2), i.e.,
FP({Ai}igp) =
(2) There is a representation

F=g ) MG, fEH,

ie]

ey 1A l5)?
m :
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where
K= Il
i€]

(3) A isa A,-tight g-frame with respect to {H,};¢;.

Proof. Let {e,}_, be an orthonormal basis for H and
Spen =Ape,, n=12,...,N.
Let (1) holds; then by the proof of Theorem 2.4 we have

1 2 N2 1 N 2 N 2
SO I =5 O AP < ) 2 = FP({Aey).
i€] n=1 n=1
Thereisequalityin (X¥_; 2,)2 < NYN_, 22 ifandonlyif 1, =1, = - =1y =

A # 0 and in this case S, = Aly. We have
AN =Tr(Sp) = Y [IAdls = K.
i€]

Hence,

1 N .

[ =350 =%, KM, feH,
€]
so (2) holds.
Now, assume that (2) is true. For each f € H,
N % N
IFI1Z = (f, ) = (C Ziey A (), f) = 2 Ziey 1A 112

By letting A, = % we obtain (3).
Let (3) holds; we have

AT ) = SAf. 1) = ) NI fEH,

i€J
therefore S, = Ay'I; and this implies that 1, = 1, =...= Ay = A3, hence
N_, 4,)? = NYN_, 22 and by the proof of Theorem 2.4, the proof is completed.

[

Proposition 2.6. If A = {A; € B(H,H;):j € J} isa A,-tight g-frame for H then
maxliAl s < AaN = ) [l
i€]

In particular, if ||A;]|gs =1 forall i € J and |J| = M, then A, = %
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Lemma2.7. Let A = {A; € B(H,H;):j € J} bea g-frame for H. Then
FP({A}igy) = Tr(SR)-

Proof. It is clear that by (2.4).

Here we bring an example of g-frame potential.
Example 2.8. Let H = C? and we define

A:C?2 > C, A(x,y) =3x — 2y,

Ay:C? > C, Ay(x,y) = 2x + 3y.
Then A = {A; € B(C? C):j = 1,2} is a tight g-frame for C* with the g-frame
bound 13. Therefore, the g-frame operator is

Sp:C% - €2, Sp(x,y) = (13x,13y). (2.5)

Let e; = (1,0) and e, = (0,1). Then

2 2 2
FPAAYL) = ) ) ) (Nii(en), Ajhy(en)) = 338,
n=1 i=1 j=1
By (2.5) and Lemma 2.7 we have
FP({A;}2,) = Tr(S}) = Tr(1691) = 338.
where I is the identity operator in C%. A is a tight g-frame for C2, hence by
Theorem 2.5 we have

2 N ARY
FP({AJE,) = S22l - 970 338,
Proposition 2.9. Let A = {A; € B(H,H;): j € ]} be a g-frame for H. Then the
canonical dual g-frame of A has the minimum value of the g-frame potential with

respect to other duals of A.

Proof. Let T' = {I; € B(H, H;): j € J} be an arbitrary dual of A and let Tz and Tr
denote the synthesis operators of A and T, respectively. We have
IrTr = [Tz + (Tr = T[Tz + (Tr = TR)]
=TxTx + (Tr = TR)(Tr — TR)".
By Lemma 2.7 we have
FP({Ti}igy) = Tr((TrTr)?) = Tr((TzTx + (Tr — Tx)(Tr — T)")?)
= Tr((TzT)?) + 2Tr(TxTi(Tr — Tx)(Tr — Tx)")
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+Tr(((Ty = T) (Tt = TH))?). (2.6)
Since TzT; and (Tr — Tx)(Tr — T3)" are positive operators, by Theorem 2.2.1
of [7], there exist the positive square root of TzT; and (Tr — T3)(Tr — T3)" and
we denote them by K and U, respectively. By Theorem 2.4.14 of [7], we have
Tr(TxTx(Tr — Tx)(Tr — Tx)") = Tr(KKUU) = Tr(UKKU)
= Tr((KU)*KU) > 0.
Then by (2.6) FP({Ti}iey) = Tr((T5T)®) = FP({Ai}iey)-

Proposition 2.10. A g-frame A = {A; € B(H, H;): j € J} is a minimizer of

FP({Ai}iep) + FP({Ai}iep),
if and only if A is a Parseval g-frame for H.

Proof. Let {e,,}}Y_, be an orthonormal basis for H and
Spen =Ape,, n=12,...,N.

Since the g-frame operator of A = {/Tj € B(H,H;):j €]} is Sxt, by Lemma 2.7
we have
FP({A}iep) + FP({Ai}igg) = Tr(SK) + Tr($;3%) = Eh=1 (A2 + 477 (27)
Now, first we assume that FP({A;}¢j) + FP({/L-}l-EH) IS minimized, so by (2.7),

N_, (A3 + 2;2) is minimized. Thus for any n, A2 + 1;;2 is minimized and this
minimum is obtained when A,, = 1. In this case, S, = Iy and so A is a Parseval
g-frame for H.
Conversely, we assume that A isaParseval g-frame for H,so S, = Iy. Therefore,
forany n, 1,, = 1. Thus ¥N_, (12 + 2;%) = 2N and this is the minimum value of

No1 (A5 + 2,3 and by (2.7), FP({A}iep) + FP({A;}ie)) is minimized.

[

Proposition 2.11. Let H be a Hilbert space and |J| = M, 4 > 0 and let
W = ({Adigl{Akieyis @ g — frame and ) [IAdlEs = A3

i€]
2
If M > N, the minimum value of the g-frame potential on W is % and the

minimizers are the tight g-frames with the tight g-frame bound %
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Proof. By Lemma 2.7, minimizing the g-frame potential under our condition
means minimizing Tr(S3) = Y.N_, A2 under the condition
N
D A= libdls =2
n=1 i€]
A standard application of Lagrange multipliers yields that the minimizers satisfy
Ap = % forall 1 <n < N. Infact, if

N
fQy, 2. An): = Z 22 =22 422+ + A2,
n=1
and
9L A, )= A— 2 — A, — - — Ay,

there exists u # 0 such that Vf(44,4;,...,4,) = uVg(Ay, 45, ..., 4,), that is,
(214,225,....24%) = (=, —l, ..., — ).
Therefore, 1, =1,,,1 <mn<N and since YN_, 1, =1, we have NA, =

4L1<n<N.So, 1, = % 1 <n < N. Hence, the g-frame operator for {A;};¢;
IS %IH. Therefore a minimizer of the g-frame potential is a tight g-frame with the

tight g-frame bound % So
2 2

A
FP({Adiep) = Tr(z18) = T

Proposition 2.12. Let A = {A; € B(H, H;):j € J} be a g-frame for H and I
J. Then

L
FP({Adhare) = FP({Ahiey) + FP({ADie) = D > > (Nibe(f, A ()

=1 iel jg]
= Xl=1 Zigg Zjer (A (), A5 A (D)),
where {f;}i—, is a Parseval frame for H and I¢ is the complement of I with
respect to J.

Corollary 2.13. Let A = {A; € B(H, H;): j € J} be atight g-frame for H with
[1A;||lgs = 1, forall i € J.If T < ] with [J| = M and |l| = k, then
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2

M M
FP({Ai}ierc) = N 2k vt FP({A}ien)-

Therefore,
LIfII] > |1¢] then FP({A}ierc) < FP({Ai}ien)-
2.If 1] < |I¢] then FP({A}ierc) > FP({Ai}ien)-
3.IfM is even and|l| = |I¢|then FP({A;}ierc) = FP({A;}ier)-

Proof. Let {e,}}Y_, be an orthonormal basis for H and
Spen =Ae,, n=12,...,N.
By Theorem 2.5 we have

CigllAillEs)? M2
FP({Adig) = =52 =— (2.8)

Also, by Proposition 2.6,
Yig llAillfs M
Ay =222 =
N N

On the other hand, by assumption A isatight g-frameandso S, = %IH. We have

* * M M
n=1 Diey Ljer (AiAi(en), AiAj(en)) = < Ljel 1A lI7s = k= (29
Similarly, we have
* * M
Yn=1 Dier Xjeg (ANidi(en), AiAj(ey)) = k-~ (2.10)

By Proposition 2.12, (2.8), (2.9) and (2.10) imply that
2

M M
FP({Ai}ierc) = N 2k vt FP({A}ien)-

Example 2.14. Let H = C? and we define

3 2
Al:(CZ —)(C, Al(x,y) =Ex—ﬁy,
, 2 3
AZ:(C —>(C, Az(x,y):EX-FE .

Then A = {A; € B(C? C):j = 1,2} is a Parseval g-frame for C* and
Il Ay lgs=ll Ay llgs= 1. Let e; =(1,0) and e, =(0,1) and put I ={1} cJ =
{1,2}. Then



206 Azam Yousefzadeheyni, Mohammad Reza Abdollahpour

2
FP(Adhiar) = ) (A3 (en) Ky (en) = 1,
n=1

and

2
FP({Ahe) = ) (i (en), AiAy(en)) = 1
n=1

Also, by Corollary 2.13, we have
2

2 2
FP({Ai}ierc) = >~ 2x1x >t FP({Ai}ier) = FP({A}ien)-

Example 2.15. Let H = €3 and we define
A:C3 > C A(x,y,2) =z,

4 3
Ay:C3 > C, Ay(x,y,2) = gx +§y,

3 4
As:C3 > C, As(x,y,2) = —gX +§y.

Then A = {A; € B(C?,C):j = 1,2,3} is a Parseval g-frame for C* and
" Al "HS=" Az "HS=” A3 ”HS= 1 . Let 61 = (1,0,0) y ez = (0,1,0) and e3 =
(0,0,1) and put T = {1,2} c J = {1,2,3}. We have

3
FP(Adhiar) = ) (N33 (en) Mshs(en) = 1,
n=1

and
FP({A}ier) = Xe1 Xie1 Li=1 (MiAi(en), AjAj(en)) = 2.
So,
FP({Ai}ierc) = 1 < FP({Ai}ien) = 2.

Also, by Corollary 2.13,
2

3 3
FP({Ahiere) = 5 =2 x 2 x 3+ FP({Ahien) = 1+ FP({A}ien),

therefore
FP({Ai}iere) < FP({Ai}ie)-
Proposition 2.16. Suppose that A = {A; € B(H, H;): j € J} isa g-frame for H
with the optimal g-frame bounds 0 < A, < B, < 0. Then
(N— 1AL + B < FP({A}ie) < (N—1)BZ +A;, N #1.
If N =1, weshould have A, = B,.
Proof. The proof is clear and we remove it.
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In 2014, the mixed frame potential was introduced by Carrizo and Heineken [2].
Here we generalize this concept to the g-frames. Also, we generalize the result of
[2] to the g-frames.

Definition 2.17. Suppose that A = {A; € B(H,H;):j €J} and I' = {I; €
B(H,H;):j €]} are g-frames for H. Let {f,}i_, be a Parseval g-frame for H.
The mixed g-frame potential of ({A;};¢j, {I;}ij) With respectto {H;};¢j is
defined by

FP({A}iey, (Tidiey) = Ziz1 Zigy ey (ML), I A (f))-
In particular, if {A;};ej = {I3}ig; then the mixed g-frame potential is equal to the
g-frame potential.

Proposition 2.18. Let A = {A; € B(H,H;):j €]} and I' = {I; € B(H, H;):j € ]}
be g-frames for H. Then
FP({A}iey Titiey) = Tr((TAT?)?),
where T, and T are the synthesis operators of A and T, respectively.
In particular,
FP({Ti}ie, {Ai}iey) = Tr((TrTH)?).
Also, if A isadual of T, then FP({A;}iej, {Ti}iey) = N.

Proof. Suppose that {e,}Y_, is the standard orthonormal basis for H. So
FP({A}iey (Tidiep) = Xne1 Ziey Ljey (AiTi(en), T A (en))
= V=1 (Tieg AiTi(en), Xjey T A (en))
= Zﬁ:l (TATlf (en), TFTX(en))
= Tr((TAT?)?).
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