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EVALUATION OF STRESS-STRAIN STATES IN 
CYLINDRICAL SHELLS WITH GEOMETRIC 

DISCONTINUITIES 

Ion DURBACĂ1, Gheorghe Cosmin CIOCOIU2*, Nicoleta SPOREA3*, Anca 
Mădălina DUMITRESCU4 

The paper addresses the analytical and experimental evaluation of stress-
strain states on the inner and outer surfaces of cylindrical shells with geometric 
discontinuities.  

The purpose of this evaluation is to utilize theoretical and experimental 
methods to determine the equivalent stresses developed at the level of the analyzed 
cylindrical shells. The differences between the equivalent stress values obtained 
analytical and experimental, are attributed to the use of simplifying assumptions that 
do not fully correspond to reality. 
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1. Introduction 

In the composition of industrial process equipment predominates 
mechanical structures with revolution shells (spherical, cylindrical, conical, 
ellipsoidal, hyperboloidal, toroidal, toro-spherical, etc.) [1].  

As a result of the technological processes that take place in these equipment 
by means of chemically and/or mechanically aggressive substances, damage to the 
components may occur, which is the essential reason why theoretical (analytical 
and numerical) as well as experimental methods must be developed for estimating 
the current stress-strain states. Such methods are also necessary for cylindrical 
shells with geometrical discontinuities or structural imperfections. 
From the literature, it has been found that the study of mechanical structures with 
revolution shells has been oriented on addressing the following subjects, such as:  
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strength analysis of cylindrical shells with tubular fittings [1]; design of pressure 
equipment without cracks, based on the analytical method, as well as with 
consideration of crack damage, based on the critical energy principle [2]; analysis 
of critical stresses specific to tubular structures - without and with cracks [3];  
calculation of the damage of tubular structures based on the principle of critical 
energy [4] and superposition of effects [5]; experimental investigation of the stress 
and deformation state of prestressed cylindrical shells, taking into account 
temperature effects [6]; theoretical approach of analytical solutions for the bending 
of pressure vessel shells [7]; study of the regularity of the bending moments of the 
quasi-static evolution of perfectly elasto-plastic structures under the action of time-
dependent mechanical stresses [8]; prediction of the service life of structures 
subjected to fatigue in order to verify the applied stresses as a function of the 
number of stress cycles [9]; experimental investigation of normal and residual stress 
states in branching elements of pipelines with geometric and structural 
discontinuities [10]. 

Therefore, the current approaches of the present work can justify the 
research carried out on the appropriateness and necessity of theoretical and 
experimental analysis on the evaluation of stress-strain states in a specific study of 
cylindrical shells provided with geometrical discontinuities. 

2. Basic descriptive elements 

For the analytical and experimental study, the model represented in Fig. 1, 
of a structure composed of cylindrical shells, provided with a geometric 
discontinuity is considered.  

The analyzed model has the following geometrical and mechanical 
characteristics:  

- inner pressure; 3ip MPa= ; 
- weldless, hot-rolled pipe, construction material - P265GH, according to 

SR EN 10216-2; 
- length of the cylindrical elements, Lj [m]: L1 = 0.07 m; L2 = 0.05 m; L3 = 

0.08 m; 
- inner radius of the analyzed cylindrical elements, Ri = 0.0445 [m]; 
- wall thickness of the cylindrical elements, jδ [m]: 1 0.003δ = m; 

2 0.018δ = m; 3 0.003δ = m; 
- average radius of the envelope,  / 2m j i jR R δ= + [m]:  1 0.0460mR = m; 

 2 0.0454mR = m;  3 0.0460mR = m; 
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Fig. 1. Model of the geometric structure subjected to analysis 
 

- modulus of longitudinal elasticity of the construction material, 
11

1 2 3    2.1 10 PaE E E= = = ⋅  ; 
- Poisson's ratio, ν = 0.3; 
- the coefficient of cylindrical bending stiffness of the construction elements 

is calculated according to the relation 
ℜ1𝑗𝑗 = 𝐸𝐸 ⋅ 𝛿𝛿𝑗𝑗3/[12 ⋅ (1 − 𝜈𝜈2)][N‧m]                                                           (1) 
ℜ1 =  5.19 ⋅ 102 [N‧m]; ℜ2 =  1.12 ⋅ 102 [N‧m]; ℜ3 =  5.19 ⋅ 102 [N‧m]. 
- the attenuation coefficient is calculated according to the relation [11]: 

[1/m]                                                         (2)   

k1 = 1.02‧102 [1/m];  k2 = 1.42‧102 [1/m];  k3 = 1.09‧102 [1/m].  

3. Analytical evaluation of stress-strain states 

 

 

 

 

 

 

 

( )24 3 1j m j jk Rν δ= ⋅ − ⋅

a.                              b.                           c. 
Fig. 2. Discretization and loading of the analyzed geometrical structure:  

a - structural element 1; b) structural element 2; c) - structural element 3 
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To determine the bond loads (shear forces, Q01, Q02 [N/m] and bending 
moments, M01, M02 [N‧m/m]) in Fig. 2, the compatibility of the continuity equations 
of radial displacements and rotations of neighboring elements is used. 
The following study assumptions are considered: 

a. the construction material of the cylindrical sections is considered 
homogeneous, isotropic and continuous. The stress is considered to be in the elastic 
domain. The transition between sections of different thicknesses is abrupt (no 
linear or curved transition); 

b. the intermediate section is of constant thickness, smaller than that of the 
lateral sections. Its length falls into the category of short cylinders with length less 
than the length of the characteristic half-wave, Lsc [11]: 

L2 < Lsc ≈ 12.5 ‧ �𝑅𝑅𝑚𝑚2 ∙ 𝛿𝛿2                                                                           (3)  
c. the plane stress state is used; 
d. the radial displacements of elements 1 and 3 have been corrected by bringing 

them to the values corresponding to the median surface of element 2 (Fig. 2). 
 

3.1. Setting bonding loads 

In order to determine the bonding loads, the deformation continuity 
equations are written, resulting in the linear algebraic system [12]: 

[ 𝐴𝐴 ]  ∙  { 𝑆𝑆𝑙𝑙 } = { 𝑇𝑇𝑙𝑙 }                                                                                                   (4) 
where: 
- [𝐴𝐴] is the non-zero matrix of the influence factors of the bonding loads: 

                                                                (5) 

- { 𝑆𝑆𝑙𝑙 } - the transposed matrix of bonding loads: 

{𝑆𝑆𝑙𝑙} =  {𝑀𝑀01𝑄𝑄01 𝑀𝑀02 𝑄𝑄02 }𝑇𝑇                                                                         (6) 

and { 𝑇𝑇𝑙𝑙 } - the transposed matrix of free terms: 

            { 𝑇𝑇𝑙𝑙 } =                                                                         (7) 

From relation (4), the expression of the transpose matrix of the binding loads 
is derived as: 

{𝑆𝑆𝑙𝑙} = {𝐴𝐴}−1 ∙  { 𝑇𝑇𝑙𝑙 }                                                                                                   (8) 

[ ]

11 12 13 14

21 2 2 2 3 2 4
,

31 3 2 33 3 4

41 4 2 4 3 4 4

a a a a

a a a a
A

a a a a

a a a a

 
 
 
 
 
 
 
  

=

{ }, , ,1 2 3 4
Tb b b b



Evaluation of stress and deformation states in cylindrical shells with geometric discontinuities  285 

where {𝐴𝐴}−1 represents the inverse matrix of influencing factors {𝑎𝑎𝑖𝑖𝑖𝑖}.  
Tables 1 and 2 show the relations for calculating the influence factors {aij} 

and {bi}, respectively, and the values obtained, using the program Mathcad 15.0, 
for the real model (Fig. 1). 

Table 1 

Expressions and values of influencing factors 

Expressions {aij} ( i = 1, 2,….,4; j = 1, 2, …,4) [7] M.U. Values 
obtained 

1 2 3 
( ) ( )0.5 2 2 2 2s e x p k L e x p k Lh

  = ⋅ ⋅ − − ⋅  - 611.842 

( ) ( )0.5 -2 2 2 2c e x p k L e x p k Lh
 
 = ⋅ ⋅ + ⋅  - 611.843 

( )2 2s s i n k L= ⋅  - 0.736 

( )2 2c cos k L= ⋅  - 0.678 

( ) ( )2 2N = s k L sin k L2 2 2 2h ⋅ ⋅ − ⋅  - 53.743 10⋅  

2 2 /1f s s Nm h
 
 
 

= +  - 1 

( )/2f s c s c Nm h h= − ⋅ + ⋅  - -1 

( )/1f s c s c Nq h h= ⋅ − ⋅  - -1 
2 /2f s Nq h=  - 1 

2/3f s Nq =  - 61.445 10−⋅  

2 3 2 3f f fq q q= +  - 1 
( )1 2f f c c f c s s c s sh hm mm d h h= ⋅ ⋅ + ⋅ ⋅ + ⋅ + ⋅  - 32.404 10−− ⋅  

( ) 21 2f f c s s c f c c c s s ch hm r m m h h h= ⋅ ⋅ − ⋅ + ⋅ ⋅ ⋅ + ⋅ + ⋅  - 34.619 10−− ⋅  

( ) ( )

( )
1 2

3

f f c s s c f c c s sh h h hq r q q

f c c s sh hq

= ⋅ ⋅ − ⋅ + ⋅ ⋅ − ⋅ +

+ ⋅ ⋅ + ⋅
 - 32.404 10−⋅  

1 2 3f f c c f c s f s sq q qq d h h h= ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅  - 59.483 10−⋅  

𝑎𝑎1 1  =   
1

2 ⋅ 𝑘𝑘12 ⋅ ℜ1
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 1
 +  

1
2 ⋅ 𝑘𝑘22 ⋅ ℜ2

⋅ 𝑓𝑓1 𝑚𝑚  m/N 3.11‧10-7 

𝑎𝑎1 2  =  − 
1

2 ⋅ 𝑘𝑘13 ⋅ ℜ1
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 1
 +  

1
2 ⋅ 𝑘𝑘23 ⋅ ℜ2

⋅ 𝑓𝑓1 𝑞𝑞 m2/N -2.434‧10-9 

𝑎𝑎1 3  =   
1

2 ⋅ 𝑘𝑘22 ⋅ ℜ2
⋅ 𝑓𝑓𝑚𝑚 𝑑𝑑(𝐿𝐿2)  m/N -5.301‧10-10 

𝑎𝑎1 4  =   
1

2 ⋅ 𝑘𝑘23 ⋅ ℜ2
⋅ 𝑓𝑓𝑞𝑞 𝑑𝑑(𝐿𝐿2)  m2/N 1.471‧10-13 
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𝑎𝑎2 1  =  
1

𝑘𝑘1 ⋅ ℜ1
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 1
 +  

1
𝑘𝑘2 ⋅ ℜ2

⋅ 𝑓𝑓2 𝑚𝑚  1/N -4.416‧10-5 

𝑎𝑎2 2  =  − 
1

2 ⋅ 𝑘𝑘12 ⋅ ℜ1
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 1
 +  

1
2 ⋅ 𝑘𝑘22 ⋅ ℜ2

⋅ 𝑓𝑓2 3 𝑞𝑞  m/N 1.3‧10-7 

𝑎𝑎2 3  =   − 
1

2 ⋅ 𝑘𝑘2 ⋅ ℜ2
⋅ 𝑓𝑓𝑚𝑚 𝑟𝑟 (𝐿𝐿2)  1/N 1.448‧10-7 

𝑎𝑎2 4  =   −  
1

2 ⋅ 𝑘𝑘22 ⋅ ℜ2
⋅ 𝑓𝑓𝑞𝑞 𝑟𝑟 (𝐿𝐿2)  m/N -5.301‧10-10 

𝑎𝑎3 1  =   
1

2 ⋅ 𝑘𝑘22 ⋅ ℜ2
⋅ 𝑓𝑓𝑚𝑚 𝑑𝑑 (𝐿𝐿2)  m/N -5.301‧10-10 

𝑎𝑎3 2  =
1

2 ⋅ 𝑘𝑘23 ⋅ ℜ2
⋅ 𝑓𝑓𝑞𝑞 𝑑𝑑 (𝐿𝐿2)  m2/N 1.471‧10-13 

𝑎𝑎3 3  =  
1

2 ⋅ 𝑘𝑘32 ⋅ ℜ3
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 3
 +  

1
2 ⋅ 𝑘𝑘22 ⋅ ℜ2

⋅ 𝑓𝑓1 𝑚𝑚  m/N 2.999‧10-7 

𝑎𝑎3 4  =  − 1
2⋅𝑘𝑘3

2⋅ℜ3
⋅ 𝑅𝑅𝑚𝑚 2
𝑅𝑅𝑚𝑚 3

 +   1
2⋅𝑘𝑘2

3⋅ℜ2
⋅ 𝑓𝑓1 𝑞𝑞   m2/N -2.276‧10-9 

𝑎𝑎4 1  =   
1

2 ⋅ 𝑘𝑘2 ⋅ ℜ2
⋅ 𝑓𝑓𝑚𝑚 𝑟𝑟(𝐿𝐿2)  1/N -1.448‧10-7 

𝑎𝑎4 2  =  − 
1

2 ⋅ 𝑘𝑘22 ⋅ ℜ2
⋅ 𝑓𝑓𝑞𝑞 𝑟𝑟(𝐿𝐿2)  m/N -5.301‧10-10 

𝑎𝑎4 3  =  
1

𝑘𝑘3 ⋅ ℜ3
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 3
 +  

1
𝑘𝑘2 ⋅ ℜ2

⋅ 𝑓𝑓2 𝑚𝑚  1/N -4.533‧10-5 

𝑎𝑎4 4  =  − 
1

2 ⋅ 𝑘𝑘32 ⋅ ℜ3
⋅
𝑅𝑅𝑚𝑚 2

𝑅𝑅𝑚𝑚 3
 +  

1
2 ⋅ 𝑘𝑘23 ⋅ ℜ2

⋅ 𝑓𝑓2 3 𝑞𝑞  m/N -7.783‧10-8 

 

Table 2 

Expressions and values of the elements of the transposed matrix of free terms 

Expressions{bi} ( i = 1, 2,….,4) [7] M.U. Values obtained 

1 2 3 

𝑏𝑏1  =  
𝑝𝑝𝑖𝑖

1 6
⋅ �

𝑅𝑅𝑚𝑚 2

𝑘𝑘14 ⋅ ℜ1 ⋅ 𝑅𝑅𝑚𝑚 1
 − 

1
𝑘𝑘24 ⋅ ℜ2

 −  𝜈𝜈 ⋅ 𝑅𝑅𝑖𝑖2

⋅ �
1

𝑘𝑘14 ⋅ ℜ1 ⋅ 𝑅𝑅𝑚𝑚 1
2  − 

1
𝑘𝑘24 ⋅ ℜ2 ⋅ 𝑅𝑅𝑚𝑚 2

2 �� 

 

m −5.982 ⋅ 10−7 

𝑏𝑏2  =   0  - 
 

 

𝑏𝑏3  =  
𝑝𝑝𝑖𝑖

1 6
⋅ �

𝑅𝑅𝑚𝑚 2

𝑘𝑘34 ⋅ ℜ3 ⋅ 𝑅𝑅𝑚𝑚 3
 − 

1
𝑘𝑘24 ⋅ ℜ2

 −  𝜈𝜈 ⋅ 𝑅𝑅𝑖𝑖2

⋅ �
1

𝑘𝑘34 ⋅ ℜ3 ⋅ 𝑅𝑅𝑚𝑚 3
2  − 

1
𝑘𝑘24 ⋅ ℜ2 ⋅ 𝑅𝑅𝑚𝑚 2

2 ��  

 

 
m −1.132 ⋅ 10−6 

𝑏𝑏4  =   0 -  
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According to relation (7), the values of the bond loads (shear stress and 
bending moments) result: 

01 1.149 N m/mM = ⋅ ; 

01 392.821 N/mQ = ; 

02 0,703 N m/mM = − ⋅ ; 

02 404.484 N/mQ = . 

3.2. Determination of stress states 

The meridional stresses σ1t (x) and annular stresses σ2t (x) developed in 
cylindrical elements 1 and 3, under the action of internal pressure, are calculated 
with the relations [12]: 

𝜎𝜎1 𝑡𝑡 (𝑥𝑥)  =   𝑝𝑝𝑖𝑖⋅𝑅𝑅𝑚𝑚𝑚𝑚
2⋅𝛿𝛿𝑡𝑡

 ±   6⋅𝑀𝑀𝑡𝑡(𝑥𝑥)
𝛿𝛿𝑡𝑡2

                                                       (9) 

𝜎𝜎2 𝑡𝑡 (𝑥𝑥)  =   𝑝𝑝𝑖𝑖⋅𝑅𝑅𝑚𝑚𝑚𝑚
𝛿𝛿𝑡𝑡

 ±   6⋅𝜈𝜈⋅𝑀𝑀𝑡𝑡(𝑥𝑥)
𝛿𝛿𝑡𝑡2

                                                    (10)  

where, t represents the number of the construction element (t = 1, 3 - Fig. 2), 
( )tM x  - the meridional bending moment, developed by the unit forces 𝑄𝑄01, 

𝑄𝑄02 and the bending moments 𝑀𝑀01, 𝑀𝑀02 (Fig. 2), which is calculated with the 
relation [12]: 

𝑀𝑀𝑡𝑡(𝑥𝑥) = � 1
𝑘𝑘𝑡𝑡
∙ 𝑄𝑄0𝑡𝑡 ∙ 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡  −  𝑀𝑀0𝑡𝑡(𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡  + 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡)� ∙ 𝑅𝑅𝑚𝑚2

𝑅𝑅𝑚𝑚𝑚𝑚
                              (11)  

In relations (9) and (10) the sign "+" is considered for the inner surfaces 
and the sign "- " for the outer surfaces. 

The current dimension x, for cylindrical elements 1 and 3, is always zero 
in the plane of separation from cylindrical element 2 and is measured along the 
generator, characteristic of each cylindrical element 1 and 3. 

The meridional stress σ12(x) and the annular stress σ22(x), corresponding to 
the cylindrical element 2 (Fig. 2), are calculated with the relations [7]: 

 

( ) ( ) ( )6 , , 6 , ,2 01 0 2 2 01 0 22
1 2 2 22 2 2 2

M x M M M x Q Qp R x xi mxσ δ δ δ

⋅ ⋅⋅
= ±

⋅
     (12) 

( ) ( ) ( )

( ) ( )

6 , , 6 , ,2 01 0 2 2 01 0 22
2 2 2 22 2 2

, , , ,2 01 0 2 2 01 0 2
.

2 2

K x M M K x Q Qp R x xi mx

T x M M T x Q Qx x

σ δ δ δ

δ δ

⋅ ⋅⋅
= ± +

+ +



   (13) 
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where Tt(x) is the annular force: 

𝑇𝑇𝑡𝑡(𝑥𝑥)  =  2 [𝑄𝑄0𝑡𝑡 ∙ 𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡  −   𝑘𝑘𝑡𝑡 𝑀𝑀0𝑡𝑡(𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡  + 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡)] ∙  𝑘𝑘𝑡𝑡𝑅𝑅𝑚𝑚2                           (14) 

respectively: 

𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑘𝑘𝑡𝑡 ∙ 𝑥𝑥) ∙ 𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑡𝑡 ∙ 𝑥𝑥)                                                            (15) 
 
𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑘𝑘𝑡𝑡 ∙ 𝑥𝑥) ∙ 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑡𝑡 ∙ 𝑥𝑥)                                                                 (16) 
 
In relations (12) and (13) the sign "+" for the bending moments 

𝑀𝑀2𝑥𝑥(𝑥𝑥,𝑀𝑀𝑜𝑜1,𝑀𝑀𝑜𝑜2), 𝐾𝐾2 𝑥𝑥(𝑥𝑥, 𝑀𝑀0 1, 𝑀𝑀0 2) and the sign '- ' for the unit bending 
moments 𝑀𝑀2𝑥𝑥(𝑥𝑥,𝑄𝑄𝑜𝑜1,𝑄𝑄𝑜𝑜2), 𝐾𝐾2 𝑥𝑥(𝑥𝑥, 𝑄𝑄0 1, 𝑄𝑄0 2) are characteristic of the inner 
surface of the cylindrical element 2. 

The following notations have been used: 𝑀𝑀2𝑥𝑥(𝑥𝑥,𝑀𝑀𝑜𝑜1,𝑀𝑀𝑜𝑜2) = 𝑀𝑀2𝑥𝑥𝑥𝑥, 
𝑀𝑀2𝑥𝑥(𝑥𝑥,𝑄𝑄𝑜𝑜1,𝑄𝑄𝑜𝑜2) = 𝑀𝑀2𝑥𝑥𝑥𝑥 , 2 1 2 2( , , )x o o xMT x M M T= , 2 1 2 2( , , )x o o xQT x Q Q T=  . 

Table 3 shows their computational relations and the values obtained using 
the program Mathcad 15.0, for the current dimension x = 0.  

The von Mises equivalent stresses are calculated with the formula [11,12]: 
2 2
1 2 1 2

IV
j j j jechσ σ σ σ σ= + − ⋅          

 
Table 3 

Notations in stress expressions 
Notation definition 

 M.U. Values 
obtained 

1 2 3 

( ) ( ), , , ,2 01 0 2 2 01 0 2K x M M M x M Mx xν= ⋅  N m/m⋅  -13-1.917 10⋅  

( ) ( ), , , ,2 01 0 2 2 01 0 2K x Q Q M x Q Qx xν= ⋅  N m/m⋅  -11-4.711 10⋅  

 

( )
1 2 2

2 01 2 2 2 2 2

2 2

f s sm k x h k x

M M f c s s cxM m k x h k x k x h k x

c ck x h k x

− ⋅ ⋅ +

= ⋅ + ⋅ ⋅ − ⋅ + +

+ ⋅

 
 
 
 
 
 

 N m/m⋅  
-639.06

-1510

⋅

⋅
 

(17) 
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1 2 2 2 2

2 2 2 2
0 2 2

2 2 2 2

2 2 2 2

f s sm k L x h k L x

c sk L x h k L x
M f m s ck L x h k L x

c ck L x h k L x

− ⋅ ⋅ +

⋅ −
+ ⋅ ⋅ +

− ⋅

+ ⋅

 
 

     
   

 
  

 

1 2 2
1

2 0 1 2 2 22
3 2 2

f s sq k x h k x

M Q f s cxQ q k x h k xk
f c sq k x h k x

− ⋅ ⋅ −

= ⋅ ⋅ − ⋅ ⋅ + +

+ ⋅ ⋅

 
 
 
 
 
  
 

 

1 2 2 2 2
1

0 2 22 2 2 2 2

3 2 2 2 2

f s sq k L x h k L x

Q f s cq k L x h k L x

f c sq k L x h k L x

− ⋅ ⋅ −

+ ⋅ ⋅ − ⋅ ⋅ +

+ ⋅ ⋅

 
 
 
 
 
 
  

 

N m/m⋅  -10-1.57 10⋅  

{

1 2 2
222 2 2 0 1 2 2

2
2 2

f c cm k x h k x

c sT k R M k x h k xxM m
f m s ck x h k x

⋅ ⋅ +

⋅= ⋅ ⋅ ⋅ ⋅
+ ⋅ +

+ ⋅



    
     

1 2 2 2 2

2 2 2 2
0 2 22 2

2 2 2 2

2 2 2 2

f c cm k L x h k L x

c sk L x h k L x
s s M f mk x h k x s ck L x h k L x

s ck L x h k L x

⋅ ⋅ +⋅

⋅ +⋅
+ ⋅ + ⋅ + ⋅

+ ⋅⋅

+ ⋅⋅

 
 
     
        
 
  

 

N m/m⋅  

 
 
 
 
 
 
 
 

16.538  
 
 
 
 
 
 
 
 

[
1 2 2

22 2 2 0 1 2 2 2

3 2 2

f c cq k x h k x

T k R Q f c sxQ m q k x h k x

f s cq k x h k x

⋅ ⋅ +

= − ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ + +

+ ⋅ ⋅

 
 
 
 
 
  
 

 N m/m⋅  -3.521  
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1 2 2 2 2

0 2 2 2 2 2 2

3 2 2 2 2

f c cq k L x h k L x

Q f c sq k L x h k L x

f s cq k L x h k L x

⋅ ⋅ +

+ ⋅ + ⋅ ⋅ +

+ ⋅ ⋅

 
 
 
 
 
   

 

4. Experimental evaluation of stress-strain states 

The study presents the experimental results obtained from the tests carried 
out on the model shown in Fig. 1, subjected to an internal pressure, using electro-
resistive tensiometry.  

The transducers were placed as shown in Fig. 3. 
 
 

 
 
 
 
 
 
 
 
 

a.       b. 
Fig. 3. Experimental model (a); positioning of the electro-tensometric transducers (b). 

 
Electro-resistive tensometry was used to practically determine the mechanical 

stress state of the analyzed technical system, as it allows the measurement of specific 
linear deformations in several directions and the application of analytical formulas 
corresponding to the theory of elasticity [13-15]. 

4.1. Experimental research method 

For the experiments was used the experimental set up shown in Fig. 4, which 
includes, in addition to the model in Fig. 1, other equipment and accessories: data 
acquisition system MGCPlus (with 40 measuring points), pump with pressure 
gauge, Lenovo laptop (with specialized software Catman Easy, necessary for data 
acquisition and processing of test results) and electro-tensiometric marks (with foil 
type 6/120 LY 11, manufactured by Hottinger). 
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Fig. 4. The experimental stand 

Specific linear strains in the meridional direction (ε1j [μm/m]) and in the 
annular direction (ε2j [μm/m]) were measured with electro-tensiometric transducers 
at an internal pressure pi = 3 MPa. 

 4.2. Results of experimental research 

The values of the stresses σ1j and σ2j, calculated based on the specific 
deformations, are as follows [8-10]: 

( )  [ ]1 1 221

E
MPaj j jσ ε ν ε

ν
= ⋅ + ⋅

−
                                                                          (18) 

( )  [ ]2 2 121

E
MPaj j jσ ε ν ε

ν
= ⋅ + ⋅

−
,                                                                      (19) 

where E is the longitudinal modulus of elasticity (Young's modulus); ν - the 
coefficient of transverse contraction (Poisson's ratio); ε1j and ε2j - the specific 
linear strains normal to the principal directions, in μm/m. 

The equivalent stresses are calculated with relation (17). 

5. Results and discussions 

After carrying out the calculations using the analytical relations presented 
previously (4-17), the values of the equivalent stresses corresponding to the inner 
(with index "i") and outer (with index "e") surfaces of the analyzed construction 
elements along the length of each element were obtained (Table 4). The direction 
of the Ox axis for each element is as shown in Figure 2. 
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Table 4 

Values of equivalent stresses obtained analytically 
      x [mm]                  
 
 
The 
element 

0 10 20 30 40 50 

1 

22.2411 iσ =  23.4011 iσ =  23.2511 iσ =  23.0411 iσ =  22.9811 iσ =  22.9911 iσ =  

23.7611 eσ =  22.6011 eσ =  22.7511 eσ =  22.9611 eσ =  23.0211 eσ =  23.0111 eσ =  

46.6321 iσ =  46.3921 iσ =  46.0721 iσ =  45.9721 iσ =  45.9821 iσ =  46.0021 iσ =  

47.0821 eσ =  46.1521 eσ =  45.9221 eσ =  45.9521 eσ =  45.9921 eσ =  46.0021 eσ =  

40.44ech iσ =  40.18ech iσ =  39.90ech iσ =  39.81ech iσ =  39.82ech iσ =  39.84ech iσ =  

40.77ech eσ =  39.97ech eσ =  39.77ech eσ =  39.79ech eσ =  39.83ech eσ =  39.84ech eσ =  

2 

37.8312 iσ =  35.3312 iσ =  37.3012 iσ =  38.9712 iσ =  38.1312 iσ =  37.8312 iσ =  

37.8312 eσ =  40.3412 eσ =  38.3612 eσ =  36.7012 eσ =  37.5412 eσ =  37.8312 eσ =  

75.6722 iσ =  74.9222 iσ =  75.4922 iσ =  76.0222 iσ =  75.7922 iσ =  75.6422 iσ =  

75.6722 eσ =  76.4222 eσ =  75.8122 eσ =  75.3422 eσ =  75.6122 eσ =  75.6422 eσ =  

65.53ech iσ =  64.92ech iσ =  65.38ech iσ =  65.84ech iσ =  65.64ech iσ =  65.51ech iσ =  

65.53ech eσ =  66.22ech eσ =  65.65ech eσ =  65.25ech eσ =  65.48ech eσ =  65.51ech eσ =  

3 

23.4613 iσ =  23.9313 iσ =  23.2313 iσ =  22.9713 iσ =  22.9613 iσ =  22.9913 iσ =  

22.5413 eσ =  22.0713 eσ =  22.7713 eσ =  23.0313 eσ =  23.0413 eσ =  23.0113 eσ =  

46.1423 iσ =  46.2823 iσ =  46.0723 iσ =  45.9923 iσ =  45.9923 iσ =  46.0023 iσ =  

47.4623 eσ =  45.8923 eσ =  45.8023 eσ =  45.9523 eσ =  46.0123 eσ =  46.0123 eσ =  

39.96ech iσ =  40.09ech iσ =  39.90ech iσ =  39.83ech iσ =  39.83ech iσ =  39.84ech iσ =  

41.12ech eσ =  39.75ech eσ =  39.66ech eσ =  39.79ech eσ =  39.85ech eσ =  39.85ech eσ =  

Figure 5 has graphically plotted the variation of equivalent stress at both the 
inner and outer surface along the length of elements 1, 2 and 3. It can be seen that 
at both the inside and outside, the stress decreases along the half-wavelength. 
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a.                                                                        b. 

 

 

 

 

 

 

c. 

Fig. 5. Equivalent stress variation along x 
a. Element 1; b. Element 2; c. Element 3 

Table 5 shows the values of the experimental specific strains measured 
externally, the stresses in the meridional and annular directions, as well as the 
equivalent stresses (relations 18 - 20) in the transducer zones (fig. 3). 

Table 5 

Values of experimental specific strains and stress 
i ε r i [μm/m] j ε c j [μm/m] 1iσ [MPa] 1 jσ [MPa] ,expechσ [MPa] 

1 22.94 2 118.83 13.52 29.01 25.14 
2 61.37 4 120.72 22.52 32.11 28.55 
3 26.07 6 128.77 14.93 31.52 27.31 
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The values of the equivalent stresses, determined both analytically and 
experimentally, were compared with the allowable strength of the construction 
material, 𝜎𝜎𝑎𝑎 = 176 MPa. In all cases the equivalent stresses are lower than the 
allowable strength. 

After processing the analytical and experimental results of the equivalent 
stresses (σech and σech,exp), for the cylindrical elements (1, 2 and 3), specific to the 
analyzed models on the outer surfaces, differences in the obtained results resulted 
(Table 6). 

Table 6 

Analytical and experimental stresses  
Element 1 
x=10 mm 

 
𝜎𝜎𝑒𝑒𝑒𝑒ℎ = 39.97 MPa 

 

𝜎𝜎𝑒𝑒𝑒𝑒ℎ,𝑒𝑒𝑒𝑒𝑒𝑒 = 25.14 MPa 

Element 2 
x=30 mm 𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟔𝟔𝟔𝟔.𝟐𝟐𝟐𝟐 MPa 𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆,𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟐𝟐𝟐𝟐.𝟓𝟓𝟓𝟓 MPa 
Element 3 
x=10 mm 

 
𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟑𝟑𝟑𝟑.𝟕𝟕𝟕𝟕 MPa 𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆,𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟐𝟐𝟐𝟐.𝟑𝟑𝟑𝟑 MPa 

 
These differences are motivated, on the one hand, by the fact that the 

construction material of the model (PG265GH) is not homogeneous, isotropic and 
continuous - as considered in the hypotheses of the analytical study, and on the 
other hand, due to the consideration of element 2 of the analytical model which does 
not have an axial-symmetric geometrical structure. 

Also, another cause of the differences between the above-mentioned results 
is the consideration in the analytical study only of the effect of internal pressure, 
while the experimental part was carried out under real conditions, having also an 
external pressure - atmospheric pressure. 

The difference between the equivalent stresses calculated with the analytical 
method and those measured experimentally, in percentage, is as follows: 37.10% 
for element 1; 56.25% for element 2 and 31.30% for element 3. 

6. Conclusions 

The analytical investigation considered the connection between two long 
cylindrical elements and a short, intermediate cylindrical element. The deformation 
continuity equations were established, so that on the basis of the linear algebraic 
system, the expressions for the connection loads Q01, Q02, M01, M02. were obtained. 
With their help, were written the relations of the meridional and annular strains in 
the case of the plane state of strains, dependent on the x coordinate. 

For the accepted strength theory, the 4th strength theory, the equivalent 
stresses at the interior and exterior surfaces of the analyzed elements have been 
determined to be less than the allowable strength of the construction material. 
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The presented calculation method can also be used in case the transitions 
from one structure to another are spliced or linear transitions. 

To reduce the difference obtained by applying both methods in the area of 
the geometrical discontinuity of the cylindrical shell, the use of the actual operating 
conditions of the analyzed model is considered. 
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