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MAP
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In this paper we prove a covariant projective version of the Stinespring
theorem in terms of Hilbert C*-modules. We also present an extension of a pro-
jective u-covariant completely positive linear map on the twisted crossed product
A X¢ G to a unique completely positive linear map in the case of locally compact
groups and discrete groups. The main result of the paper is the KSGNS construc-
tion associated with a projective u-covariant completely positive linear map.
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1. Introduction

The term of completely positive map was introduced by Stinespring in [21] and
showed that every positive map of a commutative C*-algebra into the algebra L£(H)
of operators on the Hilbert space H is completely positive, as is every scalar-valued
positive linear map of a general C*-algebra. He also proved a well known theorem
about characterization of completely positive maps.

The physical significance of completely positive linear maps of C*-algebras
has been observed over the years in many papers, in which it was shown that the
completely positive linear maps describe the change of states of quantum dynamical
systems, produced by quantum measurement or describe the time development of
open quantum dynamical systems. The completely positive linear maps, which
appear in the theory of quantum measurements, in the operational approach to
quantum mechanics and in the theory of the open quantum dynamical systems
are called respectively imperfect measurements, covariant instruments, generalized
observables and dynamical maps. The notion of completely positive maps generalizes
the notion of state, representation, conditional expectation and the notion of semi-
spectral measure.

The GNS (Gel’'fand-Naimark-Segal) representation theorem is one of the most
useful theorems frequently applied to mathematical physics. The GNS construc-
tion applied to an invariant state, gives a cyclic covariant representation with an
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invariant cyclic vector. To every positive linear functional on a C*-algebra A can
be associated a cyclic representation on a Hilbert space H by GNS construction. In
[21], Stinespring extended this theorem for a completely positive linear map (as a
generalization of a positive linear functional) from a C*-algebra A into B(H), the
C*-algebra of linear bounded operators on a Hilbert space H, in order to obtain a
representation of A on another Hilbert space K. On the other hand, Paschke [18]
(respectively, Kasparov [14]) showed that a completely positive linear map from A to
another C*-algebra B (respectively, from A to the C*-algebra of all adjointable op-
erators on the Hilbert C*-module Hp) induces a *-representation of A on a Hilbert
B-module, generalizing the Stinespring representation theorem. Since then, the gen-
eralization of a C*-algebra of the GNS representation by Stinespring and Kasparov
is called the KSGNS representation of a C*-algebra with a completely positive map.
By KSGNS (Kasparov-Stinespring-Gel’'fand-Naimark-Segal) construction [15], to a
strictly completely positive map p from a C*-algebra A on a Hilbert C*-module F'
over a C*-algebra B can be associated a triple (F),,m,,v,) consisting of a Hilbert
B-module F),, a *-homomorphism 7,: A — Lpg(F,) and an adjointable operator
v,: F' — F, which is unique up to a unitary equivalence. If F' = B = C, then the
KSGNS construction reduces to the classical GNS construction. If B = C (so F'is a
Hilbert space), then we get the Stinespring construction. In the context of Hilbert
C*-modules the construction was given by Kasparov [14]. In [9], Joita extended KS-
GNS construction for strict continuous completely multi-positive linear maps from
a locally C*-algebra A to Lp(FE), the C*-algebra of all adjointable B-module mor-
phisms from E into E, and showed in Theorem 4.3, [9] a covariant version of this
construction.

The relation of covariant completely positive maps to twisted crossed products,
that we approach in this paper, was explored in recent works [22], [4], [5], where
an abstract covariant version of Stinespring theorem has been proved for a unital
C*-dynamical system (A, M,«), with M a left-cancellative semigroup with unit
[22], covariant projective homomorphisms have been extended to the twisted crossed
product Cj(A, M,a) of a C*-algebra A by the semigroup M under the action a
relative to the cocycle 6 [22], completely multi-positive projective u-covariant non-
degenerate linear maps from a C*-algebra A on a Hilbert C*-module E have induced
completely multi-positive linear maps on the twisted crossed product A x% G [4]
and also projective u-covariant completely bounded multilinear maps have been
extended on the twisted crossed product (A x¥ G)k, in the case of amenable groups,
to completely bounded multilinear maps [5].

In Section 2 we prove a covariant projective version of Stinespring theorem,
with a different approach than the one presented in Theorem 1, [3]. The third section
is dedicated to the extension on the twisted crossed product A x¥ G of projective
u-covariant completely positive linear maps in the case of discrete groups and locally
compact groups. The main result of the paper is presented in Section 4. Given a C*-
dynamical system (G, A, «), we show that a projective u-covariant non-degenerate
completely positive linear maps from A to Lp(E) induces a projective covariant
non-degenerate representation of (G, A, «) on a Hilbert B-module, uniquely up to
unitary equivalence, called the KSGNS construction.

Now we remind some definitions and notations that will be used throughout
the paper.
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Hilbert C*-modules were first introduced by Kaplansky in 1953 in [13]. His
idea was to generalize Hilbert space by allowing the inner product to take values in
a commutative unital C*-algebra rather than in the field of complex numbers.

Definition 1.1. ([15]) A pre-Hilbert A-module is a complex vector space E which
1s also a right A-module, compatible with the complex algebra structure, equipped with
an A-valued inner product (-,-) : E x E — A which is C -and A-linear in its second
variable and satisfies the following relations:

(1) (& m)" = (n,&) for every &,n € E;

(2) (§:€) =0 for every & € E;

(3) (£,&) =0 if and only if £ = 0.
We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the norm ||-|| given by [|£]| = v/]|{(&, &)]|-

The theory of projective representations of finite groups was founded by I.
Schur [20]. Projective representations help us understand numerous physical sys-
tems. For example, they are used to describe the symmetry operations of a crystal
lattice and to label the energy levels of quantum systems. Mackey remarked in [16]
that a problem arising in quantum field theory can be formulated as a problem of
finding certain projective representations. Brown has used projective representa-
tions of translation groups to discuss the energy-level degeneracy occurring when a
crystal is subjected to a uniform magnetic field. Projective representations of abelian
groups arise naturally in the study of energy bands in the presence of a magnetic
field. A projective representation is also relevant for describing the symmetries of
quantum mechanical systems.

Let G be a locally compact group and let A be a C*-algebra.

Definition 1.2. A map w: G x G — UW(Z(A)), where
W(Z(A) ={uec A | u unitary, uva=au, ¥V a € A}
1s called a multiplier on G if
i) w(z,e) =w(e,z) =14 for all x € G, where e is the identity of G;
i) w(z,y)w(zy, z) = w(z,yz)w(y, z) for al z,y,z € G.
Let E be a Hilbert C*-module over A and let £ 4(E) be the Banach space of
all adjointable module homomorphisms from E to E (i.e. 1" is a bounded module

homomorphism such that there is 7" a bounded module homomorphism from E to
E satisfying (n,T¢) = (T*n,&) for all {,n € E).
Definition 1.3. A projective representation of G on E with multiplier w is a
map m: G — L A(F) such that

i) m(zy) = w(z,y)m(z)n(y) for all x,y € G;

i) m(e) = I, where Ig is the identity operator on E.
Definition 1.4. A projective unitary representation of G on E with multiplier
w is a map u from G to La(E) such that:

i) ug is a unitary element in Lo(E) for all g € G;

i) ugt = w(g, t)ugus for all g,t € G.

We remind some definitions that will be used throughout the paper.
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Definition 1.5. ([23]) A C*-dynamical system is a triple (G, A, o), where G is
a locally compact group, A is a C*- algebra and « is a continuous action of G on
A, i.e. a continuous homomorphism a: G — Aut(A), where Aut(A) is the group of
automorphism of A.

Definition 1.6. A projective covariant representation of a C*-dynamical sys-
tem (G, A, ) on a Hilbert B-module E is a triple (P, v, E), where ® is a %- represen-
tation of A on E, v is a projective unitary representation of G on E with multiplier
w and ®(ay(a)) = vy®(a)vy, for all g € G and a € A.

Definition 1.7. ([21], [1]) Let A and B be two C*-algebras and let My, (A), respec-
tively My (B) denote the x-algebra of all n x n matrices over A, respectively B with
the algebraic operations and the topology obtained by regarding it as a direct sum of
n? copies of A, respectively B. A linear map p: A — B is completely positive if
the linear map p\™ : M,(A) — M, (B), defined by p(n)([aij]ijl) = [p(ai)l} ;=1 s
positive for all positive integers n.

Definition 1.8. Let (G, A, «) be a C*-dynamical system and let u be a projective
unitary representation of G on a Hilbert B-module E with multiplier w. We say that
a completely positive linear map p from A into Lp(E) is projective u-covariant
with respect to the C*-dynamical system (G, A, «) if p(ag(a)) = ugp(a)uy for all
a€ AandgeQG.

2. A covariant projective version of the Stinespring theorem in terms
of Hilbert C*-modules

The next theorem is a covariant projective version of the Stinespring theorem
in terms of Hilbert C*-modules ([3]) proved by following the steps of one of Heo’s
results [7].

Theorem 2.1. Let E be a Hilbert B-module and let (G,A,«) be a unital C*-
dynamical system. If u is a projective unitary representation of G on E with the
multiplier w and if a linear map p from A into Lp(E) is projective u-covariant
completely positive, then there are :
(i) a Hilbert B-module E,;
(ii) a representation ®, of A into Lp(E,);
(ili) a projective unitary representation v? from G into Lg(E,) with the multiplier
w;
(iv) an isometry V, € Lp(E, E,),
such that for alla € A and g € G,
(a) pla) =Vy@,(a)V, and ug =V, vgV,,
(b) (v))*®,(ay(a))vh = Py, ®,(a)|x, , where Py, is the projection on the
image Xy, of V.

Proof. By Theorem 2.4, [17] there are : a B-module E,, a x-representation ® from
Ainto Lp(E,) and an isometry V, € Lp(E, E,) such that p(a) =V, ®,(a)V, for all
a € A. Moreover, Eg, = 5p®,(A)V,E.

We define a map v” on G by vjj = VougVy for all g € G. Then each element
vg is in Lp(Ep). Moreover, (vg)* = VougVy' = Voug—1 V) = vl .
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We show that v” is a projective representation with the multiplier w. We have
”5192 = Vpug1g2vp* = Vow(g1, g2)ug, g, Vp* = w(g1, 92) Vg, g, Vp* =
w(g1,92)Vpug, Vp*VPUQQ Vp* = w(g1, 92)7{51 ’Usz
for all g1,92 € G.
It remains to prove that (vg)*®,(ay(a))vg = Py, ®p(a)lx,, for all a € A
Therefore, for all a € A and g € G, we have

(vg)"@p(ag(a))vg = VougVy @plag(a))VpusV, =
Vol plag(@))ug V) = Vopla)V = Vi@, @)V, V),
where the third equality results from the u-covariance of p. O

Remark 2.1. If V, is an unitary operator, then the triplet (®,,v”, E,) becomes a
projective covariant representation of (G, A, «) into Lp(E,).

Proof. Let g € G and a € A. Then
v§®p(a)(v§)* = Vpung*CPp(a)(Vpung*)* = Vpung*Qp(a)VpuZVp* = Vpug,o(a)u;Vp* =

Vop(ag(a))Vy) = VoVi@,(ay(a))V,V, = @,(ay(a)).
]

3. Projective u-covariant completely positive linear maps extended
on the twisted crossed product A x¥ G

Busby and Smith [2] introduced the twisted actions and constructed in Theo-
rem 2.2, [2] a Banach *-algebra denoted by L!(G, A, a,w) as a generalization of the
group algebra L!(G) (the algebra of all integrable functions on G with scalar values),
now the integrable functions on G taking values in a C*-algebra A. They studied
the theory of covariant representations of the twisted dynamical system (G, A, a, w)
and proved that the representations of the twisted group algebra L!(G, A, o, w) are
in one-to-one correspondence with the covariant representations of the twisted dy-
namical system (G, A, o, w) (Theorem 3.3,[2]) and that the enveloping C*-algebra of
LY(G, A, a,w) is the twisted crossed product of A by G under the action o relative
to the multiplier w denoted by A x¥ G.

The following theorem is a generalization to projective representations of
Proposition 2, [12].

Theorem 3.1. Let (G, A, ) be a unital C*-dynamical system and let E be a Hilbert
module over a unital C*-algebra B. If u: G — Lp(E) is a projective unitary rep-
resentation of G on E with the multiplier w and p: A — Lp(E) is a projective
u-covariant completely positive linear map of (G, A, «), then there is a completely
positive linear map ¢: A x¥% G — Lp(E) uniquely defined by

o(f) = /G p(£(9))ugdps, for all f € Co(G, A)

where C.(G, A) is the set of continuous functions from G to A with compact supports.
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Proof. By Theorem 2.1, there is a projective covariant representation (®,,v”, E,) of
(G, A, a) in Lp(E, E,) such that p(a) = V;®,(a)V, and V,vgV, = uy, for all a € A
and g € G.

Let ®, x v” be the representation of A x¢ G associated with (®,,v”, E,)
(Theorem 3.3, [2]). We define p: A x% G — Lp(F) by

o(f) = Vp*((I)P x vP)(f)V,.

It is clear that ¢ is a completely positive linear map from A x¥ G into Lp(E).
If feC.(G,A), then

o(f) =V, (@, x v)( p—/V* 9))v5Vpdg =

/ V,2,(f(9))Vougdg = /gp(f(g))ugdg
and since C.(G, A) is dense in A x¥ G, ¢ is unique. O
Remark 3.1. Theorem 3.1 can be written in the case of discrete groups:

Theorem 3.2. Let (G, A,a) be a unital C*-dynamical system with G a discrete
group and let E be a Hilbert module over a unital C*-algebra B. If u: G — Lp(F)
is a projective unitary representation of G on E with the multiplier w and p: A —
Lp(E) is a projective u-covariant completely positive linear map of (G, A, «), then
there is a completely positive linear map 1¥: A X% G — Lp(FE) uniquely defined by

=D _p(f(9)ug, for all | € K(G,A)

where K (G, A) is the dense subalgebra of I'(G, A) of all functions from G to A with
finite supports.

Proof. By Theorem 2.1, there are a Hilbert B-module E,, a representation ® of A
into £Lp(F,), a projective unitary representation v” from G into Lp(E,) with the
multiplier w and an isometry V,, € Lg(E, E,) which satisfy (a) and (b) from Theorem
2.1. The representation (®,,v”) gives rise to a homomorphism @, x v*: [}(G, A) —

Lp(E,) uniquely defined by (®, x v*)(f) = Z(I)p(f(g))vg,f € K(G,A) and from

9
Theorem 3.3, [2] results that ®, x v” extends to a representation ®, x v/: Ax¥G —
Lp(E,). We consider a completely positive map : A x4 G — Lp(FE) given by
P(f) =V (@, x0P)(f)Vp, [ € AXZG.
By Theorem 2.1 (a) we have

ZV* 9) gVl = ZV B, (f(9)Vougt = > p(f(9))ugé
g
for allfGK(G,A) and £ € E. O

4. The KSGNS construction associated with a projective u-covariant
completely positive linear map

We present a projective generalization of the construction proved by Joita in
Theorem 4.3, [9]. Given a C*-dynamical system (G, A, «), a projective u-covariant
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non-degenerate completely positive linear map from A to Lp(F) induces a projec-
tive covariant non-degenerate representation of (G, A,a) on a Hilbert B-module,
uniquely up to unitary equivalence.

Definition 4.1. ([15]) Let B a C*-algebra and let E and F be two Hilbert B-
modules. The strict topology on Lp(E,F) is the one given by the seminorms
Vi—||Vz| (xr€ E) and V — ||[V*y|| (y € F). Let A a C*-algebra. A completely
positive linear map p: A — Lp(E) is said to be strict if for some approrimate unit
{e,\}A of B, the net {p(eA)}/\ satisfies the Cauchy condition for the strict topology
in Lp(E). If A is unital then the condition of strictness is automatically satisfied.

Definition 4.2. ([15]) Let A be a C*-algebra , let E be a Hilbert C*-module over
a C*-algebra B and let p: A — Lp(F) be a completely positive map. p is called

non-degenerate if p(ey) — 1 strictly in Lp(E), for (ex)a an approximate unit of
A.

Definition 4.3. ([10]) A representation ® of a C*-algebra A on a Hilbert module
E is non-degenerate if ®(A)E is dense in E.

Theorem 4.1. Let (G, A, ) be a C*-dynamical system, let u be a projective unitary
representation of G on a Hilbert module E over a C*-algebra B with the multiplier
w and let p be a projective u-covariant, non-degenerate, completely positive linear
map from A to Lp(E).

1. Then there is a projective covariant non-degenerate representation (®,,v°, E,)
of (G, A, «), where vP is a projective unitary representation with the multiplier w and
V, in Lp(E, E,) such that

(a) pla) =V, @,(a)V,, for all a € A;
(b) {<I>p(a)Vp§; acAfe E} spans a dense submodule of E,;
(c) vV, = Vyug for all g € G.

2. If F is a Hilbert B-module, (®,v, F') is a projective covariant non-degenerate
representation of (G, A, «), where v is a projective unitary representation with mul-
tiplier w and W is an element in Lg(E, F) such that

(a) pla) = W*®(a)W, for all a € A;
(b) {@(a)W{; acAfe F} spans a dense submodule of F';
(c) vgW = Wuy for all g € G,
then there is a unitary operator U in Lp(E,, F) such that
(i) ®(a)U =U®,(a), for alla € A;
(ii) veU = Uvf), for all g € G;
(ili) W =UV,.

Proof. 1. Let {e,\}/\eA be an approximate unit of A such that the net {p(eA)}AeA
is strictly Cauchy in Lp(F).

Let a € A. Tt is not difficult to check that the linear map ®,(a) from A ®qy £
to A ®qg E defined by

q)P(a)(b ® g) = ab ® fa

a,b € A § € FE extends to a bounded linear operator ®, from E, to E,. Moreover,
®,(a) is adjointable and (®,(a))* = ®,(a*). Thus we have obtained a map ®, from
A to Lp(E,). It is easy to verify that ®, is a *-representation of A on E,,.
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Let ai,...,a, € Aand ,...,&, € E,. Since

IIZp (a)&ll* = HZ (&> p(ai)p(a;)&) || <
ol - 1Y (& plaiag)&) | = llpll - 1) _ai ® &1
1,5 %

(the inequality is obtained from Lemma 5.4. [15]), the linear map a®{+N — p(a)
from A ®q4 E/N to E extends by linearity and continuity to a bounded linear

operator V from E, to E, where N = {z € A®auq E;(2,2) = 0}.

Let A € A and ¢ € E. We denote by & the element ey ® ¢ in A ®alg E. Since
the net {p(eA)g}/\ is convergent in E, the net {&* —|—N})\ is convergent in E,. Define
a map V, from E to E, by V,§ = }\ier%(f)‘ + N). To show that V, is an element in

Lp(E, E,) it is sufficient to show that

(V,6,a@n+N) = <§,I7(a®77+3\r)>

forall{ € Fand a®n € A®qq E
Let £ € Fand a ®n € A®qyy E. Then we have

— T A — _
(V& a@n+N) = lim (£ +N.a@n+N) = lim (€, plexa)n) =

(& plan) = (&, V(@@n+N)).

Hence, V, € Lp(E, E,).

Let a € A and £ € E. We denote by &, the element a ®§ in A®qq E. It is not
difficult to check that ®,(a)V,{ = & + N. Therefore the submodule of E, generated
by {®,(a)V,&;a € A& € E} is exactly A ®qy E/N and thus the condition (b) is
verified.

Let a € A. Then we have

Vo ®u(a)Vps =V (La +N) = p(a)t,

for all £ € F and so the condition 1(a) is also verified.
For each g € G, we define a linear map vj) from A Ralg £ to A ®q1q E by

vgla® &) = ag(a) @ ugé

Using the fact that p is projective u-covariant, it is not difficult to check that v}
extends to a bounded linear map vj) from E, to E, and since

(VP(a®@E+N),b@n+N) = <a®§+N,v§,1(b®n+N)>

foralla®&,b®n € AQuy E, vl € Lp(E,) and moreover, (v§)* = v . Also it is
easy to check that the map g — v} is a unitary representation of G on E

To show that (®,,v,, E,) is a covariant projective representation of (G, A, «)
it remains to prove that ®,(oy(a)) = vngp(a)vg,l for all g € G and a € A and that
vP is a projective representation with the multiplier w.

Let g € G and a € A. We have

(vg‘bp(a)v’g),l)(a ®E+N) = (1P,(a))(ag-1(a) ®ug1§ +N) =
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vi(aag-1(a) @ ug1€ + N) = ag(aag-1(a)) @ ugug-1§ + N =
ag(a)ag(a g1 1(a)) @ugug{ +N=ag(a)a@&+N =
Dp(ag(a))(a®E+N)
for all a ® £ € A®qy E. Hence ®p(ag(a)) = vgPy(a)vl = vgPy(a)(vg)”, so
(®,,v”, E,) is a covariant representation.
To show that condition (c) is verified, let £ € E and g € G. Then we have

g Vi€ = Voyug€l® = 1i§n||v§£A — Vougt* =

Linl| (& p(€2)€) + (€. €) — (plag(en)ugé, ugl) — (ugk. plag(ex))ugé) || <
Liml| (€, p(ex)€) + (&, &) = (p(ex)€, &) — (& plex)€) || = liml| (€ — p(ex)&, &) || =

Hence condition (c¢) is also verified.
Now we show that v” is a projective representation with the multiplier w.
Let g1,92 € G. By condition (¢) and the fact that u is a projective represen-
tation with the multiplier w, we have:

p == = j—
V519, Vo = Votlgig, = Vow(g1, g2)ug, ug, =

w(g1, 92)Vpug ug, = w(g1, 92)v5, Vpug, = w(gi, g2)vh, v, V.
Therefore, v” is a projective representation.
2. Using the fact that p( ) = VS @u(a)V, = W* (@)W for all a € A,

is not difficult to check that HZB@ as)Vps|| = HZB@ as)W&|| for all g € C,

=1
a1y 0m € Aand &1,...,&n, e E Therefore the hnear map ®,(a)V,§ — (a)WE

from the submodule of E, generated by {<I> Welsa e A€ € E} to the submodule
of I’ generated by {<I> WEa e A € E } extends to a surjective isometric B-
linear map U from E, onto F'. Then, by Theorem 3.5, [15], U is unitary. We define
this unitary operator U in L(E,, E) by

U(D BP,(as)Vos) =Y BP(as)Wé,Var,. .. ,am € AVEL, ... 6n € E
s=1

Let a € A. From
D(a)U(P)(b)V,€) = @(a)(b)WE = P(ab)WE =

U(®p(ab)Vp) = Uy(a)(Pp(b)V,E)
for all b € A, £ € E, we conclude that ®(a)U = U®,(b).
Since ® and ®, are non-degenerate, by Proposition 4.2, [11], we have UV,{ =
li§nU<I>p(e,\)Vp§ = li/{n(b(e)\)Wf = W¢ for all £ € E. Therefore, W = UV,,.

Let g € G,a € A,§ € E. We have
(00 (@,(0) V) = vy(B(a) UV, ) (B(a)WE) = B(a)o, WE =
(@) Wyt = U(®p()Vyugs) = U@, (a)lV,€) = (Uel)(@,(a)V)
This implies that v,U = Uvj and thus the assertion 2 is proved. O

Remark 4.1. The representation (®,,V,, E,) constructed in the theorem above is
called KSGNS construction associated with p.
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