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ANALYSIS OF TRIPARTITE GAME IN POWER SYSTEMS BASED ON
UNCERTAIN NASH EQUILIBRIUM THEORY

Liang Wu', Xiaolin Yan?, Zhangsong Yao®, Teng Zhao*

Power systems serve as the fundamental infrastructure for the socioeconomic
development of modern societies. Researching power systems can stimulate the growth of
the power industry and contribute to the sustainable development of society. This paper
aims to address uncertainties prevalent in power systems, including extreme weather
events, disruptions in renewable energy supply, and adjustments in economic policies. To
achieve this objective, an uncertain Nash equilibrium model is established. Subsequently,
a game theoretic analysis is conducted to mazximize the interests of users, grid companies,
and proxy purchasers. Under the condition of not necessarily continuous differentiability,
the Riemann-Stieltjes discrete approximation method has been proposed. The difficulty
of calculating the expectation of the optimal revenue function has been resolved. Weak
first-order equilibrium condition based on Clarke’s generalized gradient, the convergence
and convergence rate of uncertain Nash equilibrium solutions are proved.

Keywords: uncertain Nash equilibrium, power system, tripartite game, uncertainty
theory.

1. Introduction

Power systems represent essential and intricate engineering systems within modern
society. The development of the power industry is closely tied to economic progress, as
electrical energy plays an indispensable role in socio-economic production. With the trans-
formation of the electricity market, the decision objectives of participating entities have
shifted from complying with uniform and centralized dispatch to pursuing individual profit
maximization. Consequently, scholars have recognized the theoretical and practical value
of applying game theory to study the competitive behavior of stakeholders in the electrical
markets.

Game theory, originally proposed by Von Neumann in the early 20th century, is a dis-
cipline that primarily explores human decision-making behavior and interactions. It enables
the investigation of optimal strategies and expected payoffs of decision-makers in differen-
t scenarios. In a game, each decision-maker faces a problem influenced by the decisions
of others, leading to different outcomes and payoffs. Nash equilibrium, a central concept
in non-cooperative games, provides a framework for understanding and analyzing various
game situations. Studying Nash equilibrium helps us comprehend and explain social and
economic phenomena such as market competition, political games, and decision-making in
warfare. Game theory has been successfully applied to electrical markets related to economic
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interests, yielding significant achievements in power systems research [1, 2, 8, 13]. Qin et
al. [16] established a game theory model to determine the market equilibrium by minimiz-
ing the operating costs of the power system and maximizing the profits of mobile energy
storage, using the sequential dispatch algorithm to obtain the optimal strategy. Moafi et
al. [14] evaluated the cooperative strategies of participants in the power system based on a
three-level game-playing framework, proposing particle swarm optimization and fuzzy logic
algorithms to obtain effective cooperative strategies, thereby reducing electrical costs and
increasing profits.

Addressing large-scale complex electrical market equilibrium problems presents schol-
ars with new challenges. In such cases, Nash equilibrium has become a crucial theoretical tool
for studying the behavior and decision-making of power system participants. Wu et al. [24]
established a multi-player non-cooperative differential game model based on optimal control
theory. They successfully proved the existence and uniqueness of Nash equilibrium prices by
utilizing a distributed algorithm that incorporates neural dynamics and consensus theory. In
the electricity market, the pricing strategy of the participants directly affect the competitive-
ness and efficiency of the market. By analyzing the strategic interactions of the participants,
the equilibrium prices and supply-demand relationship in the market can be predicted, which
can be used to optimize the market design and regulatory policies. Moreover, the study of
Nash equilibrium contributes to risk management and coordination in the power system,
promoting its stability and reliable operation [3, 4, 9, 12, 17-22, 26, 27, 29, 30, 32-34].

However, due to the complex multi-stakeholder nature of the power systems, encom-
passing power plants, transmission lines, distribution networks, and end-users, interdepen-
dency, and mutual influence among these participants, and their decisions have significant
impacts on the entire system. The power system is also subject to various uncertainty factors
affecting its operation and planning, including extreme weather events leading to load uncer-
tainty, interruptions or reductions in renewable energy supply causing energy uncertainty,
and uncertainties in electricity market prices due to economic impacts, policy changes, or
energy storage technologies. Addressing these uncertainties is crucial for ensuring the re-
silience and efficiency of the power system [23, 25, 28]. Gao and Sheble [5] demonstrated
the high sensitivity of equilibrium solutions to the level of asymmetric information faced by
two-stage renewable energy in the presence of uncertainty. Qiao et al. [15] constructed a
game model for real-time markets, taking into account the uncertainty of electrical supply
and analyzing its impact on hourly electricity prices. They solved the optimal electrici-
ty pricing problem by maximizing expected revenue under risk conditions, obtaining the
optimal electricity price under risk conditions.

While the existing literature has made significant contributions to power system re-
search, there has been limited attention given to the phenomenon of uncertainty, charac-
terized by a lack of historical sample data. To address this issue, Liu [11] proposed the
uncertainty theory. In this paper, we aim to maximize the profits of users, power com-
panies, and agent power purchasers by thinking over the uncertainties present in power
systems. To achieve these objectives, an uncertain Nash equilibrium model is established.
In cases where the optimal revenue function expectation cannot be computed and the ob-
jective function is non-differentiable, the Riemann-Stieltjes discrete approximation method
is employed. Finally, the convergence of uncertain Nash equilibrium solutions is analyzed.

The remainder of the paper is structured as follows: Section 2 provides some necessary
definitions. Section 3 considers user-based uncertain loads and establishes an uncertain Nash
equilibrium model. Section 4 formulates the equilibrium solution within a three-layer game
aiming to maximize participants’ profits. Section 5 presents the convergence and convergence
rate of uncertain Nash equilibrium solutions based on the weak clarke first-order equilibrium
conditions.
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2. Preliminaries

Definition 2.1 ([31]). If limsupH (h) C H(h), it is equivalent to limsupH (h) = H(h). In
h—h h—h 3
this case, a set-valued mapping H : R™ — R™ 1is said to be upper semi-continuous at h.

Here, T is a non-negative integer, and

limsupH (h) : = U limsupH (h")
h—h h—Th T—00

={j |30 = h,357 — j with j7 € H(h")}.

Definition 2.2 ([7]). Suppose we have a sequence of functions {,(x)} that satisfies the
following two conditions: (1) For all n, the function ,(§) is bounded and integrable, i.e.,
[ 1n(8)|d§ < oo, and there exist constants p,, such that |,(§)] < pn holds for almost all
§. (2) The function sequence {,(§)} converges to the function (8§), i.e., lim, o0 n(§) = (§)
holds for almost all §. Under these conditions, the function (§) is uniformly integrable.

Definition 2.3 ([7]). Consider a sequence of integrable and bounded random closed sets in
a separable Banach space, denoted as Tn. If | T, || is uniformly bounded and, as n — oo, the
expectation of Tn denoted by E(Tn), converges to the expectation of ¥ denoted by E (%), we
have nh_)rr;OE(Tn) = E(%).

Definition 2.4 ([6]). Let (2,T,0) be a measure space, and let 9, be a sequence of mea-
surable functions defined on (Q,T,0) such that ¥, converges almost everywhere to . Fur-
thermore, assume there exists an integrable function ¢ such that |9,(0)| < ¢(0) for all n and
0 € Q. Then, the following equalities hold:
/ 9(0)dO(0) = lim [ 9,(0)dO(0) = / lim 9,,(6)dO(0).
Q

Definition 2.5 ([6]). Let |P| := Zmﬂgr||§||, then the deviation between the sets P1 and
§e

Py is defined as D(P1,Ps) := sup dist(§,Ps), where P represents a compact vector set.
§SeP1
dist(§,P) := inf||§ — §'|| represents the distance from a point § to P.
§'eP

The deviation function D satisfies the following properties for sets Z1,22,23:

D (Z1,22) <D (Z1,23) + D (Z3,22), (1)
D(Z1 + 23,22+ Z3) <D (21, 22), (2)
@(Z1—|—Zg,23+zx4) SD(Zl7Z3)+D(ZQ,Z4). (3)

This paper encompasses several definitions related to the theory of uncertainty. For
detailed information, please refer to [10].

3. Uncertain Nash Equilibrium Model in Power Systems
3.1. User Game Model D

The user model D comprises d load-consuming users. Each user possesses multiple
electrical devices, and we represent the user set as D = {1,2,--- ,d}, with corresponding
geographic locations Sy = [S1,S52, - ,5¢]. Throughout the game process, based on the
different load attributes of the electrical devices, we classify the user loads into four categories
based on their load attributes: quantitatively adjustable but time-dependent loads (A;),
time-dependent but quantitatively adjustable loads (As), fixed loads (Ajs), and uncertain
loads (Ay).

Assuming that the electricity consumption for each day is divided into time intervals,
denoted as Am = m — m_;, we represent the set of time points as M = (mq,ma, -+ ,m).
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The total electricity consumption of all electrical devices owned by user d at time m is
determined by the following expression: (d,,0) = (d, A1,) + (d, Aa,) + (d, As,) + (d, Ay, ).

In the context of this academic paper, the electricity consumption of user d for devices
Ay, Ay, Az, and A4 during time interval m is represented by (d, A1,), (d, As,), (d, As,),
and (d, Ay, ), respectively. These quantities indicate the amount of electricity consumed by
user d for each specific device during the given time interval. The distribution matrix of
electricity consumption for all users is defined as follows:

(1,1,0) (1,2,6) --- (1,,6)
2(d..0) = (2,%,9) (2,?,0) (2,.,9)

(d,1,0) (d,2,0) --- (d,,0)
Unit electricity price chosen by user d in time interval is represented by the vector:

(d) = [(d’ l)a (d72)7 T 7(d7)]7

(d )_{ 10, fO =min{f(n,) — Af(n), fFO};
’ f(n,)7 f(nv) - Af(n) = min{f<n7) - Af(n),f()},

where f = [f(1), f(2),---, f()] represents the price vector corresponding to the time vector
published by the power company. There are n proxy power retailers, and the price vector
for retailer D,, is denoted as f(n) = [f(n,1), f(n,2),---, f(n,)]. Af(n) represents the unit
electricity subsidy obtained when a user chooses proxy retailer D,,.

The payment distribution matrix for user d is given by:

A1) T,2) - (1)
H(Q,l) H(Q,Q) H(Q,)
M(d,1) T(d2) - TI(d)

where TI(d, ) represents the payment made by user d at time m, defined as: II(d,) = (d,) -
(d,,0). The payment matrix for all users is defined as follows:

F(1) T0(1,1) 4 I1(1,2) + - -- + TI(1,)
F(2) Im(2,1) + 11(2,2) + - - - + T1(2,)

F(d) I0(d, 1) + I1(d, 2) + - - - + 1I(d, )
where F'(d) represents the total payment made by user d in one cycle, given by:

F(d)= Y T(d,)=T1(d,1) + II(d,2) + - - + II(d,).
meM

The electricity consumed by various types of devices within m brings the utility value to
user d as follows: By = a-(d, A1,),Bs = b-(d, As,), B3 = ¢-(d, As, ) and By = wyp-(d, Ay, ,0),
here, a and c are constants representing the proportional relationship between the utility of
Ay and Aj devices, respectively, and the amount of energy consumed. b is a function of m
that represents user d’s requirements for the operating time of A, devices. wy is a function
of @ that reflects user d’s requirement regarding the uncertain energy consumption of Ay
devices.

Utility obtained from the energy consumption of all devices for user d within m is
given by: B = By + B3+ B3+ By, the total utility obtained by user d within one time period
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is defined as B(d) = >_,, <)/ (B1 + B2 + Bs + By), and thus the utility matrix for the users
is:

B(l) a'(l,A17)+b'(17A2,)+C'(1,A3,)+1U9'(1,A4,70)
B B(Q) a'(27A17)+b'(27A27)+C'(23A3a)+w0'(23A4379)
B(d) a'(d,Al,)+b'(d7A2,)+C'(d,Ag,)+1U9'(d,A4,,0)

User revenue C(D) = B — F.

3.2. Grid company model D
The income distribution matrix of the power grid company is given by:
Ip=® T ®) + - By -1+ By,
where p represents the transaction fee coefficient for interregional transactions. ®g and @,

are the selection matrices of users, while &, and 56 are used to calculate the supply volume
of the power purchasing agent. Power grid company’s income is I = Io(1)+1(2)+- - -+1y(d).
C represents the cost of the power grid company. The revenue of the power grid company
is denoted as: C(D) =1-C.

3.3. Agent Power Purchasing Model D,

There are n agent power purchasing entities, represented by the collective set D,, =

{1,2,--- ,n}, corresponding to geographical locations S, = [S1,S2, - ,Sn]. The income
distribution matrix for the agent power purchasing entities is given by:
L@ I(2) - L0

L) L) - ()

I=0, 18, =" _

9

L) 1L2) - 10
here, ®,, and ®/, represent the user selection matrices. I, = I}, (1) + I/ (2) + - -- + I/,() said
agent power purchase business income. C, represents the cost of the purchasing agent for
electricity. This income matrix of the agent power purchasing entities is represented as:
T
[11 I I,

Profit of agent power purchasing entities C(D,,) = I, — Cp,.

4. Equilibrium Solution in the Tripartite Game of Users, Power Grid Com-
panies and Power Purchasing Agents

For users, their optimal strategy is determined by maximizing the profit of the agent

power purchasing entities:
2" = argmaxC(D),
(d,)

ZmGM (d’ Alv) = Q(da A1)7
Z'm,GM (d, As, ) = [Qmin(dv A2)7 Qmax(dv AQ)L
Zmejw (d’ A37 ) = Q(da A3)7
Yoment (dy Ay, 0) = [Prin(d, Ag, 0), Prax(d, Ay, 0)].

For both the power grid company and the agent power purchasing entities, their
optimal strategy is determined by maximizing the profit of the power purchasing operation:

such that

= argrr}%xc(D), f*(n) = arg ;rga>§C(Dn)7
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f() € [fmim fmax]a
s.t. f(n,) € [fmin(n)7 fmax(n)]v
9(7%) € [a@min(n)? Qmax(n)}'

Assuming the strategy combination of the three-party game is denoted as k' =
[fs fis fo, s fas1y2, 5 4], we can define the problem of uncertain Nash equilibrium from
a mathematical perspective as follows:

Definition 4.1. To find a point k' that satifies the inequality Cy(ky, k. ;,0) > Cy(ky, k., 0),
where kg represents the decision variable of the g-th participant with its strategy selection as
k;; k_g4 represents the decision variables of all other participants except the g-th participant
with their strategy selection as k:’_g. 4 represents the electricity allocation vector for user d,
f represents the electricity pricing arrangement vector for the power grid company, and fy

represents the electricity pricing arrangement vector for the agent power purchasing entities.

Assuming that participant g achieves the optimal value Cy(ky, k., ¢) at the equilib-

rium point k', we can further define the uncertain Nash equilibrium problem as follows:

Definition 4.2. Consider an uncertain Nash equilibrium problem: the objective is to find a
point k' that satisfies the following condition:

€, (ky K.y, 6) = min E[C,,C",.6], (4)

where K, represents the decision set for participant g, Cy(-, k_g,0) : R"™ — R is Lipschitz
continuous function, 8 € © is an uncertain variable defined in the uncertain space (T,0,U),
and E denotes the mathematical expectation with respect to the distribution of the uncertain
vector 6.

Let Cy(kg,k_g,0) represent the optimal profit function, when it is not possible to
express E [Cy(kgy,k_g,0)] in a closed form, the objective function in equation (4) is approx-
imated by discretizing it using Riemann-Stieltjes integration. This approximation can be
expressed as: CL(ky,k_g,0) := %Zle Cy(kg,k—g,0"). Therefore, we consider the Nash e-
quilibrium problem with a discrete approximation using Riemann-Stieltjes integration. The
gogal is to find a point kX := (kf kL, ... ,k;é) € Ky x Ky x --- x K, that satisfies:

LiL 1.L gl . L L pl
Cy(ky k2 ,0%) = kgg}gqeg (kg,kZ,,0"). (5)
In practice, equation (4) is referred to as the true problem, while equation (5) is known as
the discrete approximation problem.

5. Convergence Analysis of Uncertain Nash Equilibrium Solutions

For uncertain optimization problems involving multiple participant g, when the op-
timal profit function Cy(ky, k—4,0) is not necessarily continuously differentiable, this paper
consider a weak Clarke first-order equilibrium conditions for (4) and (5) based on the Clarke
generalized gradient. These conditions can be formulated as follows:

0 € E [0k, Cylky, k_g,0)] + Ok, (k). (6)
1 L
0€ i3 l_zlakgcg(kgv k_g,0") + Ok, (ky), (7)

where Ok, Cy(ky,k_g,0) represents the Clarke generalized gradient of Cy(ky,k_g,0) with
respect to k,. We refer to the points &’ that satisfy (6) as weak uncertain Clarke Nash
equilibrium points. The points k” that satisfy (7) are referred to as discrete approximate
weak uncertain Clarke Nash equilibrium points.
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To simplify the notation, let’s denote

Hak (kgy kg, 0) := Oy Cr (K1, k—1,0) X - x Dy, Cylky, kg, 0)

and
[0k, (ky) = 0k, (k1) x -+ x Ok, (k).

Let
Hak (kgs k—g,0)] == B[O, C1(k1,k-1,0)] x -+ x E[0x,Cy(ky, kg, 0)],

then equation (6) can be formulated as follows:

OeEHc’ik (kg k—g,0)] + [ [ O, (y)- (8)

If {kL} is a sequence of approximate clarke Nash equilibrium points for problem (5),
then its accumulation point represent a weak uncertain clarke Nash equilibrium point for
the true problem (4). In some cases, it is possible to obtain an uncertain Nash equilibrium
when solving the discrete approximation problem, i.e., {k*} serves as an uncertain Nash
equilibrium for (5). To substantiate this claim, we present the following theorem for proof.

Theorem 5.1. Consider kX as a solution to (7). Assuming the following conditions hold:
(1) C(-,k_g4,0) is Lipschitz continuous on K, with modulus hy(0), where h: @ — RT is a
measurable and integrable function satisfying E[hy(0)] < co. (2) Ok, Cy(kg,k_g,0) is closed
for (kg,k_g) in the space K, x K_,, then the sequence {k*} possesses a bounded subsequence
that lies within a compact subset & of K. A limit point from this subsequence satisfies (6).
Proof. Taking into account the case where {k”} is contained in ¢ Since 8y, Cy(kg, k—g,6)
is closed for (kg, k—g) in the space K, x K_g, it following that 8kg Cg(kg, k,g, 6) contains all
its limit points. In other words,
lim supdy, Cy (kg, k—g,0) C 0 Cylky, kg, 0).
k—k »

By utilizing the Definition 2.1 of outer semi-continuity, we conclude that 9, Cy(kg,k_g,0)
is outer semi-continuous. Consequently, ]| g Ok, Cy(kg, k_y,0) is also outer semi-continuous
on K. Based on assumption (2), we have

H l_la’C g(kg kg, 0 H < Zhg(‘g)

where E[Zg hy(0)] < oc.

For Yk € ', ||Cy(kg, k—g,0)|| < fig(0), which implies ||clconvC(kg, k_g,0)|| < hg(0).
In other words, Ef||clconvC(kg, k_g4,8)|]] < E[Rg(f)] < co. For Vk,k € # and 0 € Q, we
can obtain from (3) that

D (clconvC(lAcg, l;:,g, 6), clconvC(kg, k_g, 9))
<D (clconvC(l%g, I%,g, 0) + cleonvC(ky, k_g,0), N(l%g, l%,m 0) + Clkg, k—g, 9))

<D (clconv(,*(l};g, k_g,0),Clky, k_g, 9)) + D (cleonvC(ky, k_ 4, 0),Clkg, k_g,0))
< hg(8) + hy(0)
< 2%, (6).



124 Liang Wu, Xiaolin Yan, Zhangsong Yao, Teng Zhao

Consider a monotonically decreasing sequence , — 0. Let .#(k,,) denote a ball
centered at k with a radius of .. Based on Definition 2.4, we have

lim sup D (clconvC(lAcg, I%_g, 6), cleconvC(kg, k_g, 0)) d®(0)
P70 JA ke (ko)

:/ lim sup D(clconvC(l%g,l%_g,ﬁ),clconvC'(kg,k_g,e)) d®(6).
QT 0%ke S (k)

Since C(-,k_g4,6) and clconvC(-, k_g4, 0) is outer semi-continuous at K, and point k.

Forall0€Q, sup D (clconvC’(l%g, E_Q,H),CICOHVC’(k:g, k_g, 9)) — 0, we have
ke (k,z)

lim sup D (clconVC(lég, ki_y,0), cleonvC (kg k_g, 9)) d®(0) = 0. (9)
TTOJQ e (kya)

According to (3), we can conclude the following for any ket
1< 1 &
D4 D Colky kg, 0, 7 > Colhig, by, 0"))
I=1 1=1

[ﬁ(cg(ifg’ ];79’91) toee Cg(lega k,g79L), Cg(kg’ k*g"gl) toee Cg(ksn kg, QL))}

Sk

[D(Cy(ky, kg, 0'), Cylkg,, kg, 01)) + -+ D(Cylky, kg, 0%), Cylky, k—g,0%))]

L
ST D(Cylky, kg, 07), Cylky, kg, 6Y)),

therefore, we have

L L

1 PN 1
Csup D Y Cylhy kg, 0'), 2> Cylky, kg, 0")
ke (ko) L L

(10)
1
<> sup D (Cyllhy, g0, Colky oy 6))

=1 key(km)
Using the method of discrete approximation, we can derive the following:
o1 L A 1 l
lim =3 sup D (Cylhy kg, 0"), Cylhig, by, 61)
T—00 &

121 ke (hya) (11)

= E[ sup D (Cy(kg, k—g,0), Cylkg, k_g,0))].

ke (k,x)

With an increased level of discretization, we can observe that for any given € > 0, the
following inequality holds based on equations (9), (10), and (11):

L L
1 . 1
sup D <L§ :cg(kg,k_g,el),ZE :cg(kg,k_g,el)> <e.
=1

ke (k,x) -1

Since % is a compact set, there exist a finite set of points k, € 27, each with its own
neighborhood . (ky, ), such that & C U, . (ky,7,). For V6 € €, there exists an integer L’
such that when L > L' and r’ < r, the following inequality holds:

L L
1 P 1
sup D <L E :Cg(kgvk—gael)a i3 E C_q(k;gak—mel)) Se

ke (kg I=1 =1
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Therefore, for each point k; when L > L', the following inequality holds:

L L
1 1
D(f D Cylkg kg, 0, L > Colky,k—g,01) <€
=1 =1

For any point k € J¢, there exists k € 7 (kg,") for some g, and we have

L
D5 3 Cylly ko0, E] | eloonvCiiy, by, 6)])
=1

ke V(k )

Cylkig kg, 0 ZC kg k—g,6"))

ST
M=

<D(

N
I
-

Cy(ky,k_g,0"), ElcleonvC (ky, k_g,0)])

M:

+ D(

Il
_

L
+@(E[CICOHVC(ICQ,k,g,e)LE[ U ClCOIlVC(]ACgJ%,g,Q)])
ke (k,)
< 2e.

Since € can be arbitrarily small, we can conclude that:

Lh_}rréo— Zc (kgyk_g,0") C E[A U cleonvC(ky, k_y,0)]. (12)
ke (k,)
According to (12), consider any fixed positive value for . For k € ', the product
11, [% Zle Ok, Cylky, k_g, GZ)} over the compact set ¢ satisfies the following:

lim Zak (kg kg, 0] C B[ | cleonv ] 0k, Cylky, kg, 0)].

L—oo N
ke (k,) 9

Let k' be an accumulation point of { K}, and assume (if necessary, by considering a
subsequence) that { K%} — k. Utilizing the properties of D described in (1), we obtain:

L
1
DT S0k 0], EL U clooms [[0Coti 10
g =1

ke (k,) g

L
_D(H[%Z@kQLCg(kQL7k5g,9l)],E[ U cleonv [T akeCy(ky K, 0)])
g =1

kLe (k,) 9
+D(E[ U clcoan@kgLC (kk K, 0)], B[ U clcoan@kf (ki k', 0)]).
kLes(k,) g k'e S (k,) g

From equation (12), it is evident that as L — oo, the first term on the right-hand side of
the inequality approaches 0. Furthermore, based on the convergence of {K'} — k’, we can
conclude that the second term also tends to 0. In other words,

L
lim [%Z@kQLC k. Kk, 0] C B U clcoan@k/ (kg k4. 0)]. (13)

L—oo
k'e S (k,) g

Since k' is an uncertain clarke Nash stationary point, it satisfies (6). The clarke
normal cone O, (ky) is outer semi-continuous, which implies that [], Ox, (k) is also outer
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semi-continuous. From (13), we can deduce that k' satisfies

0oeB[ |J ceonv]]dkCylk, K ,.0)] + ] Ox, (k). (14)

ke (k,) g

Considering that . 9 )H Ok Cg(ky, k.4, 0) is bounded and integrable by - 7iy(0), and

‘e
since

lim ) [0k Colky k2, Hak, (i), k. 0),

Ovesr(k) o
as per the definition of uniform integrability, we have || H Oy Cy(ky, kg, 0)| is
uniformly integrable.
Moreover, since || e /(k )H Oy Cy(ky, kL g, 0)| is closed, we can apply Definition 2.3,

resulting in:

B[ () []owColky k0] = Ellim | )]0k, Colky, k", 0)]

ke (k,) 9 ke (k,) 9
Hak/ (K K. 0)].

According to (14), this implies that &’ satisfies (8), thereby demonstrating the convergence
of weakly uncertain clarke Nash equilibrium points. O

The following theorem establishes the exponential convergence of the discrete approx-
imately stationary sequence {kL } to the solution K’ of (4), without requiring the condition
of the metric regularity type.

Assume the following hold:

(a) The mapping C(-,k_g,0) is Lipschitz continuous on K, with a modulus f4(#), where
Elhy(0)] < oo.

(b) E[(Cy)k,(kg,k_g,0,vy)] is continuous on 7.

(c) Define fy(0) = hg(0) + £4(0), where h, represent the moment generating function of
f,(0), and E[e'¥+(9)] is finite for ¢ close to 0.

(d) (Cy)r,(kg,k_g,0,vy) has a modulus £,(#) and order 6 on %#, for ke o with |k—k|| <,
satisfying |p(k, 0) — p(k, 0)] < Ly 0|k — k||°, where @ is a real-valued function.

Theorem 5.2. Let # C K be a non-empty compact subset of K, and K’ be a set of weak
clarke Nash equilibria of the true problem (4) within J . Assuming that for a sufficiently
large L, the sequence {k:L}L lies within &, under assumptions (a)-(d), the sequence

{kL} converges to K' at an exponentml rate. In other words, for any small positive € > 0,
there exist positive integers p and o independent of K, such that when L is sufficiently large,
we have: U {dist(k:L,K’) > e} <p-e

Proof. See [10] for detailed proof. O

6. Conclusion

Based on an uncertain Nash equilibrium model, this paper investigates the game s-
trategies of users, power grid companies, and proxy electricity purchasers in a power system.
We develop a model based on the uncertain load of the users and derive the profit function
for the three parties. Finally, the uncertain Nash equilibrium solutions are obtaine, and its
convergence is analyzed. Theorem 5.1 provides proof of convergence for weakly uncertain
Clarke Nash equilibrium points. Furthermore, Theorem 5.2 demonstrates the convergence
rate of weakly uncertain Clarke Nash equilibrium points, indicating that the discrete approx-
imation sequence {kL } converges exponentially to the solution K’. This research is critical



Analysis of tripartite game in power systems based on uncertain Nash equilibrium theory 127

in providing risk management and decision support tools to assist participants in power
systems in making informed decisions, mitigating risks, and optimizing system operations
in uncertain environments.

Acknowledgments

This work was supported in part by Natural Science Foundation of Ningxia (grant No.

2020AAC03242), the Major Projects of North Minzu University (grant No. ZDZX201805),
Governance and social management research center of Northwest Ethnic regions and First-
Class Disciplines Foundation of Ningxia (grant No. NXYLXK2017B09), Postgraduate In-
novation Project of North Minzu University(grant No. YCX23086).

1]

REFERENCES

C. Alasseur, L. Campi, R. Dumitrescu and J. Zeng, MFG model with a long-lived
penalty at random jump times: application to demand side management for electricity
contracts, Ann. Oper. Res., 336(2024), 541-569.

M. Aryanezhad, A robust game-theoretic optimization model for battery energy storage
in multi-microgrids by considering of renewable based DGs uncertainty, Electr. Pow.
Syst. Res., 204(2022), Art. No. 107591.

M. Banaei, M. O. Buygi and H. R. Sheybani, Supply function Nash equilibrium of joint
day-ahead electricity markets and forward contracts, In. J. Elect. Power, 113(2019),
104-116.

Z. Fu, Y. Lin, D. Yang and S. Yang, Fractional fourier transforms meet Riesz potentials
and image processing, STAM J. Imaging Sci., 17(2024), 476-500.

F. Gao F and G. B. Sheble, Electricity market equilibrium model with resource con-
straint and transmission congestion, Elect. Pow. Syst. Res., 80(2010), 9-18.

O. Hernndez-Lerma and J. B. Lasserre, Fatou’s lemma and Lebesgue’s convergence
theorem for measures, Int. J. Stochastic Anal., 13(2000), 137-146.

F. Hiai, Convergence of conditional expectations and strong laws of large numbers for
multivalued random variables, T. Am. Math. Soc., 291(1985), 613-627.

Q. Huang, Y. Xu and C. A. Courcoubetis, Strategic storage operation in wholesale
electricity markets: A networked cournot game analysis, IEEE Trans. Netw. Sci. Eng.,
8(2021), 1789-1801.

Z. Jia, Global boundedness of weak solutions for an attraction-repulsion chemotaxis
system with p-Laplacian diffusion and nonlinear production, Discrete and Continuous
Dynamical Systems-Series B, 28(2023), 4847-4863.

C. Li, T. Zhao and H. M. Yee, Convergence rate analysis of a class of uncertain varia-
tional inequalities, IEEE Access, 11(2023), 57772-57782.

B. Liu, Uncertainty theory, M. Springer Berlin Heidelberg, pages 131-175, 2010.

G. Liu, X. Chen, Z. Shen, Y. Liu and X. Jia, Reachable set estimation for contin-
uous delayed singularly perturbed systems with bounded disturbances, Appl. Math.
Comput., 416(2022), Article number 126751.

L. Mitridati, J. Kazempour and P. Pinson P, Design and game-theoretic analysis of
community-based market mechanisms in heat and electricity systems, Omega, 99(2021),
Art. No. 102177.

M. Moafi, R. R. Ardeshiri, M. W. Mudiyanselage, et al., Optimal coalition formation
and maximum profit allocation for distributed energy resources in smart grids based on
cooperative game theory, Int. J. Elect. Power, 144(2023), Art. No. 108492.

H. Qiao, Z. Zhang and Q. Su, The optimal hourly electricity price considering wind elec-
tricity uncertainty based on conditional value at risk, Int. J. Green Energy, 18(2021),
512-524.



128

Liang Wu, Xiaolin Yan, Zhangsong Yao, Teng Zhao

[16]

[17]

Z. Qin, Y. Mo, H. Liu and Y. Zhang, Operational flexibility enhancements using mobile
energy storage in day-ahead electricity market by game-theoretic approach, Energy,
232(2021), Art. No. 121008.

H. Saeian, T. Niknam, M. Zare and J. Aghaei, Coordinated optimal bidding strategies
methods of aggregated microgrids: A game theory-based demand side management
under an electricity market environment, Energy, 245(2022), Art. No. 123205.

S. Shi, Z. Fu and Q. Wu, On the average operators, oscillatory integrals, singulars,
singular integrals and their applications, J. Appl. Anal. Comput., 14(2024), 334-378.
S. Shi, Z. Zhai and L. Zhang, Characterizations of the viscosity solution of a non-
local and nonlinear equation induced by the fractional p-Laplace and the fractional
p-convexity, Adv. Calc. Var., 17(2024), 195-207.

S. Shi and L. Zhang, Dual characterization of fractional capacity via solution of frac-
tional p-Laplace equation, Math. Nach., 293(2020), 2233-2247.

Q. Sun, J. Ren and F. Zhao, Sliding mode control of discrete-time interval type-2 fuzzy
Markov jump systems with the preview target signal, Appl. Math. Comput., 435(2022),
Article number 127479.

X. S. Wang, Z. Q. Wang and Z. Jia, Global weak solutions for an attraction-repulsion
chemotaxis system with p-Laplacian diffusion and logistic source, Acta Math. Sci.,
44(2024), 909-924.

X. Wang, H. Zhao, H. Lu, et al., Decentralized coordinated operation model of VPP
and P2H systems based on stochastic-bargaining game considering multiple uncertain-
ties and carbon cost, Appl. Energy, 312(2022), Art. No. 118750.

C. Wu, W. Gu, Z. Yi, et al., Non-cooperative differential game and feedback Nash
equilibrium analysis for real-time electricity markets, Int. J. Elect. Power, 144(2023),
Art. No. 108561.

Y. Xia, Q. Xu, S. Tao, et al., Preserving operation privacy of peer-to-peer energy trans-
action based on Enhanced Benders Decomposition considering uncertainty of renewable
energy generations, Energy, 250(2022), Art. No. 123567.

M. R. Xu, S. Liu and Y. Lou, Persistence and extinction in the anti-symmetric Lotka-
Volterra systems, J. Differ. Equations, 387(2024), 299-323.

Y. M. Xue, J. K. Han, Z. Q. Tu and X. Y. Chen, Stability analysis and design of
cooperative control for linear delta operator system, AIMS Math., 8(2023), 12671-
12693.

N. Yang, T. Qin, L. Wu, et al., A multi-agent game based joint planning approach
for electricity-gas integrated energy systems considering wind power uncertainty, Elect.
Pow. Syst. Res., 204(2022), Art. No. 107673.

Y. Yao, A. Adamu and Y. Shehu, Strongly convergent inertial forward-backward-
forward algorithm without on-line rule for variational inequalities, Acta Math. Sci.,
44(2024), 551-566.

Y. Yao, L.O. Jolaoso and Y. Shehu, C-FISTA type projection algorithm for quasi-
variational inequalities, Numerical Algorithms, https://doi.org/10.1007/s11075-024-
01852-6.

D. Zhang and H. Xu, Two-stage stochastic equilibrium problems with equilibrium con-
straints: modeling and numerical schemes, Optim., 62(2013), 1627-1650.

L. J. Zhu, J. C. Yao and Y. Yao, Approximating solutions of a split fixed point problem
of demicontractive operators, Carpathian J. Math., 40(2024), 195-206.

L. J. Zhu and Y. Yao, Modified splitting algorithms for approximating solutions of split
variational inclusions in Hilbert spaces, Fixed Point Theory, 25(2024), 773-784.

Y. Zou, B. Huang, Z. Meng and W. Ren, Continuous-time distributed Nash equilibrium
seeking algorithms for non-cooperative constrained games, Automatica, 127(2021), Art.
No. 109535.



