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EXISTENCE AND ITERATION OF MONOTONE POSITIVE
POLUTIONS FOR MULTI-POINT BVPS OF DIFFERENTIAL
EQUATIONS

Yuji Livt

By applying monotone iterative methods, we obtain not only the existence of
monotone positive solutions for a kind of multi-point boundary value problems,
but also establish iterative schemes for approzimating the solutions. A boundary
value problem that our results can readily apply, whereas the known results in the
current literature do not cover, is presented at the end of the paper.

Keywords: Multi-point boundary-value problem; p-Laplacian; half-line; positive
solutions; existence; uniqueness.
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1. Introduction

Recently an increasing interest has been observed in investigating the existence
of positive solutions of boundary-value problems. This interest comes from situations
involving nonlinear elliptic problems in annular regions. Erbe and Tang [19] noted
that, if the boundary-value problem

—Au=F(|z|,u) inR<|z|<R

with R
u=0 for|z|=R, u=0 for|z|]=R; or
u=0 for|z| =R, % =0 for|z|=R; or

%:0 for |z| =R, u=0 for|z|=R

is radially symmetric, then it can be transformed into the so called two-point Sturm-
Liouville problem

a(t) = —f(t,z(t), 0<t<1,

az(0) — B2'(0) = 0,

~vx(1) + 62’ (1) = 0.

where «, 3, v, § are positive constants. Paper [19] may be the first one concerned
with the existence of positive solutions of a boundary value problem. In the latest
ten years, multi-point boundary-value problems ( BVPs for short ) for second order
differential equations with p—Laplacian have gained much attention, see papers [1-
18].
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Ma in [11,12] studied the following BVP

[p()2’ (1)) — q(t)(t) + f(¢, x( ) =0, te(0,1),
az(0) — Bp(0)2'(0) = 31, aix (&), (1)
ya(1) +op(L)a’(1) = 377, bﬂ(&)a
where 0 < & < -+ < &n <1, a,8,7,6 > 0,a;,b; > 0 with p =6+ ay + ad > 0.
By using Green’s functions ( which complicate the studies of BVP(1) ) and Guo-
Krasnoselskii fixed point theorem [7-10], the existence and multiplicity of positive
solutions for BVP(1) were given.
In paper [20], the existence of positive solutions for the m-point boundary-

value problem
()Z—f(t y(),y' (1), 0<t<1,

y(O) ( ) =0,
y(1) = Zz 1 O‘zy(&)
and

y'(t) = —f(t.y(t),y'(t), 0<t<1,

ay(0) + By'(0) =0,

y(1) = X752 aiy(&)
was considered, where o« > 0, 8 > 0, the function f is continuous, and

ft,y,y') >0, forallte[0,1], y >0y €R.

The presence of the third variable ¢’ in the function f(¢,y,y’) causes some consid-
erable difficulties, especially, in the case where an approach relies on a fixed point
theorem on cones and the growth rate of f(¢,y,%’) is sublinear or superlinear. The
approach used in [20] is based on an analysis of the corresponding vector field on
the (y,y’) face-plane and on Kneser’s property for the solution’s funnel.

Recently, many authors studied the existence of multiple positive solutions of
the following BVP consisting of the second order differential equation

(6" ()] + a(t)f(t,2(t),2'(t)) =0, te(0,1) (2)

and one of the following boundary conditions

= ai(&). =(1) = biw (&)
i=1 i=1
=Y (&), #(1) = ba'(&),
i=1 =1
i=1 i=1

and
2(0) =Y (&), 2/(1) =) ba'(&),
=1 =1

where 0 < &1 < - < &n<1,a; >0,b; >0foralli=1,---,m, f is defined on
[0,1] x [0,+00) X R, ¢ is called p—Laplacian, see papers [4-6] and [13-18,21].
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To the author’s knowledge, there has been no paper concerning with the com-
putational methods of the following boundary value problems

[p() (= ()] +q() £ (¢, 2(t), 2'(t)) = 0, ¢ €(0,1),

x(0) = Bo/(0) = S aie (&), 3
/(1) = 3oty bir' (&)
where 0 < & < - < &n < 1, a,0>0,a; > 0,b; >0foralli=1,---,m, f

is defined on [0,1] x [0,+00) x [0,+0cc), p € C1[0,1] and ¢ € C°[0,1], ¢ is called
p—Laplacian, ¢(x) = |z|"~22 with r > 1, its inverse function is denoted by ¢~'(z)
with ¢~ 1(z) = |z|*~22 with 1/r +1/s = 1.

The purpose of this paper is to investigate the iteration and existence of pos-
itive solutions for BVP(3). By applying monotone iterative techniques, we will
construct some successive iterative schemes for approximating the solutions in this
paper.

The sequel of this paper is organized as follows: the main result is presented
in Section 2, and some examples are given in Section 3.

2. Main Results

In this section, we first present some background definitions in Banach spaces.

Definition 2.1. Let X be a real Banach space. The nonempty convex closed
subset P of X is called a cone in X if ax € P and z +y € P for all z,y € P and
a>0and z € X and —x € X imply = = 0.

Definition 2.2. Let X be a real Banach space and P a cone in X. A map
Y : P — [0,400) is a nonnegative continuous concave functional map provided ) is
nonnegative, continuous and satisfies ¢ (tz + (1 — t)y) > ty(z) + (1 — t)¢(y), for all
z,y € Pand t € |0,1].

Definition 2.3. Let X be a real Banach space. An operator T; X — X is
completely continuous if it is continuous and maps bounded sets into pre-compact
sets.

Choose X = C10,1]. We call z < y for x,y € X if z(t) < y(t) and 2/(t) <
y'(t) for all t € [0,1]. We define the norm

z|| = max{ max |z(t)|, max |z'(¢)|} for x € X.
] = mase{ v 1), mac [+ (6) )
It is easy to see that X is a semi-ordered real Banach space. Define the cone in X
by
P ={zx € X :x(t) >0 and is concave and increasing on [0, 1]} .
For a positive number H, denote the subset Py by
Py={xeP:|jz|| <H} and Py ={x € P: ||z|| < H}.

Suppose that

(A1) o,8>0,a,>0,b;>0foralli=1,---,m with >./", a; < o, and
S b (p(D) <1

(A2) pe C1([0,1], (0, +00));

(A3) f:]0,1] x [0,400) X [0,400) — [0,+00), ¢ : [0,1] — [0,400) are con-
tinuous with ¢(¢) f(¢,0,0) # 0 on each sub-interval of [0,1], f(¢,z1,y1) < f(t,x2,y2)
for all t € [0,1], 21 < z9 and y; < yo.
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Lemma 2.1. Suppose that (A1), (A2) and (A3) hold and = satisfies = €
C0,1] with [p(t)¢(z'(t))) < 0 on [0,1]. Then z is concave.

Proof. Suppose x(tg) = maxuejoqz(t). If to < 1, for t € (to, 1), since
2 (tg) < 0, we have p(to)p(z'(to)) < 0. Then p(t)p(z'(t)) <0 for all t € (tg, 1]. Let

fto ( ) ds
(1) =
j;o (p(s ) ds
Then 7 € C([to,1],[0,1]) and is strictly increasing on [to, 1] since it is easy to see
that
—1(_1
dr ) (W)

dt j;o (p(s )ds

7(tp) = 0 and 7(1) = 1. Thus

> 0,

i dwar 4 ¢ (i)

dt dr dt dr ftﬁ ¢l <W15)) ds

[ o (o) o (st

[p(t)¢(' ()" = —q(t) f (¢, (1), 2'(2)) <0,
we get that ¢~ (p(t)@(z'(t)) is decreasing as ¢ increases
Since t is increasing as 7 increases, we get that is decreasing as T increases.
Then z is concave on [0, 1]. If ¢y = 1, similarly to above discussion, we get that x is
concave. The proof is completed.

implies that

Since

Throughout the paper, §,a1,b; and d; are defined by

— 1 —
"o ¢(Zflbi¢1( l)p(l))) i

Sryan s o7 (3505 Jy atwydu) ds

a = )

a—ZTlaz
. <1+6 fo )
1 = a—ZZlaz ;

146 !
d = ¢! (/ U du) .
! ¢ dminyepo1)p(t) Jo 1)

Lemma 2.2. Suppose that (A1) — (A3) hold. If z € X is a solution of
BVP(3), then

t Y a(u) f(u, z(u), 2/ (v)du
o) = By + /0 o1 (p(lfﬂfm) PARCON ;@E))’ (u))d ) s W
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where
, "(u))du
e 0,4 (fo Q(U)f(u(;]jf((lts)w( ))d )] -
satisfies
N1 (P fgliQ(U)f(UaCU(u),x'(u))du
A2 b (p@i)"b(Af”” P& Q
and B, satisfies
S
oo (o) + Lo ) g, -
B! (Eé%«zs(A) bttt s e ]
Proof. Since z is solution of (3), we get
1
p(t)d(' (2) )+ / o(u (w)du, 1€ [0.1].
Then
_ L (P S 4G f (s (), o (un))du
o) =a0)+ [ 0 <p<s)¢<y<1>>+ o4 >d8.
The BCs in (3) imply that
s (PW Joha(w) £, @ (w), @/ (w))du
ar(0) — 56 (p(0)¢< T o )
= x(O)Zai
i=1
ST APEN I [} a(w)f (w,aw), o’ (w)du )
IR (p()¢<y<1>>+ - )d
and
R (S Je, a(u) f(u, x(w), 2/ (w))du
x(l)—;bzﬁb (p(&)qb( (1)) T (8)
It follows that
2(0) = o
Ca-Y"a Zz 1
Y : S a(u) f(u, 2 (w), 2/ (u)du
;/ " ( ' 0 s
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Let
m L a(u w, z(u), 2 (u))du
G(e) ZC_Z?@4<§3M@+Q«>ﬂM%>()))'
If
/; q(u) f (u, z(u),2'(u))du = 0 for each i = 1,--- ,m,
we get

G(e) = (1 - Zbigb_l <pé)p(1)>> c.
i=1 ¢

Then G(c) = 0 implies that ¢ = 0. If b = 0 for all i = 1,--- ,m, then G(c) = 0
implies that ¢ = 0. If there exists i € {1,--- ,m} such that

1
| s,/ £ 0
and there exists j € {1,--- ,m} such that b; # 0, it is easy to see that G(0) # 0 and

@_ _m . p(1) 1 1 1 b
ol (5 + oty . o002t/

and G(c)/c is continuous, increasing on (0, +00) and on (—o0,0), respectively. One
sees from (A1) that

im S g ibm—l ( ! p(l)) >0, tim 99— o
=1

cm—c0 ¢ p(&) 0= ¢
Hence G(c) < 0 for all ¢ € (—o00,0). On the other hand, it follows from
lim Gle) =—
t—0t ¢
and

1 Jy () f(u(u),2! (u)du
G<¢ (0 op(1) ))

51 <f01 q(u)f(uw(u)w/(u))du)

ap(1)

N[
= 1 ;w (p(é)pu)

(2

Sp(1) I )
+H«Mﬂmmwwmmmm@wéqw”www”“wma

Nyt (L0
' ;M) <p(£¢)p(l)>
=0

v
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that there exists unique constant

%el (& @(?m@b@)] o)

such that G(cp) = 0. Together with (8), we get that co = 2/(1) = A,.
Hence we get that there exist constants A, satisfying (5) and (6), and B,
satisfying (7) such that x(t) satisfies (4). The proof is completed.

Lemma 2.3. Suppose that (A1), (42) and (A3) hold. If z € X is a solution
of BVP(3), then z(t) > 0 for all t € (0,1).

Proof. Suppose z satisfies (3). It follows from the assumptions that p(t)¢(z’)
is decreasing on [0, 1].

It follows from Lemma 2.1 that z is concave on [0,1]. Then 2’ is decreasing on
[0,1]. Tt follows from Lemma 2.2 that z/(1) > 0. It follows that z is increasing on
[0,1]. Then

2(0) — az'(0) = Y _aiw(&) = > a;x(0)
; =1

It follows that
(a — ZCLZ) z(0) — B2’ (0) > 0.
i=1

We get that x(0) > 0 since (A1) and 2/(0) > 0. Hence x(t) > 0 for t € (0,1]. The
proof is complete.

Define the nonlinear operator T': P — X by
(Tz)(t) = By

f oo (p() Jo aw) flu (), ' (@)du
“f ¢ <MQ(A“+ )d

for x € P, where A, satisfies (6), and B, satisfies (7).
Lemma 2.4. Suppose that (A1) — (A3) hold. It is easy to show that
(i) Tx satisfies

p()o((Tz)' ()] + q(t) f (¢, 2(t), (1)) = 0, t € (0,1),
a(T)(0) = f(Tx)'(0) = 3 %, ai(T)(&), (10)
(T)'(1) = 3232, bi(Tw)' (&);

(ii) Ty € P for each y € P;

(iii) =« is a solution of BVP(3) if and only if z is a solution of the operator
equation x = T'x in P;

(iv) T : P — P is completely continuous;

(v) Txy < Txo for all z1, 29 € P with 27 < 9.

Proof. The proofs of (i), (ii) and (iii) are simple.

To prove (iv), it suffices to prove that 7" is continuous on P and T is relative
compact. It is similar to that of the proof of Lemma 2.9 in [18] or Lemmas in [16]
and are omitted.
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To prove (v), it is easy to see that A, is increasing in x and consequently,
using (A3) and considering B, as a function of A, and f we get the monotonicity of
B,. Suppose 11 < x2, we get that x1(t) < zo(t) and x| (t) < 24(¢) for all ¢t € [0, 1].
Then one finds that

(Tz1)(t) < (Tw2)(t), (Tx1)'(t) < (Tx2)'(t), t€[0,1].

It follows that Tx1 < Txy. The proof is completed.

Theorem 2.1. Suppose that (A1) — (A3) hold. Furthermore, suppose that
there exists a constant A > 0 such that f satisfies

max f(t,24,24) < $(M), te|0,1], (11)
te(0,1]

where

i A A
M_mm{a1+b1’ dl}.

Then BVP(3) has at least one positive solution x € P with

r = lim u, or x = lim v,,
n—oo n—oo

where
up(t) =0, wo(t) =A+ At
and
un(t) = (Tun-1)(t), vn(t) = (Tvp-1)(t).
Proof: We first prove that T': Poq — Pa4. For & € Poy, one has that
0<uz(t) <24, 0<2'(t) <24, tel0,1].
Then (11) implies that

0 < f(t,a(t),2'(t)) < f(t,24,24) < Imax f(t,24,24) < ¢(M).
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Let A, and B, satisfy (6) and (7) respectively. It follows from Lemma 2.2 that A,
satisfies (5). By the definition of Tz, we get that

0 < (Tx)(t)
_ f o (p() S a(u)f(ua(w). @' (w)du |
= Bt [0 (p(s)¢<Ax>+ - >d
1

IN
X

IN

[T S5 ot (&5 Jo atwdu) ds
=3t a

a—>" a4 5minte[0,1

= M(a1 +b1) + Mdy <24,

ot (B fyawdu) o 4y p
+ 30) 10 t o 1( + ]p(t)/o q(u)dU>]
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and
0 < (Tx)(t)

_ 41 (P) L1uugz¢ugc’uu
= o (Mo + o [ atwn st e, o))

< 67 (o | e+ o [ gon)

146 1
< Mot </ U du)
- ¢ dminye(o 1y p(t) Jo 1)

= Md < A<L2A.

It follows that Tx € Pyg4.
By the definitions of ug and vy, we have

up(t) < wo(t), un(t) <vj(t), telo,1].

Then uy < vg. Then Lemma 2.4(v) implies that u,, < v, for alln =1,2,3,---.
Now, we prove that u,_; < u,. It suffices to prove that uy < u;. First, one
has

ur(t) = (Tuo)(t)

Srai f§ o7 (B 0(Au) + 5 [ a(w) fu,0(1 - w), —a)du) ds
a—>3" ai

867" (7P (1)6(Aus) + 557 Jo a(w)f(1,0,0)du)

p
a — Z:'Zl a;

+/Ot ! <1p(1)¢>(Au0) + p(ls)/slq(u)f(u,0,0)du> ds

> 0=up(?).
Second, we have

WD) = (Tw)()
1
(et + s [ atw 0.0

It follows that w;(t) > wo(t) and wj(t) > up(t) for all ¢ € [0,1]. Then vy < uy.
Hence one has that

Uy KUy LUy K - LUy K -+ (12)

Now, we prove that v, < v,—1. It suffices to prove that v; < vg. First, (9)

implies that

fol q(u) f (u, vo(u), vy(u))du
dp(1) '

Sice maxycjo 1) f(t,24,24) < ¢(M), t€[0,1], we get
F(tvo(t),v(t)) = f(t, A+ At, A) < f(t,24,24) < ¢(M), t € [0,1].

0< Ay < ¢‘1<
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Then
v (t) = (Two)(t)
Yl (25 6(Au) + 555 S alw)f(w, bu + a,b)du) ds
B a—>" a;
P9 (P9 Aw) + s Jo alw) s bu+ o, by
a—>" a;

t -1 L L 1 u)f(u,ou+ a u | ds
w0 <p(8)p<1>¢<Aw>+p(8) [ atw s+ abyin)a
S f5 o (e Jy atu)f (s vo(w), vh(w)du) ds

<
N 0“221 aj
o (i Jy aw)f (. vo(w), vh(u))du)
a—Z?’ilai
Coa(140 [ /
- /0 o (55 | q(u)f(u,vo<u>,vo<u>>du) ds
™ £i 1448
S M [Zzl fO O[_<Z:n1({i) )
<1+5 f ) . 1
5p(0) Jo 4 (1490
L) [ (e [ o) o
™ 51' 146
S M [Zzl fO a_<z:2m1£? )
(1+5 f ) 1
5p(0) Jo 4 1 146 Wdu
a—Zz 1% e <5minte[0,1]P(t)/0 a(w)d >]
= M(ay + b))+ Md;t
< A4 At = ().

Second, we have

1496 !
= M¢! (/ qudU>
d minye(o,1) p(t) Jo )

== Md1 é A= ’Ué(t).
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It follows that vy (t) < vo(t) and v](t) < vj(t) for all ¢ € [0,1]. Then vy > v;1. Hence
one has that

Vo>V Z V2> 20 S (13)
It follows from (12) and (13) that

= LU L LUy L Loy L - L L vg = At 4+ A

Since w, is a uniformly increasing sequence, it is easy to show that w, is equi-
continuous. Then lim,,_ o u, = ©* € P satisfies

up(t) = a(l —t) < u*(t) < bt +a, Tu* = u™.
Then x = u* is a solution of BVP(3). Similarly to above discussion,

lim v, =v* € P

n—oo
satisfies

up(t) =a(l —t) <v*(t) <bt+a, Tv* =0v".
Then x = v* is a solution of BVP(3). It is easy to see that BVP(3) has unique
solution z in {z € P:0 <z < At+ A} if v* = v*. BVP(3) has multiple solutions if
u* # v*. The proof is complete.
Remark 2.1 The quantity A, is given implicitly, as a root of equation (6),

it must be determined in every step of iteration.

Theorem 2.2. Suppose that (A1) — (A3) hold. Furthermore, suppose that

f satisfies
: f(t,24,24) < : { 11 })
limsup sup ————~——= < min ¢ ———, — . 14

r—>0pte[017)1] P(A) ¢ a; +by dy (14)

Then BVP(3) has at least one positive solution z € P.
Proof. It follows from (14) that there exists a constant A > 0 such that

. 1 1
f(t,24,2A) < p(A)p (mln {(11—|-b17 dl}) .

The remainder of the proof is similar to that of the proof of Theorem 2.1 and is
omitted.

3. An example

Now, we present a boundary value problem to which our results can readily
apply, whereas the known results in the current literature do not cover.
Example 3.1. Consider the following BVP

[(/(8))] + f(t, x(t),2'(t)) = 0, te(0,1),
z(0) — 2'(0) = $x(1/2), (15)
2'(1) = 12/(1/2).

Corresponding to BVP(3), one sees that ¢(z) = 2% with ¢~ !(z) = x%, a=1,0=1,
51 = 1/2, a] = 1/2,b1 = 1/4, q(t) =1,te [0, 1], p(t) =1,

ft,u,v) = t !

S S L
1000000 24

o1 Y
24
is nonnegative and continuous.
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One finds that

5 = L 1 1 =63,
Y biot (e )
m 51 —
v - 2lim1 @i Jg <5ps)f0 ) 2
! a—zi 1Gi V63
5
. (1+ fo )_ g
b a—Zizlaz IR
d <z>1< Lo /1q<u>d) .
= - U g y
! 0 minyeo,1] p(t) Jo V63
and
A A V63 A
M:min{ 5 S 1 }:\/(jg . (16)
Ve Ve Ve

It is easy to check that there exists a constant A > 0 such that

f(t,24,24)  gy0000 + 5A° + 54° _ 63 el
p(A) A3 SertE 0, 1]
One can check that (A1), (A2), (A3) hold. Then Theorem 2.1 implies that BVP(15)
has at least one positive solution x with = = lim,,_, u, or x = lim,_ .~ v,, Where
up(t) =0, wvo(t) = A+ At and uy,(t) = (Tup—1)(t), vn(t) = (Tvp—1)(t), where T
is defined by

1/3

;/01/2 (Ag’;+/81)f(u,x(u),x'(u)>du> ds

+ <A?;+ 01 (u,x(u),x’(u))du) 1/3]

(T2)() = 2

+/Ot <A§Z+ 1 (u,x(u),x’(u))du>1/3d8

S

and A, satisfies

1

. 1/3
Ay =~ (Ai + f(u,x(u),m’(u))du)
4 1/2

for x € C*0,1] with z(¢) > 0,t € [0, 1].
Remark 3.1. BVP(15) can not be solved by theorems obtained in [11-21].
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