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The main aim of this paper is to study some geometric properties of Mittag-
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1. Introduction

The one parameter Mittag-Leffler function Eα defined by

Eα(z) =
∞∑
n=0

zn

Γ (αn+ 1)
, (1)

was introduced by Mittag-Leffler [7]. It is an entire function of complex variables z. The
series in (1) converges in the whole complex plane C when Re (α) > 0. The function Eα,β is
a generalization of Eα. It is given as

Eα,β (z) =
∞∑
n=0

zn

Γ (αn+ β)
, α, β ∈ C, Re (α) > 0, Re (β) > 0, z ∈ C. (2)

For different values of parameters, the conditions of convergence vary. When α and β are
positive and real, the above given series converges in the entire complex plane. The Mittag-
Leffler functions defined in (2) were first appeared in the work of Wiman [13]. Later on,
these functions were studied by Agarwal [2]. In some recent years, researchers has shown
great interest in the geometric properties and applications of the Mittag-Leffler functions.
For some details see [3, 6, 9, 12, 14].

Let A be the class of functions f of the form

f(z) = z +
∞∑
n=2

anz
n, (3)

analytic in the open unit disc U = {z : |z| < 1} and S denote the class of all functions in A

which are univalent in U. Let S∗ (α) , C (α), K (α) ,
∼
S∗ (α) and

∼
C (α) denote the classes of
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starlike, convex, close-to-convex and strongly starlike functions of order α respectively and
are analytically defined as

S∗ (α) =

{
f : f ∈ A and Re

(
zf ′ (z)

f (z)

)
> α, z ∈ U, α ∈ [0, 1)

}
,

C (α) =
{
f : f ∈ A and zf ′ (z) ∈ S∗ (α) , z ∈ U, α ∈ [0, 1)

}
,

K (α) =

{
f : f ∈ A and Re

(
zf ′ (z)

g (z)

)
> α, z ∈ U, α ∈ [0, 1) , g ∈ S∗

}
,

∼
S∗ (α) =

{
f : f ∈ A and

∣∣∣∣arg

(
zf ′ (z)

f (z)

)∣∣∣∣ < απ

2
, z ∈ U, α ∈ (0, 1]

}
,

and
∼
C (α) =

{
f : f ∈ A and zf ′ (z) ∈

∼
S∗ (α) z ∈ U, α ∈ (0, 1]

}
.

It is clear that
∼
S∗ (1) = S∗ (0) = S∗, C (0) =

∼
C (1) = C and K (0) = K, where S∗, C and K

are usual classes of starlike, convex and close-to-convex functions respectively. Rosy et al.
[10] defined the subclass USD(µ) of normalized univalent functions as

USD(µ) = {f ∈ A : Re (f ′ (z)) ≥ µ |zf ′′ (z)| , µ > 0, z ∈ U} .
Let f and g be analytic functions. Then the function f is said to be subordinate to g,
written as f(z) ≺ g(z), if there exists a Schwarz function w which is analytic with w(0) = 0
and |w| < 1 such that f(z) = g(w(z)). Furthermore, if the function g is univalent in U, then
f(z) ≺ g(z)⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

The function Eα,β does not belong to the class A. We consider the following normal-
ized form of Mittag-Leffler functions

Eα,β (z) = Γ (β) zEα,β (z) = z +

∞∑
n=1

Γ (β)

Γ (αn+ β)
zn+1, (4)

where α, β ∈ C, Re (α) > 0, β 6= −1,−2, · · · . The function defined in (4) was introduced
by Bansal and Prajapat [3]. In this paper, we restrict ourself on the parameters α, β ∈ R.

To prove our main results, we need the following lemmas.

Lemma 1.1. [10] A function f of the form (3) is in the class USD(µ), if
∞∑
n=2

[
n (1− µ) + n2µ

]
|an| ≤ 1.

Lemma 1.2. [8] Let {an}∞n=1 be the sequence such that an ∈ R+ and a1 = 1. Suppose that,

a1 ≥ 8a2 and (n − 1)an−1 ≥ (n + 1)an+1, for all n ≥ 2. Then f(z) = z +
∞∑
n=2

anz
n is

close-to-convex with respect to z/1− z2. Note that z/1− z2 is a starlike function.

Lemma 1.3. [8] Let {an}∞n=1 be the sequence such that an ∈ R+ and a1 = 1. If for
0 ≤ µ < 1,
(1) (1− µ)a1 ≥ (2− µ)a2 ≥ 2µ+1(3− µ)a3,
(2) (n− 1− µ)(n− µ)an ≥ n(n+ 1− µ)an+1, for all n ≥ 3,

then f ∈ S∗(µ).

Lemma 1.4. [5] Let G(z) be convex and univalent in the open unit disc with condition
G(0) = 1. Let F (z) be analytic in the open unit disc with condition F (0) = 1 and F ≺ G in
the open unit disc. Then ∀ n ∈ N ∪ {0}, we obtain

(n+ 1)z−1−n
z∫

0

tnF (t)dt ≺ (n+ 1)z−1−n
z∫

0

tnG(t)dt.
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Lemma 1.5. [11] If f ∈ A satisfies
∣∣∣ zf ′′(z)
f ′(z)

∣∣∣ < 1
2 , then f ∈ UCV.

2. Main Results

Theorem 2.1. Let 0 ≤ γ ≤ 1, µ > 0. Then (1− γ)Eα,β (z)+γzE′α,β (z) = hγ (z) ∈ USD(µ),
if

µγE′′′α,β (1) + (µ+ γ − 5µγ)E′′α,β (1) + (1 + γ)E′α,β (1)− γ ≤ 2. (5)

Proof. It is clear that

hγ(z) = z +

∞∑
n=2

(1 + nγ − γ) Γ (β) zn

Γ (α (n− 1) + β)
, 0 ≤ γ ≤ 1. (6)

Let

Eα,β (z) = z +

∞∑
n=2

Γ (β)

Γ (α (n− 1) + β)
zn.

Then

E′α,β (1)− 1 =

∞∑
n=2

nΓ (β)

Γ (α (n− 1) + β)
. (7)

Also, we obtain

E′′α,β (1) =

∞∑
n=2

n (n− 1) Γ (β)

Γ (α (n− 1) + β)
, E′′′α,β (1) =

∞∑
n=2

n (n− 1) (n− 2) Γ (β)

Γ (α (n− 1) + β)
. (8)

Since, we are to show that hγ (z) ∈ USD(µ), therefore, by Lemma 1.1, it is enough to prove
that

∞∑
n=2

n (1− µ+ nµ) (1 + nγ − γ)
Γ (β)

Γ (α (n− 1) + β)
≤ 1.

Now let
∞∑
n=2

n (1− µ+ nµ) (1 + γµ− γ)
Γ (β)

Γ (α (n− 1) + β)

= µγ

∞∑
n=2

n3Γ (β)

Γ (α (n− 1) + β)
+ (µ+ γ − 2µγ)

∞∑
n=2

n2Γ (β)

Γ (α (n− 1) + β)

+ (1 + µγ − µ)

∞∑
n=2

nΓ (β)

Γ (α (n− 1) + β)
.

Then writing n3 = n (n− 1) (n− 2)− 3n (n− 1) + n and n2 = n (n− 1) + n, we have
∞∑
n=2

n (1− µ+ nµ) (1 + γµ− γ)
Γ (β)

Γ (α (n− 1) + β)

= µγ

∞∑
n=2

n (n− 1) (n− 2) Γ (β)

Γ (α (n− 1) + β)
+ (µ+ γ − 5µγ)

∞∑
n=2

n (n− 1) Γ (β)

Γ (α (n− 1) + β)

+ (1 + γ)

∞∑
n=2

nΓ (β)

Γ (α (n− 1) + β)
.

From (7) and (8), we get
∞∑
n=2

n (1− µ+ nµ) (1 + γµ− γ)
Γ (β)

Γ (α (n− 1) + β)

= µγE′′′α,β (1) + (µ+ γ − 5µγ)E′′α,β (1) + (1 + γ)E′α,β (1)− (1 + γ) .
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The last expression is bounded above by 1 if (5) holds. This completes the proof. �

Theorem 2.2. Let β = 1 and α ' 3.23 · · · . Then Eα,β(z) is close-to-convex with respect to
the starlike function z

1−z2 .

Proof. It is enough to verify that Eα,β (z) satisfies conditions of Lemma 1.2. Consider

Eα,β (z) = z +
∞∑
n=2

anz
n, where {an}∞n=1 satisfies

a1 = 1, a2 =
Γ (β)

Γ (α+ β)
, an+1 =

Γ (α (n− 1) + β)

Γ (αn+ β)
an. (9)

Now

a1 ' 8a2, Γ (α+ β) ' 8Γ (β) , for β = 1 and α ' 3.23....

Again

(n− 1) an − (n+ 1) an+1

= (n− 1) an − (n+ 1)
Γ (α (n− 1) + β)

Γ (αn+ β)
an

=
an

Γ (αn+ β)
[(n− 1) Γ (αn+ β)− (n+ 1) Γ (α (n− 1) + β)]

= A (n)M (n) ,

where

A (n) =
an

Γ (αn+ β)
and

M (n) = (n− 1) Γ (αn+ β)− (n+ 1) Γ (α (n− 1) + β)

= (n− 3) Γ (αn+ β) + 2Γ (αn+ β)

− (n− 3) Γ (α (n− 1) + β) + 2Γ (α (n− 1) + β)

≥ 0, for β = 1 and α =
5 + 2

√
17

4
.

M (n) is increasing function for n ≥ 3.AlsoM (3) > 0 implies that (n− 1) an ≥ (n+ 1) an+1, for alln ≥
3. This verifies the fact that {an} satisfies the hypothesis of Lemma 1.2 and the proof is
complete. �

Theorem 2.3. Let α ≥ 1.67 and β = 1. If Γ (α+ β) ≥ Γ (β), then Eα,β (z) is starlike of
order µ in U.

Proof. It is sufficient to demonstrate that Eα,β (z) satisfies the conditions of Lemma 1.3.

Consider Eα,β (z) = z +
∞∑
n=2

anz
n, where {an}∞n=1 satisfies (9). Simple computation yields

(1− µ) a1 ≥ (2− µ) a2

(1− µ) ≥ (2− µ)
Γ (β)

Γ (α+ β)

(1− µ) Γ (α+ β) ≥ (2− µ) Γ (β)

⇒ (1− µ) Γ (α+ β)− (2− µ) Γ (β) ≥ 0, for β = 1 and α ≥ 1. (10)
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and

(2− µ) b2 − 2µ+1 (3− µ) b3

= (2− µ) b2 − 2µ+1 (3− µ)
Γ (α+ β)

Γ (2α+ β)
b2

=
b2

Γ (2α+ β)

[
(2− µ) Γ (2α+ β)− 2µ+1 (3− µ) Γ (α+ β)

]
≥ 0, for β = 1 and α ≥ 3

2
.

Now

(n− 1− µ) (n− µ) an − n (n+ 1− µ) an+1

=
an

Γ (αn+ β)
[(n− 1− µ) (n− µ) Γ (αn+ β)− n (n+ 1− µ) Γ (α (n− 1) + β)]

= A (n)M (n) ,

where

A (n) =
an

Γ (αn+ β)
and

M (n) = (n− 1− µ) (n− µ) Γ (αn+ β)− n (n+ 1− µ) Γ (α (n− 1) + β)

= {(2− µ) Γ (αn+ β)− Γ (α (n− 1) + β)} (n− 3)
2

+

{(5− 2µ) Γ (αn+ β)− (7− µ) Γ (α (n− 1) + β)} (n− 3)

+ {(2− µ) (3− µ) Γ (αn+ β)− 3 (4− µ) Γ (α (n− 1) + β)}

=

2∑
i=0

Ti+1 (n− 3)
i
,

where for β = 1,

T1 = (2− µ) (3− µ) Γ (αn+ β)− 3 (4− µ) Γ (α (n− 1) + β) ≥ 0, α ≥ 1.67,

T2 = (5− 2µ) Γ (αn+ β)− (7− µ) Γ (α (n− 1) + β) ≥ 0, α ≥ 1.35,

T3 = (2− µ) Γ (αn+ β)− Γ (α (n− 1) + β) ≥ 0, α ≥ 1.

These inequalities holds for β = 1. Also M (n) is increasing for n ≥ 3. Further M (3) > 0
implies that (n− 1− µ) (n− µ) an ≥ n (n+ 1− µ) an+1, for all n ≥ 3. This shows {an}
satisfies the conditions of Lemma 1.3. This completes the proof. �

Theorem 2.4. If α ≥ 1 and β ≥ 3.21431974337, then Eα,β ∈
∼
S∗ (α) , where

α =
2

π
arcsin

(
κ

√
1− κ2

4
+
κ

2

√
1− κ2

)
, (11)

and κ = 2β2+β−1
β3−β2 .

Proof. By using the well-known triangle inequality and with the inequality n ≤ 2n−1, ∀
n ≥ 1, we obtain∣∣E′α,β(z)− 1

∣∣ ≤ ∞∑
n=1

n+ 1

(β)n

≤ 1

β

∞∑
n=1

(
2

β + 1

)n−1

+
1

β

∞∑
n=1

(
1

β + 1

)n−1

=
2β2 + β − 1

β3 − β2
= κ. (12)
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For 0 < κ ≤ 1 and from (12) , we concluded that

E′α,β ≺ 1 + κz ⇒
∣∣arg

(
E′α,β(z)

)∣∣ < arcsinκ. (13)

With the help of Lemma 1.4, take n = 0 with F (z) = E′α,β(z) and G(z) = 1 + κz, we get

Eα,β
z
≺ 1 +

κ

2
z. (14)

As a result ∣∣∣∣arg

(
Eα,β(z)

z

)∣∣∣∣ < arcsin
κ

2
. (15)

By using (13) and (14) , we obtain∣∣∣∣arg

(
zE′α,β(z)

Eα,β(z)

)∣∣∣∣ ≤ ∣∣∣∣arg

(
z

Eα,β(z)

)∣∣∣∣+
∣∣arg

(
E′α,β(z)

)∣∣
< arcsin

κ

2
+ arcsinκ = arcsin

(
κ

√
1− κ2

4
+
κ

2

√
1− κ2

)
.

Which implies that Eα,β ∈
∼
S∗ (α) for α = 2

π arcsin

(
κ
√

1− κ2

4 + κ
2

√
1− κ2

)
. �

Remark 2.1. The condition obtained in the above theorem is better than the result of [4].

Theorem 2.5. If α ≥ 1 and β ≥ 5.34936..., then Eα,β ∈
∼
C (α) , where

α =
2

π
arcsin

(
κ

√
1− κ2

4
+
κ

2

√
1− κ2

)
, (16)

and κ = 3β3−5β2−5β+3
β4−4β3+3β2 .

Proof. By using the well-known triangle inequality with the inequalities n2 ≤ 4n−1, n ≤
2n−1 ∀ n ∈ N, we obtain∣∣∣(zE′α,β(z)

)′ − 1
∣∣∣ ≤ ∞∑

n=1

(n+ 1)
2

(β)n

≤ 1

β

∞∑
n=1

(
4

β + 1

)n−1

+
1

β

∞∑
n=1

(
2

β + 1

)n−1

+
1

β

∞∑
n=1

(
1

β + 1

)n−1

=
3β3 − 5β2 − 5β + 3

β4 − 4β3 + 3β2
= κ. (17)

For 0 < κ ≤ 1 and from (17) , we concluded that(
zE′α,β(z)

)′ ≺ 1 + κz ⇒
∣∣∣arg

(
zE′α,β(z)

)′∣∣∣ < arcsinκ. (18)

With the help of Lemma 1.4, take n = 0 with F (z) =
(
zE′α,β(z)

)′
and G(z) = 1 + κz, we

get

E′α,β(z) ≺ 1 +
κ

2
z. (19)

As a result ∣∣argE′α,β(z)
∣∣ < arcsin

κ

2
. (20)
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By using (18) and (20) , we obtain∣∣∣∣∣∣∣arg


(
zE′α,β(z)

)′
E′α,β(z)


∣∣∣∣∣∣∣ ≤

∣∣∣arg
(
zE′α,β(z)

)′∣∣∣+
∣∣arg

(
E′α,β(z)

)∣∣
< arcsin

κ

2
+ arcsinκ = arcsin

(
κ

√
1− κ2

4
+
κ

2

√
1− κ2

)
.

Which implies that Eα,β ∈
∼
C (α) for α = 2

π arcsin

(
κ
√

1− κ2

4 + κ
2

√
1− κ2

)
. �

Theorem 2.6. Let α ≥ 1 and β ≥ 9.1112597744, then Eα,β ∈ UCV.

Proof. Since ∣∣∣∣∣zE′′α,β(z)

E′α,β(z)

∣∣∣∣∣ ≤ 2
(
β2 − 1

)
(β − 3) (β2 − 3β + 2)

.

By using Lemma 1.5, we have ∣∣∣∣∣zE′′α,β(z)

E′α,β(z)

∣∣∣∣∣ < 1

2
,

This implies that β3 − 10β2 + 7β + 10 > 0, which is positive for β > 9.1112597744. Hence
the required result. �

Acknowledgement: The work here is supported by HEC grant: 5689/Punjab/NRPU/R&D/HEC/2016.

R E F E R E N C E S

[1] A. A. Attiya, Some applications of Mittag-Leffler function in the unit disk, Filomat, 30(7)(2016), 2075-

2081.

[2] R. P. Agarwal, A propos d’une note de M. Pierre Humbert. C.R. Acad. Sci. Paris, 236(21)(1953),

2031-2032.

[3] D. Bansal and J. K. Prajapat, Certain geometric properties of the Mittag-Leffler functions, Comp. Var.

Ellip. Equ., 61(3)(2016), 338-350.

[4] D. Bansal and S. Maharana, Sufficient condition for strongly starlikeness of normalized Mittag-Leffler

function, J. Comp. Anal., 2017(2017), Article ID 6564705, 4 pages.

[5] D. J. Hallenbeck and S. Ruscheweyh. Subordination by convex functions. Proc. Amer. Math. Soc.,

52(1975), 191-195.

[6] H. J. Haubold, A. M. Mathai and R. K. Saxena, Mittag-Leffler functions and their applications, J.

Appl. Math., 2011 (2011), 298628.

[7] G. M. Mittag-Leffler, Sur la nouvelle fonction Eαx, C.R. Acad. Sci. Paris, 137 (1903), 554–558.

[8] S. R. Mondal and A. Swaminathan, On the positivity of certain trigonometric sums and their applica-

tions, Comp. Math. Appl., 62(10)(2011), 3871-3883.

[9] D. Raducanu, On partial sums of normalized Mittag-Leffler functions, An. Şt. Univ. Ovidius Constanţa,
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[13] A. Wiman, Ãœber den Fundamentalsatz in der Teorie der Funktionen Eα(x), Acta Math., 29(1)(1905),

191-201.

[14] B. Y. Yasar, Generalized Mittag-Leffler function and its properties, New Tren. Math. Sci., 3(2015),

12-18.


