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KINEMATIC AND DYNAMIC ANALYSIS OF AN 
ANTHROPOMORPHIC HAND-ARM SYSTEM 

Ştefan DUMITRU1, Andrei CRAIFALEANU2 

The paper presents an anthropomorphic hand-arm system, designed to 
automatically perform common domestic tasks. An existing commercial gripper was 
used and improved to add functionality and reduce weight. A complete direct 
kinematic and dynamic analysis was performed, aimed to determine the motion of 
the system, the actuation torques and forces, as well as the reactions in the joints 
The obtained results provide useful calculation data for the basic design of a 
hand-arm robotic system, as well as for an optimization process. 

Keywords: anthropomorphic gripper, anthropomorphic arm, underactuated. 

1. Introduction 

Most grippers used nowadays in the industry consist of 1 or 2 degrees of 
freedom (DOF) mechanisms intended for simple, repetitive operations [1]. 

The anthropomorphic grippers, in contrast with the industrial ones, have a 
more versatile gripping method and confer the possibility of manipulating an 
already grasped object. Therefore, they have become an increasingly interesting 
research subject in recent years [2], [3]. 

The human hand consists of 27 bones (14 phalanges, 5 metacarpals and 8 
carpals), which can be modeled as a system of rigid bodies, linked through either 
single or double joints, creating a system with 25 DOF [4], [5]. 

Many anthropomorphic robotic hands with a high number of DOF can be 
found in the literature, such as the Gifu hand II [6] or the OCU Hand I [7], with 16 
and 19 DOF, respectively. However, such mechanisms are complex and difficult 
to use efficiently. Therefore, to reduce the weight and complexity, gripping 
systems with reduced numbers of DOF can be implemented, by using mechanisms 
with fewer actuators and supplementary constraints, such as the HRI Hand [8], or 
the Alaris Hand [9], which have 6 DOF each. 

The paper presents an anthropomorphic hand-arm system intended to 
automatically perform common domestic tasks. An existing commercial gripper, 
Lobot uHand [10], [11] (Fig. 1), was used as a model, but this model was 
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improved by introducing a supplementary degree of freedom to the thumb and by 
replacing the original servomotors with linear ones, in order to add functionality 
and to reduce weight. Furthermore, an arm system, conceived by the authors, was 
added, to achieve a complete hand-arm robot. 3D models of the modified gripper 
and the resulting system, respectively, created by the authors in the CATIA V5 
CAD program, are presented in Figures 2-3. 

The uHand gripper was previously studied in references [12], [13], [14], 
where the positions of the component elements were determined. However, a 
kinematic analysis, a dynamic analysis and an experimental study are not 
available. 

The present paper goes further, by performing, for the entire hand-arm 
system, a kinematic study, which determines the velocity and acceleration 
distributions, as well as a dynamic study, which, for a given motion, calculates the 
necessary actuation torques and forces, as well as the reactions in the joints. 

 

  

  

Fig. 1. The uHand gripper 
 

 
Fig. 2. 3D model of the studied gripper 

 
Fig. 3. 3D-model of the robotic arm 
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2. Model of the hand-arm system 

The human arm consists of 3 joints, a spherical joint located in the 
shoulder and two double joints, one located in the elbow and the other in the 
wrist. 

The spherical and double joints are difficult to construct and operate 
precisely, therefore they have been replaced with a series of revolute joints, which 
perform the same kinematic function, as can be seen in Figure 4. 

 

 
Fig. 4. Mechanical model of the anthropomorphic robotic arm 

 
Therefore, the resultant anthropomorphic robotic arm has 7 revolute joints 

with 7 rotational degrees of freedom, defined by angles φ0-1, θ1-2, φ2-3, θ3-4, φ4-5, 
ψ5-6 and θ6-7 with respect to axes x1, y2, x3, y4, x5, z6 and y7, respectively. 

The reference system of each element has been positioned so that the 
x-axis is orientated towards the next joint in the kinematic chain. The Ox1y1z1 
coordinate system has been rotated with respect to the global coordinate system 
Ox0y0z0, about the y0 axis, with the angle θ0-1=-90° (Fig. 4). 

The rotations about the previously described axes are performed using 
several servos. 

The uHand gripper in Figure 1 is a mechanism with 5 mobilities, one for 
each finger, and it was modeled after a right-handed human hand. The fingers are 
actuated by servos. One disadvantage of an underactuated gripper, such as the 
uHand mechanism, is the inability to manipulate the grasped object with the 
thumb. Therefore, an extra mobility of the thumb was added (Fig. 5). 

The added mobility is a rotation about an axis perpendicular to the plate on 
which the fingers are fixed. 

For all five fingers, reference system 10 is rotated with an angle ψ7-10 with 
respect to reference system 7 (Fig. 5 b). For the thumb (finger 1), this angle is 
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variable and it is controlled using the newly added four-bar mechanism 
O8O9FO10, which allows the rotation of the body FO10, about the axis z10. For the 
fingers 2-5 (according to the numbering in Fig. 5 a), angle ψ7-10 is constant and the 
mechanism O8O9FO10 is absent, therefore in their cases, coordinate systems 8, 9 
and 10 coincide. 
 

  
a) 3D model b) Detail of the mechanical model 

Fig. 5. Extra mobility system of the thumb 
 
All five fingers have the same mechanical structure (Fig. 6). Elements of 

fingers 2-5 have the same dimensions, while the elements of the thumb (finger 1) 
are different (see Appendix). 

Each finger of the gripper is actuated by a linear motor so that the 
proximal phalanx has a rotational motion with respect to the O13 joint (Fig. 6). 

 

 
Fig. 6. Kinematic diagram of a finger 

 
Subsystem O11O12AO13 forms a slider-crank linkage mechanism. 
The equation of motion of the linear motor which actuates slider 11 is 
 

 ( ) 00 xtvts += , (1) 
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where, for the thumb, v0=-12.75 mm/s and x0=36 mm, while for the other four 
fingers v0=15 mm/s and x0=61 mm. The v0 values are maximal constructive limits 
of the linear servomotors for fingers 2-5, while for finger 1 it was chosen so that 
the geometrical limits are not exceeded during operation. The initial position 
parameters x0 are also constructive dimensions of the servomotors.  

Subsystems O13O14BO15 and O14O16DO17 form two other four-bar linkage 
mechanisms.  

Calculations of the geometrical and kinematic parameters were performed 
starting from point O1 and finishing with point E, while the dynamic parameters 
were determined afterward, in the opposite succession. 

4. Positions of significant points of the hand-arm system 

In the following, square matrices will be denoted by square brackets, while 
column ones by braces. 

The positions of points Oi and E are determined using matrix 
transformations of the rotations about the axes of the corresponding joints, 

 
 { } [ ] { }kjkj XTX = , (2) 
 
where: 
• indexes j and k denote two arbitrary reference systems, 
• system j is obtained by rotating system k first with angle ϕ about axis Ox, next 

with θ about Oy and finally with ψ about Oz; 
• {X} represents the coordinates column matrix, 
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• [T]jk is the rotation matrix between reference systems j and k [14], [15, p. 104], 

[16]. 
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• c and s before ϕ, θ and ψ denote cosine and sine, respectively of these angles. 
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The positions of points A, B, D and F result from the distances to joints 
O12 and O13, O14 and O15, O16 and O17, as well as O9 and O10, respectively. 

Thus, in the general case of two jointed bars, OiP and OjP, moving parallel 
to the plane Oxy (Fig. 7), the coordinates x and y of point P are determined from 
the system of equations 
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Fig. 7. System of two jointed bars 

5. General formulae used in the kinematic analysis 

To perform the kinematic analysis of the system, some general formulae 
were used. 

For the general case of a Cartesian coordinate system, rotated as defined in 
Chapter 4, the column matrix of the components of the angular velocity vector is 
[15, p. 107], [16]: 
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The angular acceleration vector is: 
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The composition formulae of the relative angular velocity and acceleration 

vectors, respectively, are [17, pp. 244, 250] 
 
 kjjiki ,,, ω+ω=ω , (8) 
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 jikjkjjiki ,,,,, ω×ω+ε+ε=ε , (9) 

 
where an arbitrary notation kiq ,  denotes the q  vector quantity of reference 
system i in its motion with respect to reference system k. 

The velocity and acceleration, respectively, of a point P of the reference 
system i with respect to the reference system j are [17, pp. 204, 205]: 

 
 POvv ijijOjP i

×ω+= ,,, , (10) 
 

 ( )POPOaa ijijiijijOjP i
×ω×ω+×ε+= ,,,,, . (11) 

 
The velocity and the acceleration of the point O11 of the slider are 

determined using the composition formulae known from the kinematics of the 
relative motion of a rigid body [17, pp. 244, 249], 

 
 1110,10,10,, 101111

OOvvv jjOOjO ×ω++= , (12) 
 

 ( ) 10,,101110,10,101110,10,10,, 11101111
2 OjjjjjOOjO vOOOOaaa ×ω+×ω×ω+×ε++= , (13) 

 
where the motion of the slider with respect to reference system 10 is a translation, 
hence 
 
 010,11 =ω , (14) 

 
 010,11 =ε . (15) 
 

In the general case of the jointed bars OiP and OjP in Figure 7, assuming 
that the velocities and accelerations of points Oi and Oj are known, the angular 
velocities and accelerations of the bars, as well as the velocity and acceleration of 
point P, are determined using formulae (10) and (11), respectively: 

 
 POvPOvv jjOiiOP ji

×ω+=×ω+= , (16) 
 

 ( ) ( )POPOaPOPOaa jjjjjOiiiiiOP ji
×ω×ω+×ε+=×ω×ω+×ε+= . (17) 
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6. General formulae used in the dynamic analysis 

The theorem of linear momentum and the theorem of angular momentum 
with respect to the center of mass, applied to an arbitrary constituent body are, 

 
 ∑=
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where the following notations were used: 
• m - mass of the element; 
• Ca  - acceleration of the center of mass; 
• iF  - forces acting upon the element; 

• CJ - tensor of inertia of the element with respect to its center of mass; 
• ω  and ε  - the absolute angular velocity and acceleration vectors, respectively; 
• jM  - torques acting upon the element; 
• ir  - position vector with respect to the center of mass of the application point 

of the force iF . 
In matrix form, with respect to coordinate system k, equations (18) and 

(19) become 
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respectively, where, for an arbitrary vector w , the skew-symmetric matrix 
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was introduced. 
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a) b) 

 
c) 

 
 

d) e) 

 
f) 

Fig. 8. The isolated elements of the hand-arm system 
 
In Figure 8, the elements of the hand-arm system, considering an arbitrary 

finger, were isolated and the reaction forces and torques were represented, as 
follows: 
• element i for i=1,…, 6, 8, 9, 11, 12, 15, 17 in Figure 8 a, where P9=F, P12=A, 

P15=B, P17=D, while Pi=Oi+1 for the other values of i; 
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• elements 7, 10, 13, 14, 16 in Figures 8 b-f, respectively. 
The linkages of the system are replaced by force and torque reactions, each 

with three components. 
The minus sign of certain reactions was introduced to satisfy the action 

and reaction principle. 
The system has the following active linkages: 

• O1,…, O8 - revolute joints, where the torque components with respect to the 
rotation axes are the actuation torques; 

• O11 - prismatic joint, with the position of the slider defined by equation (1), 
where the force component with respect to axis O11x11 is the actuation force. 

All other linkages are passive. To avoid rigidly indeterminate unknowns, 
they were considered as follows: 
• O10, O13, O14, O16 - revolute joints (the torque components with respect to the 

rotation axes are null); 
• O9, O12, O15, O17 - universal joins, i.e. joints that obstruct the rotation about the 

torsion axis Oixi (the torque components with respect to Oiyi and Oizi axes are 
null); 

• F, A, B, D - spherical joints (all three components of the torque reactions are 
null). 

Equations (20) and (21), written for all elements of the hand-arm 
assembly, form a linear algebraic system of 102 equations with 102 unknowns. 
The unknowns are the forces and torques in the joints (motor and reaction 
components). 

The solving of this system is simplified by decoupling it into: 
• 4 systems of 12 equations each, corresponding to subsystems O9FO10, 

O12AO13, O14BO15 and O16DO17, respectively; 
• 9 systems of 6 equations each, corresponding to the bodies 1,…, 8 and 11. 

7. Numerical application 

A numerical application was considered, with the rotation angles of the 
arm elements and of the fingers (numbered according to Fig. 5 a), given in Tables 
1 and 2, respectively. 

 
Table 1 

Rotation angles of the active joints of the robotic arm 
Rotation angle φ0-1 θ1-2 φ2-3 θ3-4 φ4-5 ψ5-6 θ6-7 

Values 
4

...0 π  
4

3...
2

ππ  
4

...0 π  
4

...0 π
−  

12
5...0 π

−  
6

...0 π  
6

...0 π
−  
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Table 2 
Rotation angle 87−ψ  for each finger 

Finger 1 2 3 4 5 

Values 
5

...
10

π
−

π  
36
π  0  

60
π

−  
30
π

−  

 
Each rotation angle varies in the time interval t1=0…t2=0.8s, according to 

a law of motion which was chosen so that the motion starts and ends with null 
relative angular velocities and accelerations. Such a law of motion should be 
expressed by a function with null first and second-order derivatives, at the initial 
and final moments of time, t1 and t2, respectively. Considering the initial and the 
final value of an arbitrary rotation angle, f1 and f2, respectively, the following 
expression of the function was obtained [18] (Fig. 9): 
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Fig. 9. Shape of the law of motion and its derivatives, for an arbitrary rotation angle 

 

  
Fig. 10. Velocity components of the thumb tip Fig. 11. Acceleration components of the thumb tip 



38                                          Ştefan Dumitru, Andrei Craifaleanu 

Figures 10 and 11 display the variations of the velocity and acceleration 
components of the tip of the thumb (finger 1), obtained by kinematic analysis. 

The mass and the matrix of inertia of each element were determined from 
the 3D model created by the authors in CATIA V5 CAD program. 

To determine the time variations of the motor and reaction forces and 
torques in the joints, for the given motion defined above, an original MATLAB 
program has been developed to solve the systems presented in Chapter 6. The 
system was solved for a discrete set of values chosen in the time interval t1…t2, 
with the step ∆t=0.001s. 

 

  
a) Motor components b) Magnitudes of the reaction components 

Fig. 12. Torques in the joints of the robotic arm 
 

  
Fig. 13. Motor (M8mot) and reaction (M8xy) torque 

in joint 8, for finger 1 Fig. 14. Motor force in slider 11 

 
In Figure 12, the variations of the torques in the joints of the robotic arm 

are displayed (a - motor components, i.e. torque components along the rotation 
axes; b - magnitudes of the reaction components, i.e. torque components normal 
to the rotation axes). 
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Figure 13 displays the variations of the motor component and the reaction 
component, respectively, of the torque in joint 8 of finger 1. 

In Figure 14 the motor forces in the sliders are displayed, distinct for 
finger 1 and, because of their almost identical geometry, indistinct for fingers 2-5. 

The results were successfully verified by applying the theorem of linear 
momentum, and of angular momentum with respect to point O1, for certain 
subsystems, such as O14O16DO17, O13O14BO15, O11O12AO13, O10…O17, O1…O17.  

9. Conclusions 

The used grasping device is a mechanism with a reduced number of 
mobilities, compared to a human hand, which makes it cheaper, lighter and easier 
to build than a more realistic model. 

To improve the functionality of the existing commercial hand, a 
supplementary mobility of the thumb was introduced. 

Due to their simplicity and relatively small sizes, most parts of the device 
are suited for manufacturing by 3D printing. Furthermore, improvements can be 
easily brought. 

The study presents a complete direct kinematic and dynamic analysis of 
the device. 

In the chosen configuration, the necessary motor torque of the servomotor 
in joint 2 is the highest, which is explained by the large arms of the component 
weights, with respect to point O2. This outcome leads to the need for either a 
powerful enough actuator or the decrease of the required torque, using a 
counterweight system or a system of elastic elements. 

The reaction torques in joints 1 and 3 are considerably higher than the 
others, therefore a stiffer design of the corresponding parts is necessary. 

The small values of the components of torque M8 are due to the small 
values of the inertial parameters of the finger 1, as well as of the length O8O9. 

The results provide useful calculation data for the basic design of a 
hand-arm robotic system, as well as for an optimization process. 
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Appendix. Numeric data 
Table 3 

Geometry with respect to body reference systems Oixiyizi 
i Finger OiCi x 

[mm] 
OiCi y 
[mm] 

OiCi z 
[mm] P CiP x 

[mm] 
CiP y 
[mm] 

CiP z 
[mm] 

1 - 374.1 14.9 -1.9 O2 94.9 -14.9 -8.1 
2 - 75.1 0.2 -8 O3 53.4 -0.2 8 
3 - 186.4 15.1 7.2 O4 50.6 -15.1 7.2 
4 - 110.7 0.2 -6.7 O5 72.7 -0.2 6.8 
5 - 69.7 -10.4 -20.7 O6 12.3 10.4 20.7 
6 - 58.3 19.9 -9.6 O7 14.7 -19.9 9.6 

7 

1 

110.5 -0.1 0.3 O8 

-26.5 10 6 
2 -42 25.3 23.6 
3 9.3 11 23.6 
4 -31.4 -3.7 23.6 
5 -29.5 -23 23.6 
1 110.5 -0.1 0.3 O10 

55.4 13 -5.4 
2-5 0 0 0 

8 1 0 0 -3 O 9 6.9 -0.1 4.7 
2-5 0 0 0 0 0 0 

9 1 29.2 0 1 F 29.9 0 -1 
2-5 0 0 0 0 0 0 

10 

1 -35.7 -0.2 -19.4 

F -42.7 0.3 32.4 
O11 s(t) -0.5 -4.1 
O13 72.6 1 3.9 
O15 79.8 -5.6 24.7 

2 0 0 0 

F 0 0 0 
O11 s(t) 0 0 
O13 153 -7.3 -12.4 
O15 160 -13.9 -33.3 

3 0 0 0 

F 0 0 0 
O11 s(t) 0 0 
O13 114 -0.9 -12.4 
O15 121 -7.5 -33.3 

4 0 0 0 

F 0 0 0 
O11 s(t) 0 0 
O13 146 0.9 -12.4 
O15 153 -5.8 -33.3 

5 0 0 0 

F 0 0 0 
O11 s(t) 0 0 
O13 138 7.3 -12.4 
O15 145 0.7 -33.3 

11 

1 

0 0 0 O12 

14.3 -3.1 0 
2 14.3 -4.1 0 
3 14.3 -3.1 0 
4 14.3 3.1 0 
5 14.3 4.1 0 

12 

1 14.9 -1 0 

A 

13.1 1 0 
2 34.8 0 0 33.9 0 0 
3 15.2 -1 0 14.6 1 0 
4 31.3 1 0 30.4 0 0 
5 27.3 0 0 26.4 0 0 
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13 

1 14.4 0 3.7 
A -6.2 -4.5 -9.9 

O14 15.2 -2.2 3.5 
O17 17 2.2 -3.7 

2-5 18.8 0 7 
A -26.9 3.2 -5.1 

O14 24.5 -2.2 1 
O17 24.7 2.2 -7 

14 
1 11.6 -2.2 -0.1 B -10.6 -2.2 -9.9 

O16 17.4 2.2 0.1 

2-5 13.2 -2.2 0.1 B -27.2 -2.2 -0.1 
O16 24.8 2.2 -0.1 

15 1 16.8 -0.5 5.5 B 24.5 0.5 -5.5 
2-5 18.3 -0.5 -2 19.2 0.5 2 

16 
1 6.1 2.2 4 D -14.6 2.2 -4 

E 12.3 0 -1 

2-5 7.3 2.2 3.4 D -15.3 2.2 -3.4 
E 11.5 0 -0.9 

17 1 12.2 0.5 1.1 D 12.2 -1.5 -1.1 
2-5 16.5 0.5 1.3 16.5 -0.5 -1.3 

 
Table 4 

Inertial parameters with respect to central reference systems Cixiyizi 
Body Finger m 

[g] 
Jx 

[kg∙m2] 
Jy 

[kg∙m2] 
Jz 

[kg∙m2] 
Jxy 

[kg∙m2] 
Jyz 

[kg∙m2] 
Jzx 

[kg∙m2] 
1 - 137 9.143∙10-5 0.003 0.003 1.69∙10-4 -1.577∙10-5 -2.176∙10-5 
2 - 81 2.337∙10-5 1.331∙10-4 1.175∙10-4 -1.326∙10-6 1.418∙10-7 -1.397∙10-5 
3 - 136 1.060∙10-4 7.039∙10-4 7.546∙10-4 1.03∙10-4 1.017∙10-5 4.368∙10-5 
4 - 97 2.435∙10-5 3.340∙10-4 3.175∙10-4 -1.957∙10-6 1.195∙10-7 -2.658∙10-5 
5 - 99 9.175∙10-5 1.027∙10-4 6.093∙10-5 -6.712∙10-6 6.058∙10-6 -2.444∙10-5 
6 - 103 9.483∙10-5 7.728∙10-5 1.200∙10-4 2.942∙10-5 -5.213∙10-6 -7.627∙10-6 
7 - 364 4.479∙10-4 0.001 0.001 4.164∙10-6 7.516∙10-6 3.18∙10-5 

8 1 1.03 2.503∙10-8 2.503∙10-8 4.191∙10-8 -2.482∙10-24 0 0 
2-5 0 0 0 0 0 0 0 

9 1 0.75 4.961∙10-8 3.731∙10-7 3.260∙10-7 -3.223∙10-12 4.298∙10-10 -3.593∙10-12 
2-5 0 0 0 0 0 0 0 

10 1 35 5.327∙10-6 5.322∙10-5 4.947∙10-5 3.605∙10-7 1.718∙10-7 5.492∙10-6 
2-5 0 0 0 0 0 0 0 

11 1-5 6 2.103∙10-8 2.181∙10-7 2.167∙10-7 0 -3.882∙10-22 -1.209∙10-22 

12 

1 0.57 2.302∙10-8 7.224∙10-8 5.035∙10-8 3.242∙10-10 -2.703∙10-12 1.881∙10-10 
2 0.79 1.903∙10-9 4.843∙10-7 4.833∙10-7 1.790∙10-13 -4.030∙10-20 -8.950∙10-14 
3 0.56 1.816∙10-9 5.452∙10-8 5.358∙10-8 4.397∙10-14 -4.194∙10-20 -2.940∙10-14 
4 0.75 1.888∙10-9 3.678∙10-7 3.668∙10-7 1.547∙10-13 -4.061∙10-20 -7.872∙10-14 
5 0.71 1.870∙10-9 2.572∙10-7 2.562∙10-7 1.269∙10-13 -4.102∙10-20 -6.639∙10-14 

13 1 2.30 1.001∙10-5 5.996∙10-6 5.465∙10-6 -1.308∙10-6 4.915∙10-6 -1.566∙10-6 
2-5 2.64 7.606∙10-7 2∙10-6 1.248∙10-6 7.957∙10-20 1.173∙10-19 4.92∙10-7 

14 1 1.85 4.495∙10-8 3.466∙10-7 3.076∙10-7 -8.013∙10-22 -4.196∙10-22 4.981∙10-9 
2-5 1.71 2.191∙10-8 4.36∙10-7 4.196∙10-7 0 6.617∙10-24 -7.127∙10-10 

15 1 0.96 4.918∙10-8 2.902∙10-7 2.412∙10-7 4.125∙10-22 3.970∙10-23 -5.576∙10-8 
2-5 0.80 1.554∙10-8 1.511∙10-7 1.356∙10-7 0 0 -1.753∙10-8 

16 1 0.96 2.110∙10-8 8.638∙10-8 6.836∙10-8 2.210∙10-22 1.278∙10-23 2.265∙10-8 
2-5 0.88 1.603∙10-8 8.587∙10-8 7.267∙10-8 4.938∙10-23 -1.937∙10-23 -2.122∙10-8 

17 1 0.50 2.283∙10-9 4.859∙10-8 4.639∙10-8 -6.885∙10-24 3.647∙10-25 -5.111∙10-18 
2-5 0.62 2.745∙10-9 9.543∙10-8 9.279∙10-8 0 0 -6.617∙10-24 

 


