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WARDOWSKI TYPE CONTRACTIONS WITH APPLICATIONS ON
CAPUTO TYPE NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS

Wasfi Shatanawil*, Erdal Karapmar?, Hassen Aydi® and Andreea Fulga®

In this paper, we consider mappings with contractive iterates at a point.
We introduce Fg—contractions in the sense of Wardowski and Seghal and Fj— contractions
in the sense of Wardowski and Jachymski. We ensure some existence and uniqueness
fized point results. We also give some applications on Ulam stability and Caputo type
nonlinear fractional integrodifferential equations.
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1. Introduction

Banach Fixed point theorem is one of the most important tools that can be used
to solve some integral equations. Many authors extended and generalized the Banach
contraction theorem to many directions. Ali et al. [3] generalized the Banach contrac-
tion theorem by generalizing Pregi¢ type mappings in ordered metric spaces. Also, Ali
et al. [4] studied a solution of Volterra integral inclusion in b-metric spaces via a new
fixed point theorem. Aydi et al. [11] studied new fixed point theorems for weakly con-
tractive mappings based on a pair of functions (¢, ¢). Also, Aydi et al. [15] extended
the Banach contraction theorem by introducing new theorems for Boyed-Wong type con-
tractions. Karapinar et al. [31] extended the Banach contraction theorem by introducing
new type of contraction based on the notion of a—admissible. Moreover, Karapinar et al.
[1, 16, 20, 33] studied many theorems based on the notion of admissibility. Also, Karapinar
et al. [29, 30] enriched the area of fixed point theory by studying many exciting fixed point
theorems in partial metric spaces. For more generalizations of Banach fixed point theory,
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see [2, 7, 8, 11, 18, 25, 26, 27, 28, 32, 39, 40, 41, 42, 43, 44, 45, 46, 49]. In [17], Bryant
proposed a relaxation of the Banach contractive condition involving the iteration of the
function. Recall that, for a positive integer n we denote by h™ the nth iterate of h, so that
v = h% and h"*1v = h(h™w) for v € X and n € N. Hereupon, the tripled (X,d, h) repre-
sent a metric space (X,d) with a self-mapping h on it. We shall use (Xx,d, h) to indicate
the corresponding metric space is complete.

Theorem 1.1. (See [17]) On (Xx,d,h) , if for all v,w € X, the function h satisfies the
inequality

d(h"v, h"w) < ad(v,w)

for some positive integer n and « € [0,1), then h has exactly one fized point.

The next step in improving this type of contractive conditions was to consider the
positive integer p depending on a point v € X. The pioneer result in this way was reported
by Seghal [38].

Theorem 1.2. ([38]) On (Xx*,d,h), if, for each w € X there is p(w) € N such that,

d(hP“)w, iP@)y) < ad(w,v), .

for each v € X, where 0 < a < 1. Then h possess an unique fized point in X.

Many other extensions were discussed in different papers. See for example, Guseman
[19], Iseki [23], Matkowski [24], Singh [47]. In 1995, Jachymski unified and generalized some
of these as follows:

Theorem 1.3. ([22]) On (Xx,d,h), we suppose also that for all v,w € X

A(hP v, 7)) < 4 [max {d(v, hiw), d(h" v, hiw), i =0,1,2, ...p(v)}] L@

where p: X — N is a mapping and ¢ is a nonincreasing function such that

lim (v —¥(u)) = oo

U— 00

with the property ¥(u) < u for all u > 0. Then h possess a fized point v*.
On (X,d,h), an orbit of vy € X is the set

O(vg) = {h™vg :n=0,1,2,...}

and p(vg) denoted to the diameter of the set O(vp). Note that for any subset B of
X, p(B) = sup{d(u,v) : u,v € B} is the diameter of B. We shall use the tripled (X°*,d, h)
if for some v € X, every Cauchy sequence from O(v) converges in X. In this case, the
corresponding space is called orbitally complete.

We say that F : R — R is a Wardowski type function [50] if it provides the following
three axioms:
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(F1) For all u,t € R{ if u < ¢, then F(u) < F(t) (F is strictly increasing).

(F2) We have lim (7%F (7)) = 0 for some 7 € (0,1).

¢—0+

(F3) We have

lim F' (u,) = —oo if only if lim w, =0,
n— oo n— oo

for each sequence {a,} C R
Set

F:={F : F satisfies (F1) — (F'3)}.

Definition 1.1. [50] On (Xx*,d,h), we say that h forms a F—contraction if there exist
G € F and T > 0 such that for all v,w € X

d(hv, hw) > 0= 7+ G(d(hv, w)) < G(d(v,w)) (3)

The following result is belong to Wardowski.
Theorem 1.4. [50] On (Xx,d, h), each F—contraction h possess a unique fized point.
This result, concerning the F-contractions, has aroused the interest of many authors.

Definition 1.2. [51] On (Xx*,d, h), we say that h forms a F—weak contraction if there exist
G € F and T > 0 such that for all v,w € Xif it satisfies

d(hv, hw) > 0 = 7+ G (d(hv, hw)) < G (M (v,w)) (4)

where

M (0,) = e 0,0, ooy, AP

2

The following theorem was expressed by Wardowski and Van Dung [51].

Theorem 1.5. [51] On (X, dx, h), each F—contraction h possess a unique fized point when-
ever h and corresponding Wardowski function F are continuous.

Later, it was shown, by Piri and Kumam [34], that Theorem 1.4 is still valid if we
replace the axiom (F'3) above by

(F3') F is continuous on (0,00).

This trend has been continued by several authors, see e.g. [5, 6].

In this paper, we refine Wardowski functions and related contraction by defining two
new notions, namely, Fis—contractions and F;—contractions. and present fixed point results
on these new constructions. As an application, we consider both ”Caputo type nonlinear
fractional differential equations” and ”Ulam stability” are expressed.
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2. Main results

We start this section by refining the family of a new family of Wardowski functions
as follows:

§:={F : F satisfies (F1)— (F2)}.

Based on §, we introduce the concept of Fg—contraction as follows.

Definition 2.1. On (Xx*,d,h), we say that h forms a Fs—-contraction if G € § and 7 > 0
such that for all v,w € X,

APy, PVw) > 0= 7+ G (d(h”(”)v, hp<v>w)) < G (d(v,w)) . (5)

Our first main result is

Theorem 2.1. On (X°*,d, h), each Fs—contraction h possess a unique fized point whenever
0 < p(vp) < 0o for some vy € X.

Proof. By assumption of the theorem, there is vg € X such that 0 < p(vg) < co. Define the
sequence {v,} as follows:

vy = hP%vg, vg = APy, ... Upy1 = hPmug,

where p,, = p(v,,) for all n € N. Note that we have

v = hpOU()7 Vo = hpl’Ul = hp1+p01}0,
and hence inductively we find

Upy1 = hpn+pn—1+--~+p1+P0U0

and

Upil = hpn+l—1+»--+pnvn — hpn+z—1+...+pn+...+p1+povo'
The previous equality shows us that the sequence {v,} is a subsequence of the orbit O(uvy).
If we can find ng € NU{0} such that v, 11 = vp,. Because

hPmo Ung = Ung+1 = Ung,

we obtain that vy, is a fixed point of h?mo. where p,, = p(vn,)

Consequently, without loss of generality, we suppose that v, 11 # v, for all n € NU{0}
that is equivalent to

d(Vp,Up+1) >0, for alln e NU{0}. (6)
Accordingly, keeping (5) in mind,
d (Up, Upt1) = d(vp, WP v,) > 0, for all n € NU {0}
implies that
7+ F(d(vp, hPmvy)) =7+ F(d(hPm—1v,_1, hPr=1(hPrv,_1)))

S F (d ('Unfla hpnvnfl)) .



Wardowski type contractions with applications on Caputo type nonlinear fractional differential equations 161

That is,
F(d (v, hP"vy)) < F(d (vp—1,hP"vp—1)) — T (7)
Continuing in the same direction, we can conclude that
F(d(Un,vn11)) = F(d (v, hP"vy,)) < F (d (v, hP"vg)) — n7, for any n € N. (8)

Taking n — oo in inequality (8) and using the fact that 0 < p(vg) < oo, we find that
lim F(d (vn,Unt1)) = —0c0. Using (F2), we have

n—oo

lim d(vy, Un41) = 0. 9)

n— oo

We will show now that {v,,} (which is contained in the orbit O(vy)) is a Cauchy sequence.
Considering ¢ = ppyi-1 + Pnti—2 + ... + pn, where n,l are arbitrary natural numbers such
that [ > 1 and n > ng, we can write
Untt = hlvy,. (10)
Taking into account (10), (5) and the fact that 0 < p(vg) < 0o, we have for [ > 1
A(Vn, Up1) = d(vp, hlvy,) = d(WP v, 1, AP~ (hv, 1)) > 0.

Thus,

F(d(vp, htvy)) = F(d(hPr=1v,_q, kP~ (hlv,_1)))
< F(d(Un_1, hqvn—l)) -7
F

< F(d(vo, hlvo)) — nr.
Again, F(d(vn,vnt1)) = F(d(vp, hlv,)) — —oo, when n — oo and from (F2) we get that

nlggo (Un7 Un+l) =0

which shows us that the sequence {v,} C O(vg) is Cauchy in X. Since X is h-orbitally
complete, there is v* € X such that

lim d(v,,v*) =0. (11)

n—oo

We intend to prove that v* is a fixed point for h. For this goal, we will first show that
lim d(h* v, v,) = 0.

n—o0

Here, we will assume that d(hP(")v,,v,) = d(hP»~1(h? v, _1), hPr—1v,_1) > 0 for all
n > 1. Indeed, in the contrary, if we can find ng > 1 such that h?(" v, = v,,, then v,, is
a fixed point of h?(*"). From (5), we have

d(hPr=1(RP v, 1), hPr=10, 1) > 0=

F(d(hP= (R 0, 1), b =10, 1)) < F(A(R 0,1, 001)) = 7

ININIA

F(d(h?" g, vp)) — nr.
Hence, lim F(d(hP"=*(h*" v, _1), hP»1v,_1)) = —co. By (F2), we get that
n— oo

lim d(hP"=* (RP v, 1), hP=tu, ) = d(hP vy, v,) = 0. (12)

n—oo

Now, we assert that hP(?)u* = v*, that is, v* is a fixed point of hP(") . We reason by
contradiction and assume that h?(*)v* # v*. By using the triangle inequality,

0 < d(hPWIv* v*) < d(hPW v WP Dv,) + d(RPY v, v,) + d(v,, vF). (13)
If for n € N, there is 4,41 > i, where ig = 1 such that hp(“*)vin = h*W)y* then

d(RP v v7) = d(h? vy, v*) = lim d(h* vy, v;,) =0,

=1
n— oo
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so, v* is a fixed point of K?(*"). Suppose there is m € N so that for all n > m,
d(hPu* WPy, > 0.
Thereby,
F(d(RP@)v* hP ) < Fd(v*,vn)) — 7 < F(d(v*,0p)).
As F is increasing, we have
d(hPWu* Ry ) < d(v*, o),
and returning in (13), we obtain that
0 < d(RPW)u* v*) < d(hP)v* RO, ) 4 d(hPC vy, v,) + d(vg, v*)

(14)
< d(v*,v,) + d(hPC v, v,) 4 d(v, v*).
Letting n — oo and taking into account (11) and (12), we can conclude that
d(hP v v*) = 0. (15)

Thus hP(?)u* = v*, and so the existence of a fixed point for A?(*"). Let us show now that
hP(") has at most one fixed point. Suppose on contrary that v* and w* are two distinct
fixed points of h?(*"), so d(v*,w*) = d(h?*v* hP(*)w*) > 0. Thus,

7+ F(d(hPW)v* hP) ")) < F(d(v*,w*)),
that is,
T+ F(d(v*,w)) < F(d(v*,w")),
which is a contradiction. Note that
h(v*) = h(hP)v*) = RPD (ho*).
Due to the uniqueness of the fixed point of A?(*"), we have hv* = v*. O

As a corollary of Theorem 2.2, we have

Corollary 2.1. On (X,dx,h), for a given mapping p : X — N, we suppose there exists
7 > 0 such that for all v,w € X,

d(hPWy, iPWw) < e7Td(v,w). (16)

Assume there exists vg € X such that 0 < p(vo) < oo. Moreover, suppose that (X,d) is
h-orbitally complete. Then h has a unique fixed point.

Proof. Tt suffices to take F'(t) = In(t) for ¢ > 0 in Theorem 2.2. Then
AWy, ’PWy) > 0 = d(RPo, iPVw) < e7Td(v,w). (17)
Note that (16) also holds if d(hP(")v, hP(")w) = 0. Thus, (16) is verified for all v,w € X. O
The concept of Fy—contractions is introduced in the following.

Definition 2.2. On (Xx,d,h), we say that h forms a Fj—contraction if G € § and 7 > 0
such that for all v,w € X,

AR 0, BPWw) > 0= 7+ G (d(hp(”)v, hp<v>w)) < G (Myd(v,w)) (18)
where
Mj(v,w) = max {d(v7 hew), d(hP v, hPw) 1 s = 0,1, ...,p(v)} . (19)
Our second main result is the following:

Theorem 2.2. On (X% d, h), each Fy— contraction h possess a unique fived point whenever
there exists vg € X such that 0 < p(vg) < 0.
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Proof. Due to the assumption of the theorem, there is vy € X such that 0 < p(vp) < co. By
following the initial corresponding parts in the proof of Theorem 2.2, we define {v, 41}
{hPm vy, }nen starting the mentioned vy in X with

d(Up, Upy1) >0, for alln e NU{0}. (20)

If for some n, d(hPmv,, hP» (h'vg)) = 0, then v, is a fixed point of A!. Indeed, we

neN —

have
Upt1 = hPmu, = WP (hlug) = WP (o) = K (WP vy,) = Bl (vp1).

Now, assume that for all n, d(hP»v,, h?»(hlvg)) > 0. By replacing v by v,, and w by
hlvg in (18), we find
T+ F(d(hPm vy, WP (hlvg)) < F(max {d(vn, ' 5vg), d(vng1, A 500) 1 s € {0,1,2,- -+, p(n)}}),

(21)
for some 7 > 0. Due to the hypothesis that p(vg) < oo, denoting by &, = llim sup d(vy,, hlvg),
—00

we have that {&,} is a bounded real sequence. For n fixed, we can find a sequence {l(7)}, of
positive integers such that

lim d(vng1, BT Do) = lim d(hPr vy, WP Dyg) = €,
11— 00 12— 0

Furthermore, we may assume that for each s = 0,1,2, - , p,,, the subsequences {d(v;,, KV +5vy) }s
and {d(vnH, hl(i)“vo)}i are convergent. Hence there exist oz and (s such that

lim d(v,, KO 00) = a,
11— 00

and '
hm d(Un+1,hl(Z)+SU0) = BS,
71— 00
for s = 0,1,2,--- ,p,. For such s, ay < &, and By < &,4+1, so the monotonicity of the

function F' yields that F(max {as, 5s}) < F(max {{,,&n+1}). Returning to the inequality
(21 ) and putting I = {(7), one writes

T4+ F(d(vpy1, BP0 00)) < F(max {d(vn, REOFs00), d(vn g1, (O F500) 5 € {0,1,2, - -- ,p(n)}})

Letting 7 — oo and using (F'3'), we get
F(&n11) < F(max{as,Bs:s=0,1,2,-++ ,pp}) — 7 < F(max {&,,&nv1}) — T

If for some n, max {&,, &1} = Ent1, then

F(£n+1) < F(£n+1) =T

so 7 < 0, which is a contradiction. Attendantly, we assume that max {&,,&{n+1} = &, for
each n > 0. In this case,

F(&ny1) S F(&n) — 7 < F(&n), forn € N.

That implies that
F(épi1) < F(&) —T7< ... < F(&) —nr.
Since nh_)rr;o [F(&) — n7] = —00, it follows from (F2) that nh_)rréo &, =0.
In the next step, we will show that the sequence {h™vg} is Cauchy. Since nh~>nolo &, =0, for

£ > 0 there exists m € N such that d(vy,, hlvg) = &, < e. A ttendantly, {h"vy} C O(vp) is
a Cauchy sequence. But, the space X is h-orbitally complete, thereby lim h"vg = v™ for
n—oo

some v* € X. We assert now that lim d(h?®v*, h?) (hvg) = 0.

n— o0
‘We should consider two cases:

(1) For any n € N, there exists i, > i,,—1 with ¢y = 1 such that RPO ) Fingg = pP0) g%,

Then v* = lim AP ) inyg = P(V)y* ) so v* is a fixed point of h.
n—oo
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(2) There is m € N so that for each n > m, d(h?® v* h?(*") (hv4)) > 0. For v = v*
and w = h"vg, we have

7+ F(d(hP@)v* hPW7) (W) <

< F(max {d(v*, h"*Sy), d(hP ) u* R tsyy) s =0, 1, s p(U)}).
Letting n — oo and keeping in mind (F'3’), we obtain that
F(d(h?© v 0*)) < F(d(hPW)v*)) — 7.

Since 7 > 0, it is a contradiction. Now, let us indicate that h”(*") have only one fixed
point. Assume, on the contrary, there is w* € X with v* # w* = h?(*)w*. For v = v* and
w = h™vgy, we have

7+ F(d(h?)w*, P (b)) <

F(max {d(w*, A" **vg), d(hPDw*, hnFoug) 1 s = 0,1, ..., p(v*) }).
Letting n — oo, we get that
Fld(v*,w")) < F(d(v*,w*)) — 7.

It is a contradiction, attendantly, the obtained fixed point of h?(*") is unique. Finally, since
h(v*) = h(hP)v*) = RP7) (h(v*)), it follows that h(v*) is a fixed point of h?(*"). Due to
the uniqueness, we can conclude that hv* = v*, which ends the proof. |

Corollary 2.2. On (X,dx,h), let p: X — N. If there exist F € § and 7 > 0 such that for
all v,w e X,

d(hPWy, P > 0
implies that

T+ F (d(h”(“)U7 hp(”)w)) <F (max {d(ﬂu,w),d(v7 hP() ), d(hp(“)uw)}) . (22)

Then h possess a unique fized point.

3. Applications

In this section, we present a Ulam stability and we resolve a nonlinear fractional
differential type equation using Corollary 2.1.

3.1. Ulam stability

Ulam [21, 36] stability has attracted attention of several authors in fixed point theory,
see [48]. On (X°* d, h), we investigate the fixed point equation
v=hv (23)
and the inequality (for € > 0)
d(hp(”)%, n) <e. (24)
Equation (23) is called Ulam stable if satisfies the condition:

(US) there is a constant A > 0, for each € > 0 and for every solution »* of the inequality
(24), there is a solution v* € X of the equation (23) such that

d(v*, ") < Ae. (25)

Theorem 3.1. Under the hypotheses of Corollary 2.1, the fized point equation (23) is Ulam
stable.
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Proof. On account of Corollary 2.1, we guarantee a unique v* € X such that v* = hv*, in
other words, v* € X forms a solution of (23). Let € > 0 and »* € X be an e-solution, that
is,
d(hP) 3% 5%) < e,
We have
d(v*, ") = d(hv*, 5*) = d(hP 0", 3*) <d(hP* D v* WP 5% 4 d(hP*) 3%, 5e%)
<e Td(v*,x") +e.

We deduce

1
1—e
where ¢ = —L— > 0. Accordingly, the equation (23) is Ulam stable. |

l—e— 7

d(v*, ") <

€ = ceg,
—T

3.2. Application to Nonlinear fractional integrodifferential equations

Here, we give a solution for a Caputo type nonlinear fractional integrodifferential
equation. For more details on fractional calculus, see [9, 10, 12, 13, 14, 37]. The Caputo
derivative of a continuous mapping g : [0,00) — R, (order ¢ > 0) is given by

L t — )"0 M (§)ds  (n— n, n=
5 [ =0l (mm1<s<n n= [+,

“D°(g(t)) = Tn=0)

where I represent the gamma function [d] refer to the integer part of the positive real number
0.

In this subsection, we examine the nonlinear fractional integrodifferential equation of
Caputo type:

“D°(E(t) = G(t,£(1)), (26)

under the conditions
0
E0)=0, &)= / &(s)ds, ( integral boundary condition, )
0

where G : [0,1] x R — R is a continuous function, £ € C([0,1],[0,00), 0 < 6 < 1, and
1 < 0 < 2, (for more details, see [12]). Clearly, a solution of the equation (26) is a fixed
point of the integral equation

Fe(t) = ﬁ / (t— 571G (s, (s))ds

1
—(2_92% / (1— 571G (s, £(s))ds

0

+(2_022t)rw)/09</05(5m)alg(m,g(m))dm)ds. (27)

Theorem 3.2. On account of the nonlinear fractional differential equation (26), we assume

that

G(s.€() — Gls (s <~ Ve @ - Vinal
and

GG, €61+ 160 ()] < "D e G+ VIl

for each s € [0, 1], for some T > 0 and for all {,n € C([0,1],R), we have Then, the equation
(26) possess a unique solution.
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Proof. The space X =: C(]0,1],R) endowed with the metric d : X x X — [0, 00) defined as

d(&,m) = sup [£(t) —n(t)]

te0,1]

for all £, € X, is complete . We claim that F' verifies the condition (16). For this, consider
&,ne X and t € [0,1]. We have

PE0 = Fat)] = | [ 0= Gl

—mz) (1—5)°"'G(s,&(s))ds

0 s
o J, (), (el sy

1/t _
+F(5)/ (tfs)‘S 1G(s,n(s))ds

0
2t

s [
2] s
bt [ ([ Gt atmyim)as

G Gl
w57 | 1= s G 666D - G s,

IA

and so

1 /[t LT +1)
PE0) P < gy [ ol e s [VIEG - Vi ﬂds
2t ! LT +1)
e J, 09| s VG- V] ']ds
2t L sl +1) B
e-or <6>/o /0(5 T qe}%}i'v 4 '16“”
< (5;— D) p [VE(s) — v/n(s)]] x sup / |t —s|°tds
s€[01
2t ! . 2t .
+<2—92>r<6>A(1‘5’5 e <<s>/0 , I = mitdms)
<

e_Tsi%pl]lv 1€(s)] = v/ In(s)]]-
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On the other hand,

PEOI+FN0] = | [ €= 9" Glogls)as

—(2_92%/0 (1—5)°7'G(s,&(s))ds

(4 s
*@—3%/0 (/0 (5= m)* G, g(m))dm ) ds|

+\ﬁ/o (t — 5)5=1G (s, n(s))ds

—(2_02%/0 (1—5)°"'G(s,n(s))ds

0 s
+(2702%/0 (/0 (s—m)é_lG(m,n(m))dm)ds‘,

and so

A

RSO+ IFu0] < g [ 1= s eV + VinGlds
ot 1 et 1“(5+1)e,7 ) ()))ds
+@_%(®Au P e Ve + VGl
+2_92 / ‘/ (s —m)°~? 5+1 e "|WVEm) + v/ |dm’ds

< (65+1 6?1]‘ ]+ VIl
— 5|9 1gs _ )14
mm( /“ s ><>/(1 )y
L szmélm
*@—%(&A [ to=mra d)
<

s%pl]lv 1€(s)[+ VIn(s)]]-
s€|0,
This leads to

sup (IFf(t)IJrIF??(t)I) < zt[gpﬂlx/lé“(S)lJr\/In(S)\L

te[0,1]
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We deduce that

d(F?¢,F?n) = e [FE(t) — Fn(t)] x |[FE(t) + Fn(t)|

= sup | [FE(t) — Fn(t)] | x sup | [FE() + Fn(t)]

te[0,1] te[0,1]
< sup | [FE(E) — Fn(t)] | < sup | [FE@)| + [Fn(t)]
te[0,1] t€(0,1]
< e’ s%pl]lx/lﬁ(s) =V In(s)l| x s%pl]IVIf(s)HVIn(s)ll
s€|0, s€|0,
= e 7 sup [[§(s)] = [n(s)ll
s€[0,1]
< e 7 sup [£(s) —n(s)|
s€[0,1]
= e_Td(§>77)a

for all £, € X. Therefore, the condition (16) holds with p : X — N such that p(§) = 2
for each £ € X (it is a constant). Accordingly all axioms of Corollary 2.1 are verified
and attendantly F' possess a unique fixed point. It yields that the Caputo type nonlinear
fractional differential equation (26) possess a unique solution. ]

4. Conclusions

The notions of Fis—contractions in the sense of Wardowski and Seghal and F;—contractions

in the sense of Wardowski and Jachymski were introduced. We studied some existence and
uniqueness fixed point results in such new notions. Some applications on Ulam stability and
Caputo type nonlinear fractional integrodifferential equations were investigated.
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