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STABILITY IN MEASURE FOR UNCERTAIN FRACTIONAL
DIFFERENTIAL EQUATIONS WITH JUMPS

Zhifu Jia' and Xinsheng Liu?

Uncertain fractional differential equation with jump (UFDEJ) is an im-
portant mathematical model. Establishing the judgment of the stability is a basic problem
of UFDEJs. This paper mainly investigates the stability in measure for the Caputo type
of UFDEJs that the order is 0 < p < 1. We first propose the concept of stability in mea-
sure of solutions to UFDEJs. Then, two sufficient conditions for stability in measure
are obtained in different cases with order 0 < p < % and % <p<1. In the end, some
examples are given to illustrate the results.
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1. Introduction

Uncertainty theory [1, 2] as one of the tools to deal with belief degrees were widely
used in control [3] and game [4], prediction [5], variational inequality problems [6, 7] and
other fields. Moreover, in the field of uncertain system, there have been many models
[8, 9, 10] on uncertain differential equations (UDEs), and most scholars devoted his energies
to UDEs and their improved forms driven by Liu process. For uncertain system, stability
is the prerequisite to ensure the normal operation of the control system. Stability theory
is one of the research hotspots in the application of UDEs, which has been extended into
many widely used versions. The standard stability in measure of UDEs developed by Yao
et al. [11] is the first one, which is suitable to nonlinear and linear uncertain system but
is limited to a necessary condition for an UDE being stable. Recent years, researches on
stability in measure for uncertain system are emerging one after another. For example,
stability in measure for multifactor UDE [12], UDE with jumps [13], multi-dimensional UDE
[14], uncertain heat equations [15], uncertain delay equation with jump[16] and uncertain
fractional differential equations [17] were successively investigated.

V-jumps uncertain processes [18] were always used to characterize uncertain evolu-
tionary phenomenon with jumps, whose uncertainty distribution function exists jump point,
which could describe a sudden changes caused by emergencies, such as economics crisis, out-
breaks of infectious diseases, earthquake, war, etc. Deng et al. [19] further studied uncertain
differential equation with jump (UDEJ) under certain conditions. The UDEJ is expressed
as follows

dZy = F(Zy, k)dk + G(Zk, k)dCy + H(Z, k)dVy,
where CY, is a Liu process, Vi is a V-jump process, k denotes time and F, G and H are some
given functions.
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UDEJs play an important role in various fields, for instance optimal control and
stability analysis. Some related references can be found in [16, 20, 21]. Among them, Ref
[16] discussed stability in measure for UDEJ with delay. In addition, for the phenomena
of uncertain complex systems, uncertain fractional differential equations (UFDEs) are the
usable mathematical tools characterizing uncertain complex systems. Zhu [22] proposed
two types of UFDEs in the one-dimensional case. After that, Zhu [23] extended the model
of UFDEs to the multidimensional case again in the same year. For describing fractional
differential system containing uncertainty and jumps more accurately, Jia et al. [24] proposed
uncertain fractional differential system with jumps (UFDEJs) and considered the analytical
solution and existence theorem. To the best of our knowledge, there are few results on
UFDEJs, especially, the stability of UFDEJs.

The stability in measure of Ref [11, 16] were studied based on the integer order, which
can’t be applied by fractional order system. Compared with Ref [11, 16], we consider the
fractional order and jump case. Compared with Ref [17], we consider the uncertain jump
systems. In this paper, we consider two kinds of new sufficient conditions of the fractional
order and jump case for UFDEJs driven by Liu processs and V-jumps processs, then two
theorems of stability in measure for UFDEJs are verified. The contributions of this paper
are: (1) to derive the first sufficient condition when § < p < 1; (2) to obtain the second
sufficient condition when 0 < p < %

The structure of this paper is organized as follows. Section 2 recall two lemmas.
Section 3 present the first sufficient condition and the second sufficient condition of stability
in measure based on different condition for UFDEJs. In Section 4, we give some examples.
In section 5, we give a conclusion.

2. Preliminaries

Lemma 2.1. [3] Suppose that Cy is an l-dimensional Liu process, and Zy, is an integrable
n X l-dimensional uncertain process on [u,v] with respect to time k. Then, the inequality

\ / " Ze(1)dCu ()

holds, where K (vy) is the Lipschitz constant of the sample path Cy(vy) with the norm || - |-

< Ky [ 120(0)

Lemma 2.2. [24] Suppose that V}, is a l-dimensional V -jump process, and Zy, is an integrable
n X [-dimensional uncertain process on [u,v] with respect to time k. Then, for any sample
v, the inequality

3. Stability of UFDEJs

/:Zk(V)de(V)HOO < Lv||Zk(7)||wdk

holds,

In this section, we will consider the Caputo type of UFDEJ, the form of which is as

follows
dC, k de

CDka:F(k,Zk)+G(k,Zk)E+H(k,Z}€) E,k>0 (1)

with initial value Zy|x=0 = Zp € R", where *DP denotes the Caputo fractional derivative of
order 0 < p < 1 with the form

k
D) = s / (k= )78 () dp
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provided that 6(k) is differentiable on k € R, and F : [0, +0c0) x R* — R", G : [0, +00) ¥
R — %nxl7 H : [0, +OO) x R — Rxt, Cr = [Clk,CQk;,"' ,Clk]T,Cik(i =1,2,--- ,l)
and Vi, = [Vig, Vag, -+, Vie) T, Vie(i = 1,2,---,1) are Liu processes and V-jump process-
es,respectively.

In this paper, we denote

12]] = max |Zi], || Bl = max Zlbu\ (2)

for an n-dimensional vector Z = (Zy, Zy,- -+ , Z,)T and m x n-matrix B = [bij]mxn, respec-
tively. The UFDEJ (1) is equivalent with the integral equation

1 : p—1 1 : p—1
Zi=zo+ g5 [ =P P ) dut s [ =06 204,

1 k
+—/ k— )P H (u, Z,)dV,. 3
F(p) 0 ( ) ( P«) K ( )
Jia et al. [24] proved the existence and uniqueness theorems of UFDEJ (1). Similar to Refs
[11, 12, 13, 14, 15, 16], we first give the concept of the stability in measure for UFDEJs.

Definition 3.1. An UFDEJ (1) is said to be stable in measure, if for any solutions Zy, and
Uy with initial values Zy and Uy, respectively, we have

1 MIsup||Zy — Uil <ep =1, 4
o a7 {202 - O < o} @

for any given number € > 0.

Example 3.1. Assume that a,b,c € R are constants and a < 0, Zy and Uy, are the solutions
to the linear UFDEJ,
dCy, dVi

cnHp — _—r _ "
DPZy = aZy +b-g- + g (5)

with initial values Zoy and Uy, respectively. By Ref [24], it holds that

k
Z4(2) =Z0Epa (ak?) + [ (k= gD, (ol = 1)) G, ()
k
+ / (k= WP By p (alk — p)?) dViu()
0
k
Un(y) =UpEps (ak?) + / (k= 1) 'bE, , (a(k — 1)) dC, ()

k
[ = e (all = ) V0.
0

where E; j(z) = >..°_, 1“(;7:-]) is the Mittag-Leffler function. By Ref [25], we know that
E;;(z) < %IZI fori € (0,2), the constant @ > 0, argument arg(z) = 7 and |z| > 0. Then
Vv eTl, k>0, it holds that

Q

VA =\Zy — Py < |Z —_—
|1Z1(7) = Ux(N] = |20 = Uo| Ep1 (ak?) < [Zo — U0|1+|a|kp
Then,

sup |Zk(v) = Up(7)| < M |Zo — Up| — 0
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as |Zo — Uo| — 0, that means lim)z,_y,|—o0 M {supgso | Zc — Urll < e} = 1 holds for any
€ > 0. By Definition 3.1, the linear UFDEJ (5) is stable in measure.

For the need of the stability criteria of UFDEJ (1), we talk two cases about fractional
order p, that is, % <p<landO0<p< %, meanwhile, we need the following assumption.

Condition 1 Vz,u € R™ and k € [0,T), the coefficients F(k, z), G(k,z) and H(k, z)
satisfy the following Lipschitz condition

[F(k,z) = F(k,u)|| < Nigllz —ull, |Gk, 2) = Gk, u)|| < Naxl|z — ul],
| H (k,z) — H(k,u)|| < Nag||z — ull, (6)
where T' < 400, Ny, Nog and N3 are positive functions.
3.1. Case 1: % <p<l1
Theorem 3.1. We assume that condition 1 holds and N1, Noi and Nsj satisfy

+00 Foo
/ e (N1, + N3p)? dp < oo,/ e2“N22H dp < oo, (7)
0 0

then the UFDEJ (1) is stable in measure.

Proof. Assume that Zj, and Uy, are two solutions of UFDEJ (1) with initial values Zj
and Uy, respectively. Then we have

p—1 L ; p—1
20 =20+ s [ 0= F i Zuo) an s [ 076 2,00 00, )
/k PP H (1 2()) AV, (), ®)
k
Ui(1) —U0+F(1p) [t E v an s s [ a6 ) a6
1 [F b1
57 | = U0 V). (9

It follows from Assumption 1, Lemma 2.1, Lemma 2.2, (8) and (9) that

1Zk(7) = Ux()

k
S”ZO*UOIHﬁ / (k= "M IF (1, Zu(3)) — F (1,Uu(7)) [ldps
k
+ﬁ/o (k=G (1 Zu(1) = G (1, U] 1AC ()]
k
+ﬁ/o<"“‘“>p’”|ﬂ<uvzu<v>> H (. U ()] [V,

k
<1120 — Uoll + ﬁ / (= 1) (N1 + Nap) 1 Z,(3) — Up ()] dp

K, [* _
S A S EAC RGN (10)
I'(p) Jo
where K, is the Lipschitz constant of Cj(7), and by Theorem 2 of Ref [11], we know that

zEI-Poo M{yel|K,<z}=1 (11)

Cauchy-Schwartz inequality implies that

1Z(y) — Up()l
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1 k
<120 = Voll+ 5 [ (k= 107 e (Vi + Ny 12,0 = U]
0

k
rlf;) / (k= )P~ e e Noy [ Zu(v) = Un ()| dpe

1 b :
< _ L N\2p—2 -2

k
(/ (N1 + Ny 12, () = U ()17 du)

k
( / e2”N3ﬂ||Zﬂ<w>—U;L(v)nQdu) ST

MBS

SIS
SIS

K’Y g _ 2p—2 _—2pu
+ () </0 (k—p) e du)

Obviously, for k € [0, 1], continuity makes the inequality fok(k — u)?P~2e72dy < 2Q; true,
where ()7 is a positive constant. For k£ > 1, owing to % < p <1, it holds that

k k
/ (k — p)*~2e 2y z/ P22 dr (et r = k — p)
0 0

k 1 k
:/ T2p7262rdr . 672]6 _ 672]6 / 7,2p7262rd7, _|_/ T2p72e2rd,’q
0 0 1
1 k 2 2k 2
<e—2k / r2p—202 dr—!—/ 2 dr| = e_zk € n et —e
- 0 1 2p—1 2

2e2k 2
2p—1 2p—1
Let Q = max{Q1, 5 5=}, it holds that

<e~ 2.

k
/ (k — p)?P~2e=2 dp < 2Q,Vk > 0. (13)
0
Substituting (13) into (12) yields

2

k
12k () = Ul < 1120 — Uoll + 0 )(262)% (/O (N1 + Naw)* 1 Zu(y) = Uu(0)II? du)
Kv i ¥ 20 AT2 ;
for k£ > 0.

Letne Nyp>1land Z; e RT,i=1,2,--- ,n, we have

n n n
(Z ZZ-> <n" 'y 7 (14)
i=1 i=1

For (14), let n = 3,7 = 2, it holds that

1Z(7) = Us(NII* <3120 — Uol|* + ( ) 6@/ #(Ni + Nap)? 12 (v) = Up ()1 s



150 Zhifu Jia, Xinsheng Liu

K, 2 k s ) i
+<r<p>> GQ/O N3 Zu(7) = U dp.

Gronwall inequality implies that

1Z4(v) = Ue()II”

k k
<3|1Zo — Up||” exp (2@’ / e ( Ny, + Nsm?du) exp <2Q’K3 / e* N3, du)
0 0

+oo —+oo
<31|Zo — U || exp (2@’ / e (N1, + Ns,,)? du) exp (2@’1{3 / e** N3, d,u>
0 0

where Q' = 3Q - (ﬁ)? It follows from (11) that for any given € > 0, there exists a positive

number L, such that
M{yel|K, <L} >1-c¢
So, Vv € T, it holds that
1Z1(v) = Uk ()|

+o0 +oo
<3| Zo — Uo||” exp <2Q’/ e (N, + Ngu)2d,u> exp <2Q’L?/ e* N3, du) :
0 0

Taking § = =5

V3 0 0
sup || Zx () — Uk
k>0

exp(—Q'([i7°° €2#(Ny,, + Nap,)2dp + L2 [ e** N3, dut)), we obtain that
()|l < € holds when || Zy — Uy|| < §, which implies

Ger K st {yer iz - vl <<}

provided that || Zy — Up|| < 6. That is limy z,_yy o M {7 € T | supgso | Zc — Url| < e} =1
holds for any £ > 0. By Definition 3.1, the UFDEJ (1) is stable in measure.

3.2. Case 2: 0<p< %
Theorem 3.2. We assume that condition 1 holds and N1k, Nop and Nsj satisfy

+o0 +oo
/ e“H(N1, + N3, )¥dp < oo,/ e N3, dp < oo, (15)
0 0

where w =1+ %, then the UFDEJ (1) is stable in measure.
Proof. Tt follows from (10) and the Holder inequality that
12k (7) = U ()l

1 [ o
§||ZO—U0H+—/ (k — )P~ e e (Niy + Naw) 1 Z,(7) = Un(9)| dpe
0

I'(p)
K k .
+ / (k= P e el Noy, | Z,(7) — Up()ll dpt < (1 Z0 — ol
F(P) 0

ql=

o,
=
N
€=

1 g wp—Tw ,— W
+ @ </0 (k—p) e du)

K’y ’ Wp—w ,~TWH - g W £NTwW w
T T0) <A (b —p)=r=e d“) (A !N (120 () = Un()l du) (16)

k
</0 e“M (N1 + N3w) 12, () = U()II”

€=
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where w = 1+p,w=1+%and %—l—%zl. Because of that 0 < p < % and w(p —1) =
p? —1¢€ (—1,-3/4], fok(k — p)@P~®e~@k dy is continuous for k € [0,1], and then there
exists a number Q> > 0 such that fok(k — )P %em @k du < Q9. For k > 1, it holds that

k k k
/ (k— p)®P~%e~“Hdy :/ reP= ek gy let r = k — p) = e_Wk/ uFPTFemhdy,
0 0 0

1 k
:e—wk / Twp—wewrd'u + / rwp—wewud'u‘|
0 1

1 k
<e~ @k /rw”_wewdr—i—/ ewrdrl
0 1

—wk e” 1 wk 1 w 2
=e —— + —" - —e7| < =
lop—w+1 w w p?
Taking Q4 = max{Qs, p%} yields
k
/o (k— p)™P~Ze ™M du < Q4,Vk > 0. (17)

Substituting (17) into (16), we obtain

€=

i k
1Zk(v) = Us(M <11 Z0 — Uoll + ﬁ@’f (/O e (N1 + Nap)“ 112 (7) = Up(N)I® du)

1

€

K’Y = F w w w
+p s ( | 12,00 - vl du)
By (14), we let n = 3 and 1 = w, it holds that

1Z6(v) = Us(MII*

— 1 v = F w w w
<y ) &F [ e M 12,00 - v a
(p) 0

I%—%W+<

* (I{((;))w Q% /Ok e“" Ny, 1 Z,(v) = U (DII* dM]

k
—35711|Z0 — Uo* + O / e (Nuy + Nap)® 1 Z(7) — Up ()| du
0
. k
+—Q2K$:/?ew”A@LHZHCﬂ-UpPHHWdM
0
where Qs = 3‘*’*1Q/2% . (ﬁ)w Gronwall inequality implies that
12k () = U(7)||”

k
<371 Zo — Up||* exp <Q2/ e (Nys + NBM)Wd:“> exp (QzKé"/
0 0

k
e“’“NgJHdu>

+o0 Foo
<3“ 1| Zy — U || exp (Qz/ e“* (N1 + N3u)wdﬂ> exp <Q2K$/ ewN;Md”>
0 0
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For each v € {7|K, < L.}, we have

w1 (s [T
12060 = Ul <35 120~ Uallexo | (Qa [ h (a4 Naa)|
0

1/ e
exp [ <Q2L‘:/ ew“Né"#d,u>> <e.
w 0
provided that || Zy — Up|| < 8, where

1—w 1 oo . oo
d=3"% exp [—w (Q2/ e“*(N1y, + N, )¥dp + Qsz/ ewNﬂedM)] €.
0 0

That means
{(V|K,<L}cC {2‘;1%||Zk('7) = U0l = 5} :

By (11), we know that there exists a positive number L. for any given € > 0 satisfy
M{yeT|K, <L} >1—e
Moreover, for any € > 0, it holds that

M{zgmzkm AT } > M{y | K, <L) >1—e
>0

provided that || Zo—Up|| < 8. So we obtain limy 7, |0 M {supy>0 1 Zk (v) — Ur(7)|| < e} =
1 for any € > 0. Thus, the UFDEJ (1) is the stability in measure.

4. Examples
Example 4.1. Let % < p < 1. Consider the nonlinear UFDEJ

L2
epp | Zw ] _|eF 0 Zu, | [ exp(=3k = 2Z3,) | dCk
Lo, 0 e ¥ Lok e 2k Z1k dk
1»‘2
e~z 0 Ziwe | dVk
—_ 18
* 0 e ¥ |:ZQk:| dk (18)

e_% 0 { A }

with initial value Zy|,_, = Zo € R?. Since the coefficients F(k,z) = 0 12 7
e 2

26’§ 0
0 2¢~k*

exp (—3k — Z3)

G(kvz) = e—2k21

], and H(k,z) =

Z
[ Zs ] . Thus, we can
obtain that

1
1P 2) = Pl < oxp (=542 Il = ull 160, 2) = Gkl < exp(-20): — ul
(8, 2) ~ F(k, 0] < 2exp (54 1 = ]

for any z,u € N2 and k > 0, which implies Ny = exp(—%z), Nop, = exp(—2k), and
N3, = 2exp(—k2—2). Then it holds that

+oo +o00 , +o0 )
/ e2M(N1,L + N3#)2 dp = / e2HhgeH dp = 9e - / e~ H H2u—1 du
0 0 0

+oo +oo
:96-/ e_rzdr(letr:,u—1>§9e-/ e_r2dr:9e\/E

—1 —o0
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—+oo “+oo 1
/ eQ“NQQH dp = / e*e M dy = 3
0 0

By Theorem 3.1, the system (18) is stable in measure.

Example 4.2. Consider the Caputo type of UFDEJ of order p = %

exp(—=k), dCr  _op,, dVi

——— Z—— 19
e T T (19)
with initial value Zy|,—o = Zy. The coefficients F(k,z) = e %ksinz, G(k,z) = 16;—,:22' and

H(k,z) = e 2Fz satisfy

|F(k, z) — F(k,u)|| = e 2*||sinz — sinu|| < e 2*[|z — |

°DPZ. = e **sin Zp +

ok
14 k2
for any z,u € R and k > 0. Clearly, Ny, = e~ 2%, Ny, = f_;—,:g, and Nz = e~ 2k, Then it
holds that

1G(k, 2) = Gk, u)|| = Iz = ull, |1 H (k, 2) = H(k, w)l| = e[|z — ul|

/ 63“(N1# +N3u)3 dp :/ 8e3He b1 du :/ e 3 dp = g
0 0 0

/°° N3 d /Oo ¢ /OO LI
e = [ " _du< | —— du=—.
0 2 Sy 1+ p2)° =)y T T2

By Theorem 3.2, the UFDE(19) is stable in measure.

3

5. Conclusion

For dealing with the stability problems of fractional differential system including both
uncertainty and jumps, this paper considered he stability in measure for the Caputo type
of UFDEJs that the order is 0 < p < 1 via uncertain theory. Considering the importance of
the oscillation of differential equations, such as [26, 27, 28, 29], the authors are intending to
continue investigating the oscillation of differential equations for uncertain fractional jump
systems in the future.
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