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A UNIQUENESS THEOREM FOR THE INVERSE BVP WITH 
THE JUMP CONDITION AND TURNING POINT 
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In this paper, we study a second-order differential equation on the half-
line having a turning point and jump condition. We establish properties of the 
spectrum, obtain the formulation of the inverse problem and prove the uniqueness 
theorem for the solution of the inverse problem. 
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1. Introduction 

This paper deal with the BVP ሺܮሻ for a differential equation  

ሻݔᇱᇱሺݕ ൅ ൫ߩଶ݌ଶሺݔሻ ൅ ሻݔଵሺ݌ߩ݅ ൅ ሻݔሺݕሻ൯ݔ଴ሺ݌ ൌ ݔ        ,0 ൒ 0,                 (1) 

on the half-line with nonlinear dependence on the spectral parameter ߩ, with the 
boundary condition 

 ܷሺݕሻ ؔ ᇱሺ0ሻݕ ൅ ሺߙଵߩ ൅ ሺ0ሻݕ଴ሻߙ ൌ 0,                                                   (2) 

and with the following jump condition for ܽଵ א ሺ0,1ሻ, 

ሺ௠ሻሺ݀ݕ ൅ 0, ሻߩ ൌ ܽଵ
௠ ݕሺ௠ሻሺ݀ െ 0, ݉     ,ሻߩ ൌ 0,1,                                  (3) 

in an interior point ݔ ൌ ݀. Let  

ሻݔଶሺ݌ ൌ ቄെ1,         0 ൑ ݔ ൏ ܽ,
ݔ                ,1 ൒ ܽ,             0 ൏ ܽ ൏ ݀,                                     (4) 

i.e., the weight-function ݌ଶሺݔሻ changes the sign in an interior point ݔ ൌ ܽ, which 
is called the turning point. The functions ݌௞ሺݔሻ, ݇ ൌ 0,1  are complex-valued,  
ሻ is absolutely continuous and ሺ1ݔଵሺ݌ ൅ ௞݌ሻݔ

ሺఎሻሺݔሻ א ࣦሺ0, ∞ሻ for 0 ൑ ߟ ൑ ݇ ൑ 1. 
Also  the coefficients  ߙଵ  and  ߙ଴  are complex numbers and ߙଵ ് േ1. 

 Differential equations with a turning point and jump condition arise in 
various problems of mathematics, physics, mechanics, geophysics, electronics and 
other branches of natural sciences (see [1, 5, 9, 11, 19]). Boundary value problems 
with discontinuities appear in geophysical models for oscillations of the earth [1, 
10]. Here the main discontinuity is cased by reflection of the shear waves at the 
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base of the crust. Differential equations with turning points occur in radio 
engineering problems to design directional couplers for non-uniform electronic 
lines [11, 13]. Turning points connect with physical situations in which zeros 
correspond to the limit of motion of a wave mechanical particle bounded by a 
potential field. These equations also arise in electronic engineering in designing 
heterogeneous transmission channels. Moreover, inverse problems appear in 
electronics for constructing parameters of heterogeneous electronic lines with 
desirable technical characteristics [9, 18]. After reducing the corresponding 
mathematical model, we obtain a BVP ሺܮሻ with discontinuities in an interior point 
where the weight function  ݌ଶሺݔሻ  reflects a priori known parameters, and the 
potential function ݍሺݔሻ ൌ െ൫݅݌ߩଵሺݔሻ ൅  ሻ൯ must be constructed from theݔ଴ሺ݌
given spectral information which describes desirable amplitude. Spectral 
information can be also used to reconstruct the conductivity profiles of a one-
dimensional discontinuous medium.   

 Inverse problems for differential pencils without turning point were studied 
in [2, 17]. In [2] two methods the so-called half inverse and nodal points have 
been used for survey of the inverse problem. Also boundary value problems on 
the half-line without discontinuities have been studied in [15]. The presence of the 
turning point and discontinuity produces essential qualitative modifications in the 
investigation of the inverse problem. In [7, 8] the inverse problem was 
investigated for differential equations with turning points. Also boundary value 
problems with discontinuity in various formulations have been studied in [3, 6, 
14]. Some aspects of the inverse spectral problem for differential pencils with the 
turning point and jump condition, simultaneous, are studied in [16]. But an 
inverse spectral problem is not studied for differential pencils with these 
conditions so far. 

 To prove the uniqueness solution of the inverse problem in this paper, we 
use a function the so-called Weyl function. This function is obtained by the 
special fundamental system of solutions for equation (1). The rest of this paper is 
organized as follows: In Section 2, we investigate the asymptotic form of the 
solutions, obtain the characteristic function and calculate eigenvalues. In Section 
3, we get the asymptotic form of the Weyl function. In Section 4, we establish a 
formulation of the inverse problem and prove a uniqueness theorem for solution 
of the inverse problem. Finally, Section 5 contains some conclusions. 

Notations. Throughout the paper, we denote by ࣦሺ0, ∞ሻ and ࣦଶሺ0, ∞ሻ the 
space of integrable and square integrable complex-valued functions on the half-
line x ൒ 0, respectively. Next, ACሾ0, dሻ and AC୪୭ୡሺd, ∞ሻ will be space of 
absolutely continuous functions on ሾ0, dሻ  and absolutely continuous functions on 
each compact subset of ሺd, ∞ሻ, respectively. Also in the sequel, O and o denote 
the Landau symbols. 
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2. Preliminary results 
Denote Πା ؔ ሼߩ݉ܫ  :ߩ ൐ 0ሽ and Π଴ ؔ ሼߩ݉ܫ  :ߩ ൌ 0ሽ. From [12, 20], we 

know that Eq. (1) has a unique solution ݕ ൌ ݁ሺݔ,   :ሻ with the following propertiesߩ
1) For each fixed ݔ, the functions ݁ሺ௠ሻሺݔ, ,ሻߩ ݉ ൌ 0,1 are holomorphic for 
ߩ א Πା  and continuous for  ߩ א Πା.തതതതത  These functions are also continuously 
differentiable for ߩ א Πାതതതത ך ሼ0ሽ. 

2) For |ߩ| ՜ ∞, ߩ א Πା,തതതതത  uniformly in  ݔ ൐ ݀,   

      ݁ሺ௠ሻሺݔ, ሻߩ ൌ ሺ݅ߩሻ௠ ݔߩ൫݅݌ݔ݁ െ ܳሺݔሻ൯ ሾ1ሿ, ݉ ൌ 0,1,                                   (5) 

where    ܳሺݔሻ ൌ ଵ
ଶ ׬ ௫ݐሻ݀ݐଵሺ݌

଴   and   ሾ1ሿ ൌ 1 ൅ ܱሺିߩଵሻ. 

3) For |ߩ| ՜ ∞, ߩ א Πାതതതത,  uniformly in ܽ ൑ ݔ ൏ ݀, 

݁ሺ௠ሻሺݔ, ሻߩ ൌ ሺ௜ఘሻ೘

௔భ
൫݁݌ݔ൫݅ݔߩ െ ܳሺݔሻ൯ ሾܾାሿ  

     ൅ሺെ1ሻ௠ାଵ ݌ݔ݁ ቀ݅ߩሺ2݀ െ ሻݔ െ ൫2ܳሺ݀ሻ െ ܳሺݔሻ൯ቁ ሾܾିሿቁ , ݉ ൌ 0,1,     (6) 

where   ሾܾേሿ ൌ ܾേ ൅ ܱሺିߩଵሻ   and   ܾേ ൌ ଵേ௔భ
ଶ

 .  
4) For real ߩ ് ݔ  ,0 א ሾ0, ∞ሻ ך ሼ݀ሽ,   the functions  ݁ାሺݔ, ,ݔሻ and  ݁ିሺߩ  ሻ form aߩ
fundamental system of solutions of Eq. (1), where for  ݔ ൐ ݀  
 ݁ାሺݔ, ሻߩ ൌ lim௭ืఘ,   ௭אஈశ ݁ሺݔ, ,ݔሻ,     ݁ିሺݖ ሻߩ ൌ ሻሻݔሺ2ܳሺ ݌ݔ݁ lim௭ืఘ,   ௭אஈశ ݁ሺݔ, െݖҧሻ. 
Also, we have 

,ݔ൅ሺ݁ۃ ,ሻߩ ݁െሺݔ, ۄሻߩ ൌ ൜െ2݅ܽߩଵ
ିଵ,         0 ൑ ݔ ൏ ݀,

െ2݅ݔ                         ,ߩ ൐ ݀,  

where  ݕۃ, ۄݖ ؔ ᇱݖݕ െ  .ݖ  and  ݕ  and is called the Wronskian of the functions ,ݖԢݕ
Denote  

        ∆ሺߩሻ ؔ ܷ൫݁ሺݔ,  ሻ൯.                                                              (7)ߩ

The function ∆ሺߩሻ is called the characteristic function of BVP ሺܮሻ and is entire 
function in   .ߩ 

Let ߮௝ሺݔ, ,ሻߩ ݆ ൌ 1,2  be the discontinuous solutions of Eq. (1) under the 
jump condition (3) and the initial conditions ߮௝

ሺ௡ିଵሻሺ0, ሻߩ ൌ ݊   ,௝௡ߜ ൌ 1,  ௝௡ߜ)  2
is the Kronecker delta). For each fixed ݔ ൒ 0, the functions ߮௝

ሺ௡ିଵሻሺݔ,  ሻ areߩ
entire functions in  ߩ  and by virtue of Liouville’s formula for the Wronskian,  we 
have  

,ݔଵሺ߮ۃ ,ሻߩ ߮ଶሺݔ, ۄሻߩ ൌ ൜1,         0 ൑ ݔ ൏ ݀,
ܽଵ,                ݔ ൐ ݀. 

Theorem 2.1. The functions ߮௝
ሺ௠ሻሺݔ, ,ሻߩ ݆ ൌ 1,2,   ݉ ൌ 0,1  have the following 

asymptotic forms for |ߩ| ՜ ∞ 

 ݅ଵሻ Uniformly in  ݔ א ሾ0, ܽሿ, 
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൞
߮ଵ

ሺ௠ሻሺݔ, ሻߩ ൌ
௠ߩ

2
൫݁ݔ ݔߩ൫݌ െ ݅ܳሺݔሻ൯ ሾ1ሿ ൅ ሺെ1ሻ௠݁ݔ ݔߩ൫െ݌ ൅ ݅ܳሺݔሻ൯ ሾ1ሿ൯,                 

߮ଶ
ሺ௠ሻሺݔ, ሻߩ ൌ ௠ߩ ቀ݁ݔ ݔߩ൫݌ െ ݅ܳሺݔሻ൯ ܱሺିߩଵሻ ൅ ሺെ1ሻ௠݁ݔ ݔߩ൫െ݌ ൅ ݅ܳሺݔሻ൯ ܱሺିߩଵሻቁ .

 

 ݅ଶሻ Uniformly in  ݔ א ሾܽ, ݀ሻ,  

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ߮ଵ

ሺ௠ሻሺݔ, ሻߩ ൌ
ሺ݅ߩሻ௠

4
ቀ ଵܸሺߩሻ݁ݔ ݌ ቀ݅ߩሺݔ െ ܽሻ െ ൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ ሾ1ሿ                                      

൅ ሺെ1ሻ௠ ଶܸሺߩሻ݁ݔ ݌ ቀെ݅ߩሺݔ െ ܽሻ ൅ ൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ ሾ1ሿቁ ,
               

߮ଶ
ሺ௠ሻሺݔ, ሻߩ ൌ ሺ݅ߩሻ௠ ቀ ଵܸሺߩሻ݁ݔ ݌ ቀ݅ߩሺݔ െ ܽሻ െ ൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ ܱሺିߩଵሻ                                

           ൅ ሺെ1ሻ௠ ଶܸሺߩሻ݁ݔ ݌ ቀെ݅ߩሺݔ െ ܽሻ ൅ ൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ ܱሺିߩଵሻ൰ ,

 

where 
ଵܸሺߩሻ ൌ ሺ1 ൅ ݅ሻ݁ݔ ܽߩ൫െ݌ ൅ ݅ܳሺܽሻ൯ ൅ ሺ1 െ ݅ሻ݁ݔ ܽߩ൫݌ െ ݅ܳሺܽሻ൯, 
ଶܸሺߩሻ ൌ ሺ1 െ ݅ሻ݁ݔ ܽߩ൫െ݌ ൅ ݅ܳሺܽሻ൯ ൅ ሺ1 ൅ ݅ሻ݁ݔ ܽߩ൫݌ െ ݅ܳሺܽሻ൯. 

݅ଷሻ Uniformly in  ݔ א ሺ݀, ∞ሻ,  

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ߮ଵ

ሺ௠ሻሺݔ, ሻߩ ൌ
ሺ݅ߩሻ௠

4
ቀ ଵܹሺߩሻ݁ݔ ݌ ቀ݅ߩሺݔ െ ݀ሻ െ ൫ܳሺݔሻ െ ܳሺ݀ሻ൯ቁ ሾ1ሿ                                      

൅ ሺെ1ሻ௠ ଶܹሺߩሻ݁ݔ ݌ ቀെ݅ߩሺݔ െ ݀ሻ ൅ ൫ܳሺݔሻ െ ܳሺ݀ሻ൯ቁ ሾ1ሿቁ ,
               

߮ଶ
ሺ௠ሻሺݔ, ሻߩ ൌ ሺ݅ߩሻ௠ ቀ ଵܹሺߩሻ݁ݔ ݌ ቀ݅ߩሺݔ െ ݀ሻ െ ൫ܳሺݔሻ െ ܳሺ݀ሻ൯ቁ ܱሺିߩଵሻ                                

           ൅ ሺെ1ሻ௠ ଶܹሺߩሻ݁ݔ ݌ ቀെ݅ߩሺݔ െ ݀ሻ ൅ ൫ܳሺݔሻ െ ܳሺ݀ሻ൯ቁ ܱሺିߩଵሻ൰ ,

 

where 

ଵܹሺߩሻ ൌ ܾା݁ݔ ݌ ቀ݅ߩሺ݀ െ ܽሻ െ ൫ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ଵܸሺߩሻ

൅ ݔ݁ିܾ ݌ ቀെ݅ߩሺ݀ െ ܽሻ ൅ ൫ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ଶܸሺߩሻ, 

ଶܹሺߩሻ ൌ ݔ݁ିܾ ݌ ቀ݅ߩሺ݀ െ ܽሻ െ ൫ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ଵܸሺߩሻ

൅ ܾା݁ݔ ݌ ቀെ݅ߩሺ݀ െ ܽሻ ൅ ൫ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ଶܸሺߩሻ. 

Proof. Denote Πേ
ଵ ؔ ሼߩ:  േ ߩܴ݁ ൐ 0ሽ.  Let  ൛ݕ௝ሺݔ, ሻൟߩ

௝ୀଵ,ଶ
 and ൛ ௝ܻሺݔ, ሻൟߩ

௝ୀଵ,ଶ
 be 

the Birkhoff-type smooth fundamental system of solutions of Eq. (1) with the 
following asymptotic forms on the intervals ሾ0, ܽሿ and  ሾܽ, ∞ሻ respectively, for 
|ߩ| ՜ ߩ  ,∞ א Πേ

ଵ തതതത , ݉ ൌ 0,1, 

௝ݕ       
ሺ௠ሻሺݔ, ሻߩ ൌ ሺሺെ1ሻ௝ߩሻ௠݁ݔ ݌ ቀሺെ1ሻ௝൫ݔߩ െ ݅ܳሺݔሻ൯ቁ ሾ1ሿ,                (8) 

and  
       ௝ܻ

ሺ௠ሻሺݔ, ሻߩ ൌ ሺሺെ1ሻ௝ିଵ݅ߩሻ௠݁ݔ ݌ ቀሺെ1ሻ௝ିଵ൫݅ݔߩ െ ܳሺݔሻ൯ቁ ሾ1ሿ,                       (9) 

 (see [12, 21]). Then  
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  ߮௝
ሺ௠ሻሺݔ, ሻߩ ൌ ଵݕሻߩଵ௝ሺܣ

ሺ௠ሻሺݔ, ሻߩ ൅ ଶݕሻߩଶ௝ሺܣ
ሺ௠ሻሺݔ, ,ሻߩ ݆ ൌ ݔ   ,1,2 א ሾ0, ܽሿ.       (10) 

Using (8), (10) and initial conditions ߮௝ሺݔ, ݔ ሻ inߩ ൌ 0,  we calculate  
ሻߩଵ௝ሺܣ                        ൌ ଵ

ଶ
ሾ1ሿ,         ܣଶ௝ሺߩሻ ൌ ܱሺିߩଵሻ.                                             (11) 

Substituting (8) and (11) into (10), we obtain ߮௝
ሺ௠ሻሺݔ, ,ሻ  in ሾ0ߩ ܽሿ. 

Analogously, taking the smooth condition 

߮௝
ሺ௠ሻሺܽ െ 0, ሻߩ ൌ ߮௝

ሺ௠ሻሺܽ ൅ 0, ݉   ,ሻߩ ൌ 0,1,                                        (12) 

and the jump condition (3), we arrive at ߮௝
ሺ௠ሻሺݔ, ,ሻ in ሾܽߩ ݀ሻ and ሺ݀, ∞ሻ.  

Theorem 2.2. The characteristic function ∆ሺߩሻ  has simple zeros of the form 

௞ߩ  ൌ ଵ
௔

ሺ݇݅ߨ ൅ ݅ܳሺܽሻ ൅ ଵߢ ൅ ଶሻߢ ൅ ܱሺ݇ିଵሻ,      |݇| ՜ ∞,                       (13) 
where  

ଵߢ  ൌ ଵ
ଶ

݈݊ ఈభାଵ
ఈభିଵ

ଶߢ         , ൌ ଵ
ଶ

݈݊ ௜ାଵ
௜ିଵ

 . 

Proof. By Birkhoff-type fundamental system of solutions of Eq. (1) on the 
interval ሾ0, ܽሿ, we  have  

݁ሺ௠ሻሺݔ, ሻߩ ൌ ݄ଵሺߩሻݕଵ
ሺ௠ሻሺݔ, ሻߩ ൅ ݄ଶሺߩሻݕଶ

ሺ௠ሻሺݔ, ݔ    ,ሻߩ א ሾ0, ܽሿ.          (14) 

Using (6), (8) and the smooth condition ݁ሺݔ, ݔ ሻ inߩ ൌ ܽ, i.e.,                      
݁ሺ௠ሻሺܽ െ 0, ሻߩ ൌ ݁ሺ௠ሻሺܽ ൅ 0, ݉    ,ሻߩ ൌ 0,1,   we obtain  

                ݄ଵሺߩሻ ൌ ଵ
ଶ௔భ

ݔ݁ ܽߩ൫݌ െ ݅ܳሺܽሻ൯൫ሺ1 െ ݅ሻ݁ݔ ܽߩ൫݅݌ െ ܳሺܽሻ൯ሾܾାሿ      

                                         െሺ1 ൅ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿቁ, 

                 ݄ଶሺߩሻ ൌ ଵ
ଶ௔భ

ݔ݁ ܽߩ൫െ݌ ൅ ݅ܳሺܽሻ൯൫ሺ1 ൅ ݅ሻ݁ݔ ܽߩ൫݅݌ െ ܳሺܽሻ൯ሾܾାሿ     

                               െሺ1 െ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿቁ. 

Now, substituting (8) and the coefficients ݄ଵሺߩሻ and ݄ଶሺߩሻ  into (14), we have  as 
|ߩ| ՜ ߩ  ,∞ א Πାതതതത , ݉ ൌ 0,1,  uniformly in ݔ א ሾ0, ܽሿ  

          ݁ሺ௠ሻሺݔ, ሻߩ ൌ ఘ೘

ଶ௔భ
ቀܧଵሺߩሻ݁ݔ ݌ ቀߩሺݔ െ ܽሻ െ ݅൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ         

                                      ൅ ݌ݔሻ݁ߩଶሺܧ ቀെߩሺݔ െ ܽሻ ൅ ݅൫ܳሺݔሻ െ ܳሺܽሻ൯ቁ൰, 
where 
ሻߩଵሺܧ               ൌ ሺ1 ൅ ݅ሻ݁݌ݔ൫݅ܽߩ െ ܳሺܽሻ൯ሾܾାሿ     
                                    െሺ1 െ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿ, 
ሻߩଶሺܧ                ൌ ሺെ1ሻ௠൫ሺ1 െ ݅ሻ݁݌ݔ൫݅ܽߩ െ ܳሺܽሻ൯ሾܾାሿ     
                                     െሺ1 ൅ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿቁ. 
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  Taking (2) and (7), this yields the following characteristic function for |ߩ| ՜ ∞,  
ߩ א Πାതതതത,  
         ∆ሺߩሻ ൌ ఘ

ଶ௔భ
ቀሺߙଵ െ 1ሻ ଵܰሺߩሻ݁݌ݔ൫ܽߩ െ ݅ܳሺܽሻ൯ 

൅ ሺߙଵ ൅ 1ሻ ଶܰሺߩሻ݁݌ݔ൫െܽߩ ൅ ݅ܳሺܽሻ൯ቁ, 
where 
                 ଵܰሺߩሻ ൌ ሺ1 െ ݅ሻ݁݌ݔ൫݅ܽߩ െ ܳሺܽሻ൯ሾܾାሿ     
                                    െሺ1 ൅ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿ, 
                    ଶܰሺߩሻ ൌ ሺ1 ൅ ݅ሻ݁݌ݔ൫݅ܽߩ െ ܳሺܽሻ൯ሾܾାሿ     
                                    െሺ1 െ ݅ሻ݁ݔ ݌ ቀ݅ߩሺ2݀ െ ܽሻ െ ൫2ܳሺ݀ሻ െ ܳሺܽሻ൯ቁ ሾܾିሿ. 

Using Rouche’s Theorem (see [4]), we arrive at the zeros of the form (13). Now 
we prove that these zeros are simple. Since  ݁ሺݔ, ,ݔሻ and ߮ሺߩ   ሻ are solutions ofߩ
Eq. (1), we have  

     

Error!  Bookmark not defined. ቐ
݁ԢԢሺݔ, ሻߩ ൅ ቀ2݌2ߩሺݔሻ ൅ ሻݔ1ሺ݌ߩ݅ ൅ ሻቁݔ0ሺ݌ ݁ሺݔ, ሻߩ ൌ 0,                 

߮ԢԢ൫ݔ, ൯݇ߩ ൅ ቀ݇ߩ
ሻݔ2ሺ݌2 ൅ ሻݔ1ሺ݌݇ߩ݅ ൅ ሻቁݔ0ሺ݌ ߮൫ݔ, ൯݇ߩ ൌ 0.     

 

We get  
݀

ݔ݀
,ݔሺ߮ۃ ,௞ሻߩ ݁ሺݔ, ۄሻߩ ൅ ,ݔሻ߮ሺݔଵሺ݌݅ ,ݔ௞ሻ݁ሺߩ ߩሻሺߩ െ  ௞ሻߩ

ൌ െሺߩଶ െ ௞ߩ
ଶሻ݌ଶሺݔሻ߮ሺݔ, ,ݔ௞ሻ݁ሺߩ  .ሻߩ

Thus 

െሺߩଶ െ ௞ߩ
ଶሻ න ,ݐሻ߮ሺݐଶሺ݌ ,ݐ௞ሻ݁ሺߩ ݐሻ݀ߩ ൌ

ஶ

଴
,ݔሺ߮ۃ ,௞ሻߩ ݁ሺݔ, ଴|ۄሻߩ

ஶ 

                                 ൅ሺߩ െ ௞ሻߩ ׬ ,ݐሻ߮ሺݐଵሺ݌݅ ,ݐ௞ሻ݁ሺߩ ஶ.ݐሻ݀ߩ
଴                             (15) 

since  
∆ሺߩሻ ൌ ,ݔሺ߮ۃ ,ሻߩ ݁ሺݔ,  ,ۄሻߩ

we have  
                                             ݁ሺݔ, ௞ሻߩ ൌ ,ݔ௞߮ሺߚ  ௞ሻ,                                         (16)ߩ

for ߚ௞ ് 0 (see [16]). Also from [15], we know that for  ݔ ื ∞, 

݁ሺ௠ሻሺݔ, ሻߩ ൌ ሺ݅ߩሻ௠ ݔߩ൫݅݌ݔ݁ െ ܳሺݔሻ൯ ሺ1 ൅ ,ሺ1ሻሻ݋ ݉ ൌ 0,1.               (17) 

Therefore from (16) and (17), we have  

  lim௫ืஶ߮ۃሺݔ, ,௞ሻߩ ݁ሺݔ, ۄሻߩ ൌ 0.                                               (18) 

Now, taking (15) and (18), we get  

െ න ,ݐሻ߮ሺݐଶሺ݌ ,ݐ௞ሻ݁ሺߩ ݐሻ݀ߩ ൌ
ஶ

଴

0 െ ∆ሺߩሻ
ଶߩ െ ௞ߩ

ଶ ൅
ߩ െ ௞ߩ

ଶߩ െ ௞ߩ
ଶ න ,ݐሻ߮ሺݐଵሺ݌݅ ,ݐ௞ሻ݁ሺߩ .ݐሻ݀ߩ

ஶ

଴
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For sufficiently large ߩ௞ , if  ߩ ื   ௞ ,  thenߩ

׬                          ,ݐሻ߮ሺݐଶሺ݌ ,ݐ௞ሻ݁ሺߩ ݐ௞ሻ݀ߩ ൌஶ
଴ ∆ଵሺߩ௞ሻ,  

where ∆ଵሺߩ௞ሻ ൌ ௗ∆ሺఘሻ
ଶఘௗఘ

 . Using (16), this yields  

                      ∆ଵሺߩ௞ሻ ൌ ௞ߚ ׬ ,ݐሻ߮ଶሺݐଶሺ݌ ݐ௞ሻ݀ߩ ് 0,ஶ
଴    

 i.e.,  ∆ሺߩሻ  has simple zeros. The proof is completed.  
  Denote  
        Λᇱ ൌ ሼߩ א Πା:   ∆ሺߩሻ ൌ 0ሽ,  Λᇱᇱ ൌ ሼߩ א Թ:   ∆ሺߩሻ ൌ 0ሽ,  Λ ൌ Λᇱ ׫ Λᇱᇱ.  

3. The Weyl function 

We put  
         ߶ሺݔ, ሻߩ ൌ ௘ሺ௫,ఘሻ

୼ሺ஡ሻ
 .                                                                             (19) 

The function  ߶ሺݔ,    ሻ is a solution of Eq. (1) that is called the Weyl solution forߩ
BVP ሺܮሻ. Denote  

ሻߩሺܯ           ൌ ߶ሺ0,  ሻ.                                                                (20)ߩ

We will call it the Weyl function for  BVP ሺܮሻ. It follows from (19) and (20) that  

ሻߩሺܯ          ൌ ௘ሺ଴,ఘሻ
୼ሺఘሻ

 .                                                                  (21) 

Using the initial conditions ߮௝ሺݔ, ݔ  ሻ  at the pointߩ ൌ 0, we get  

 ߶ሺݔ, ሻߩ ൌ ߮2ሺݔ, ሻߩ ൅ ,ݔሻ߮ሺߩሺܯ  ሻ,                                            (22)ߩ
where  

         ߮ሺݔ, ሻߩ ൌ ߮ଵሺݔ, ሻߩ െ ሺߙଵߩ ൅ ,ݔ଴ሻ߮ଶሺߙ  ሻ.                                   (23)ߩ

By virtue of Liouville’s formula for the Wronskian (see [16]) and (22), (23) , we 
obtain  
,ݔሺ߮ۃ                          ,ሻߩ ߶ሺݔ, ۄሻߩ ൌ ൜1,         0 ൑ ݔ ൏ ݀,

ܽଵ,                ݔ ൐ ݀.                                      (24) 

Moreover, taking Theorem 2.1  and (23), we have for positive constant ܥ and 
݉ ൌ 0,1, 
݅ଵሻ  For  ݔ א ሾ0, ܽሿ,    

    ൞
ห߮ଵ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ    ,ሻݔ|ߩܴ݁|ሺ݌ݔ݁
ห߮ଶ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ,ሻݔ|ߩܴ݁|ሺ݌ݔ݁
ห߮ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ     .ሻݔ|ߩܴ݁|ሺ݌ݔ݁

                                                          (25) 

݅ଶሻ  For  ݔ א ሾܽ, ݀ሻ,  
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     ൞
ห߮ଵ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ,    
ห߮ଶ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ ,
ห߮ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ.    

                          (26) 

݅ଷሻ  For  ݔ א ሺ݀, ∞ሻ,  

൞
ห߮ଵ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ,    
ห߮ଶ

ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ ,
ห߮ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺ݌ݔ݁ െ ܽሻሻ.    

                                (27) 

Definition 3.1. The set of singularities of the Weyl function  ܯሺߩሻ is called the 
spectrum of  BVP ሺܮሻ. The values of the parameter ߩ for which the Eq. (1) has 
nontrivial solutions satisfying the conditions ܷሺݕሻ ൌ 0, ሺ∞ሻݕ ൌ 0 
(i.e., lim௫՜ஶ ሻݔሺݕ ൌ 0), are called eigenvalues of BVP ሺܮሻ,  and the 
corresponding solutions are called eigenfunctions. 

Theorem 3.1. The Weyl function  ܯሺߩሻ is holomorphic in Πା\Λᇱ   and 
continuously differentiable in Πାതതതത\Λ . The set of singularities of  ܯሺߩሻ (as an 
analytic function) coincides with the set Λ଴ ൌ Թ ׫ Λ .  For |ߩ| ՜ ߩ  ,∞ א Πേ

ଵ ,   

ሻߩሺܯ             ൌ ଵ
ఘሺఈభטଵሻ

ሾ1ሿ. 

Proof. Theorem 3.1  follows from (21) and  properties of the functions  ݁ሺ0,  ሻߩ
and  ∆ሺߩሻ.  

Thus, according to Theorem 3.1,  the spectrum of  BVP ሺܮሻ is equal to Λ଴.      

Remark 3.1. On can introduce the operator  

ℓ: ሺℓሻܦ ՜ ࣦଶሺ0, ∞ሻ,    ݕ ՜
െ1

ሻݔଶሺ݌ ൫ݕԢԢ ൅ ൫݅݌ߩଵሺݔሻ ൅  ,൯ݕሻ൯ݔ଴ሺ݌

with the domain of definition  ܦሺℓሻ ൌ ሼݕ   :ݕ א ࣦଶሺ0, ∞ሻ ת ,ሾ0ܥܣ ݀ሻ ת ,௟௢௖ሺ݀ܥܣ ∞ሻ,  
ᇱݕ א ,ሾ0ܥܣ ݀ሻ ת ,௟௢௖ሺ݀ܥܣ ∞ሻ, ℓݕ א ࣦଶሺ0, ∞ሻ, ܷሺݕሻ ൌ 0,  ሻ  satisfies  ሺ3ሻሽ. Itݔሺݕ  ݀݊ܽ
is easy to verify that the spectrum of   ℓ   coincides  with  Λ଴.  There is no 
difference between working either with the operator ℓ or with the BVP ሺܮሻ.  

Theorem 3.2. BVP ሺܮሻ has no eigenvalue for real ߩ ് 0. 

Proof. Suppose that  ߩ଴ ് 0 is an eigenvalue, and let  ݕሺݔ,  ଴ሻ be a correspondingߩ
eigenfunction. Since the functions ሼ݁ାሺݔ, ,଴ሻߩ ݁ିሺݔ,  ଴ሻሽ form a fundamentalߩ
system of solutions for Eq. (1), we have ݕሺݔ, ଴ሻߩ ൌ ,ݔଵ݁ାሺܥ ଴ሻߩ ൅ ,ݔଶ݁ିሺܥ   .଴ሻߩ
As ݕሺݔ, ଴ሻߩ ؆ 0 for ݔ ՜ ∞, this is possible iff ܥଵ ൌ ଶܥ ൌ 0. Therefore ߩ଴ ് 0  is 
not an eigenvalue. Theorem 3.2  is proved.  
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4. The uniqueness theorem 

We are going to study the inverse problem for BVP ሺܮሻ. The inverse problem 
is formulated as follows: 

Inverse Problem 4.1. Given the Weyl function  ܯሺߩሻ, construct the coefficients 
of the pencil (1)-(2). 

At first, we have presented the following lemma that it is used in the 
uniqueness theorem.   
Lemma 4.1. Let ݂ሺݔ,  .ሻ be an entire functionߩ
݅ଵሻ If  |݂ሺݔ, |ሻߩ ൑ ܥ

  
for any ݔ ൒ 0 and sufficiently large ߩ, then             

݂ሺݔ, ሻߩ ൌ ݔ  ሻ forݔሺܨ ൒ 0.  
݅ଶሻ  If  |݂ሺݔ, |ሻߩ ൑ ଵି|ߩ|ܥ

  
for any ݔ ൒ 0 and sufficiently large  ߩ, then 

݂ሺݔ, ሻߩ ൌ 0. 
Proof.  Let  ݂ሺݔ,  Therefore by the assumption of  .ߩ  and  ݔ  ሻ depends onߩ
lemma, we have |݂ሺݔ, |ሻߩ ൑ ݔ  for  |ߩ|ܥ ൒ 0 and sufficiently large ߩ. This means 
that the function ݂ሺݔ,  ሻ is unbounded which contradicts the assumption. Toߩ
prove part 2, by using the assumption and Pressure Theorem for |ߩ| ՜ ∞, we 
arrive at |݂ሺݔ, |ሻߩ ൌ 0. Therefore ݂ሺݔ, ሻߩ ൌ 0.   

In this section, we prove the uniqueness theorem for the solution of the 
inverse problem. For this purpose, together with ܮ ൌ ,ሻݔଵሺ݌ሺܮ ,ሻݔ଴ሺ݌ ,ଵߙ  ଴ሻ, weߙ
will consider a BVP ܮ෨ ൌ ,ሻݔ෤ଵሺ݌ሺܮ ,ሻݔ෤଴ሺ݌ ,෤ଵߙ  ෤଴ሻ of the same form (1)-(2) but withߙ
different coefficients. If a certain symbol denotes an object related to  ܮ,  then the 
same symbol with tilde will denote the analogs object related to ܮ෨ . 

Theorem 4.1. If  ܯሺߩሻ ൌ ሻݔଵሺ݌ ሻ thenߩ෩ሺܯ ൌ ,ሻݔ෤ଵሺ݌ ሻݔ଴ሺ݌    ൌ ݔ  ሻ forݔ෤଴ሺ݌ ൒ 0, 
and ߙଵ ൌ ,෤ଵߙ ଴ߙ  ൌ  ሻߩሺܯ ෤଴.   Thus the specification of the Weyl functionߙ
uniquely determines the coefficients of the pencil (1)-(2). 

Proof. At first, for brevity, we assume  that ܽ, ݀ and ܽଵ are known a priori. We 
consider the matrix  ܲሺݔ, ሻߩ ൌ ൣ ௝ܲ௞ሺݔ, ሻ൧ߩ

௝,௞ୀଵ,ଶ
 defined by  

     ܲሺݔ, ሻߩ ቂ ఝ෥ ሺ௫,ఘሻ  థ෩ ሺ௫,ఘሻ
ఝ෥ ᇱሺ௫,ఘሻ థ෩ ᇱሺ௫,ఘሻ

ቃ ൌ ቂ ఝሺ௫,ఘሻ థሺ௫,ఘሻ
ఝᇱሺ௫,ఘሻ థᇱሺ௫,ఘሻቃ.                             (28) 

By virtue of (24), this yields  

൝ ௝ܲଵሺݔ, ሻߩ ൌ ൫ߦሺݔሻ൯ିଵ൫߮ሺ௝ିଵሻሺݔ, ,ݔሻ߶෨ᇱሺߩ ሻߩ െ ߶ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ ᇱሺݔ, ,ሻ൯ߩ

௝ܲଶሺݔ, ሻߩ ൌ ൫ߦሺݔሻ൯ିଵ൫߶ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ሺݔ, ሻߩ െ ߮ሺ௝ିଵሻሺݔ, ,ݔሻ߶෨ሺߩ ,ሻ൯ߩ
                     (29) 

where  ߦሺݔሻ ൌ 1 for  ݔ ൏ ݀ and  ߦሺݔሻ ൌ ܽଵ for  ݔ ൐ ݀.  Also we have  

               ቊ
߮ሺݔ, ሻߩ ൌ ଵܲଵሺݔ, ሻߩ ෤߮ሺݔ, ሻߩ ൅ ଵܲଶሺݔ, ሻߩ ෤߮ ᇱሺݔ, ,ሻߩ
߶ሺݔ, ሻߩ ൌ ଵܲଵሺݔ, ,ݔሻ߶෨ሺߩ ሻߩ ൅ ଵܲଶሺݔ, ,ݔሻ߶෨ᇱሺߩ .ሻߩ                                   30) 
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 Using (22) and (29), we get 

ە
ۖ
۔

ۖ
ۓ ௝ܲଵሺݔ, ሻߩ ൌ ൫ߦሺݔሻ൯ିଵ൫߮ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ଶ

ᇱ ሺݔ, ሻߩ െ ߮ଶ
ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ ᇱሺݔ, ሻߩ

൅ܯ෡ሺߩሻ߮ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ Ԣሺݔ, ,ሻ൯ߩ

௝ܲଶሺݔ, ሻߩ ൌ ൫ߦሺݔሻ൯ିଵ൫߮ଶ
ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ሺݔ, ሻߩ െ ߮ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ଶሺݔ, ሻߩ

െܯ෡ሺߩሻ߮ሺ௝ିଵሻሺݔ, ሻߩ ෤߮ሺݔ, ,ሻ൯ߩ

               

where ܯ෡ሺߩሻ ൌ ሻߩ෩ሺܯ െ ሻߩሺܯ  ሻ.  Sinceߩሺܯ ൌ ሻߩ෡ሺܯ  ሻ, deduceߩ෩ሺܯ ൌ 0 and 
consequently,  the functions ௝ܲ௞ሺݔ, ݔ  for each fixed  ߩ  ሻ are entire inߩ ൒ 0.  

Fix ߜ ൐ 0. Denote ܩఋ ൌ ሼߩ א Πାതതതത: |ߩ െ |௞ߩ ൒ ,ߜ ௞ߩ א Λሽ.  It follows from 
(5), (6), (19) and the functions ݁ሺݔ,   ሻ  in Theorem 2.2 thatߩሻ and  ∆ሺߩ

൞
ห݁ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻݔ|ߩ݉ܫ|ሺെ݌ݔ݁ , ݔ ൐ ߩ    ,݀ א Πାതതതത  ,                                           
ห݁ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻݔ|ߩ݉ܫ|ሺെ݌ݔ݁ , ݔ א ሾܽ, ݀ሻ,    ߩ א Πାതതതത,                                      
ห݁ሺ௠ሻሺݔ, ሻหߩ ൑ ௠|ߩ|ܥ ሻܽ|ߩ݉ܫ|ሺെ݌ݔ݁ ሺܽ|ߩܴ݁|ሺ݌ݔ݁ െ ሻሻݔ , ݔ א ሾ0, ܽሿ, ߩ א Πାതതതത,   

 (31) 

                 |∆ሺߩሻ| ൒ |ߩ|ܥ ሻܽ|ߩ݉ܫ|ሺെ݌ݔ݁ ሻܽ|ߩܴ݁|ሺ݌ݔ݁ ߩ   , א  (32)                                 ,ߜܩ

൞
ห߶ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ሻܽ|ߩܴ݁|ሺെ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺെ݌ݔ݁ െ ܽሻሻ , ݔ ൐ ߩ    ,݀ א      ,  ఋܩ
ห߶ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ሻܽ|ߩܴ݁|ሺെ݌ݔ݁ ݔሺ|ߩ݉ܫ|ሺെ݌ݔ݁ െ ܽሻሻ , ݔ א ሾܽ, ݀ሻ,    ߩ א ,ఋܩ
ห߶ሺ௠ሻሺݔ, ሻหߩ ൑ ௠ିଵ|ߩ|ܥ ሻݔ|ߩܴ݁|ሺെ݌ݔ݁ , ݔ א ሾ0, ܽሿ, ߩ א                                            .ఋܩ

  (33) 

        It follows from (25), (26), (27), (29) and (33) that for  ݔ ൒ ߩ  ,0 א   ,ఋܩ
                                 | ଵܲଵሺݔ, |ሻߩ ൑ |    ,ܥ ଵܲଶሺݔ, |ሻߩ ൑  . ଵି|ߩ|ܥ

Using Lemma 4.1, we have ଵܲଵሺݔ, ሻߩ ൌ ଵ࣠ሺݔሻ and ଵܲଶሺݔ, ሻߩ ൌ 0  for each ݔ ൒ 0. 
Together with (30), we have for all  ݔ,   that  ߩ

ଵ࣠ሺݔሻ෥߮ሺݔ, ሻߩ ൌ ߮ሺݔ, ,ሻߩ ଵ࣠ሺݔሻ߶෩ሺݔ, ሻߩ ൌ ߶ሺݔ,  ሻ.                                  (34)ߩ

By the assumption of Theorem 4.1  and the Weyl function in Theorem 3.1, we 
infer ߙଵ ൌ  .෤ଵߙ

First let  ݔ א ሾ0, ܽሿ. Taking the functions ߮௝ሺݔ, ,ݔሻ  and ݁ሺߩ ݔ  ሻ forߩ א ሾ0, ܽሿ, 
∆ሺߩሻ, (19), (23) and equality ߙଵ ൌ |ߩ| ෤ଵ, we get asߙ ՜ ∞, arg ߩ א ቀ0, గ

ଶ
ቁ,   

ቐ

߮ሺߩ,ݔሻ
ఝ෥ ሺߩ,ݔሻ

ൌ ݌ݔ݁ ቀെ݅൫ܳሺݔሻ െ ෨ܳሺݔሻ൯ቁ ሾ1ሿ,
థሺߩ,ݔሻ
థ෩ ሺߩ,ݔሻ

ൌ ݌ݔ݁ ቀ݅൫ܳሺݔሻ െ ෨ܳሺݔሻ൯ቁ ሾ1ሿ.   
                                                    (35) 

One has from (34) and (35) that  

ଵ࣠ሺݔሻ ൌ ݌ݔ݁ ቀെ݅൫ܳሺݔሻ െ ෨ܳሺݔሻ൯ቁ ሾ1ሿ,   ଵ࣠ሺݔሻ ൌ ݌ݔ݁ ቀ݅൫ܳሺݔሻ െ ෨ܳሺݔሻ൯ቁ ሾ1ሿ,             (36) 

and consequently,  ܳሺݔሻ ൌ ෨ܳሺݔሻ and  ࣠1ሺݔሻ ൌ 1 for  ݔ א ሾ0, ܽሿ. 
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Let  ݔ א ሾܽ, ݀ሻ. Taking the functions ߮௝ሺݔ, ,ݔሻ and ݁ሺߩ ݔ  ሻ forߩ א ሾܽ, ݀ሻ,  ∆ሺߩሻ, 
(19), (23) and equalities ߙଵ ൌ ෤ଵ and   ܳሺܽሻߙ ൌ ෨ܳሺܽሻ into accounts, we have as 
|ߩ| ՜ ∞, arg ߩ א ቀ0, గ

ଶ
ቁ,  

                    ቐ

߮ሺߩ,ݔሻ
ఝ෥ ሺߩ,ݔሻ

ൌ ሻݔ൫ܳ௔ሺ݌ݔ݁ െ ෨ܳ௔ሺݔሻ൯ ሾ1ሿ,       
థሺߩ,ݔሻ
థ෩ ሺ௫,ఘሻ

ൌ ݌ݔ݁ ቀെ൫ܳ௔ሺݔሻ െ ෨ܳ௔ሺݔሻ൯ቁ ሾ1ሿ,
                                        (37) 

where ܳ௔ሺݔሻ ൌ ଵ
ଶ ׬ ௫ݐሻ݀ݐଵሺ݌

௔ . It follows from (34) and (37) that  

ଵ࣠ሺݔሻ ൌ ݌ݔ݁ ቀܳܽሺݔሻ െ ෩ܳ
ܽሺݔሻቁ ሾ1ሿ,   ଵ࣠ሺݔሻ ൌ ݌ݔ݁ ൬െ ቀܳܽሺݔሻ െ ෩ܳ

ܽሺݔሻቁ൰ ሾ1ሿ.         (38) 

Therefore ܳ௔ሺݔሻ ൌ ෨ܳ௔ሺݔሻ and  ଵ࣠ሺݔሻ ൌ 1 for  ݔ א ሾܽ, ݀ሻ. 
Now let   ݔ ൐ ݀. Analogously taking the functions ߮௝ሺݔ, ,ݔሻ and ݁ሺߩ  ሻ forߩ

ݔ  ൐ ݀, ∆ሺߩሻ , (19), (23) and equalities ߙଵ ൌ ෤ଵ,  ܳሺܽሻߙ ൌ ෨ܳሺܽሻ and  ܳ௔ሺ݀ሻ ൌ ෨ܳ௔ሺ݀ሻ 
into accounts, we get as |ߩ| ՜ ∞, arg ߩ א ቀ0, గ

ଶ
ቁ, 

 ቐ

߮ሺߩ,ݔሻ
ఝ෥ ሺߩ,ݔሻ

ൌ ሻݔ൫ܳௗሺ݌ݔ݁ െ ෨ܳௗሺݔሻ൯ ሾ1ሿ,       
థሺߩ,ݔሻ
థ෩ ሺߩ,ݔሻ

ൌ ݌ݔ݁ ቀെ൫ܳௗሺݔሻ െ ෨ܳௗሺݔሻ൯ቁ ሾ1ሿ,
                                                 (39) 

where   ܳௗሺݔሻ ൌ ଵ
ଶ ׬ ௫ݐሻ݀ݐଵሺ݌

ௗ .  It follows from (34) and (39) that  

ଵ࣠ሺݔሻ ൌ ሻݔ൫ܳ݀ሺ݌ݔ݁ െ ෩ܳ
݀ሺݔሻ൯ ሾ1ሿ,   ଵ࣠ሺݔሻ ൌ ݌ݔ݁ ቀെ൫ܳ݀ሺݔሻ െ ෩ܳ

݀ሺݔሻ൯ቁ ሾ1ሿ,           (40) 

and consequently,  ܳௗሺݔሻ ൌ ෨ܳௗሺݔሻ and  ଵ࣠ሺݔሻ ൌ 1  for   ݔ ൐ ݀. 
Thus ݌ଵሺݔሻ ൌ ሻݔሻ,  ଵ࣠ሺݔ෤ଵሺ݌ ൌ 1  for all ݔ ൒ 0.  According to (34), we have  

           ෤߮ ሺݔ, ሻߩ ൌ ߮ሺݔ, ,ݔሻ,    ߶෨ሺߩ ሻߩ ൌ ߶ሺݔ,  ሻ.                                         (41)ߩ

Hence ݌଴ሺݔሻ ൌ ݔ  ሻ for allݔ෤଴ሺ݌ ൒ 0, and ߙ଴ ൌ   .෤଴ . Theorem 4.1  is provedߙ

5. Conclusions 

Through a survey of previous works, it is revealed that discontinuous inverse 
problems for differential pencils with  turning points are not investigated. In this 
paper, a uniqueness theorem for a solution of  this  inverse problem has been 
studied and the spectral mappings’ method has been used that the Weyl function 
plays an important role in it. 
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