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ANEW FUZZY APPROACH TO SOLVE A NOVEL MODEL
OF OPEN SHOP SCHEDULING PROBLEM

F. KHALILI GOODARZI', N. A. TAGHINEZHAD?, S. H. NASSERI*

In this study, we present a new mixed integer linear programming model for
an open shop scheduling problem, considering setup times, processing times,
sequence dependent removal times and inaccessibility time for machines. Objective
in this problem is minimizing maximum completion times (makespan). Due to
uncertainty of the data, in continuation, we present a new method to solve single
objective fully fuzzy mixed integer linear programming and implement the method to
open shop scheduling problem. Computational results present the application of the
model and the proposal solving method.

Keywords: Scheduling, Open shop, fully fuzzy mixed integer linear programming
problem, Sequence dependent removal times, Inaccessibility time for
machines.

1. Introduction

Scheduling consists of assignment resources in order to perform a set of
tasks in a given time horizon that optimizes the usage of available resources .The
pure sequencing problem is a specialized scheduling problem in which an
ordering of the jobs completely determines a schedule. Whereas the scheduling is
one of the important and complex issues in engineering fields, considering
different criteria has been lionize by many researches.

Nowadays, in many manufacturing factories and service systems
providing timely information and services to customers is crucial. The tardiness
and earliness costs in these issues, not only makes the customers affected but also
reduces the credit of the company or manufacturing plant.

In an open shop scheduling problem, no restrictions are placed on the
processing order for any job. An open shop scheduling problem may be
encountered in testing facilities where units go through a series of diagnostic tests
that do not have to be performed in any specified order. Since different testing
equipment is usually required for each test, it is not possible to conduct any two
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tests concurrently. The above situation is frequently encountered in testing the
components of an electronic system and in general repair facilities when repairs
can be performed in an arbitrary order [13].

Besides precisely characterizing a scheduling problem, recently,
application of mathematical models to optimally solve scheduling problems is
gaining more attention due to the progress obtained in computer capacities and
advent of specific software. However, many studies have been conducted to
model the flow shops and job shops [16,17]. The formulation of the open shops
has been given far less attention. In the literature, Liaw [10] propose a linear
programming model to formulate the two-machine preemptive open shop
problems. Since he considers a special preemptive case, his model is not adaptable
to classical OSS. Lin et al. [11] formulate another variant of OSS where jobs are
no-wait and there are movable dedicated machines. Unfortunately, this model is
non-linear and consequently ineffective. Another attempt to model OSS is
conducted by Low and Yeh [12]. They propose a mixed integer linear
programming model for a specific problem of OSS with setup and removal times.

Although the open shop scheduling problem has a considerably larger
solution space than the job shop or flow shop scheduling problems, and it seems
to receive less attention from researchers and practitioners, thus remaining an
important and universal problem. In this paper, the discussion is focused on the
problem of scheduling open shops. In addition, to better representing the real
nature of scheduling environments, certain processing restrictions such as
independent setup, dependent removal times and machine availability are also
introduced. With regard to uncertainty in data of this problem, we consider a fully
fuzzy view of this problem. Objective in this problem is minimizing maximum
completion times.

2. Problem formulation

Like all scheduling problem, an open shop scheduling problem contains n
jobs and m machines. Each job contains at most m operations. There is no
predetermined processing route for the jobs, meaning that jobs could visit
machines by any order. In this section, we present a new MILP model for an open
shop scheduling problem.

2.1. Problem assumption

The problem assumptions are as follow:

At any time, each job can be processed on at most one machine and each
machine can process at most one job.

All parameters, coefficients, and variables are triangle fuzzy number.

All m machines and all n jobs are available at start point.
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e The machine breakdown is not permitted.

e Setup times are dependent to machine and job and are sequence independent.
e Removal times are dependent of sequencing.

e Machines inaccessibility on some predetermined time intervals are associated.
e There is only one machine of each type in the shop.

The setup task can be started in advance when the certain machine is free.
2.2. Notation
Before presenting the model, it is necessary to introduce the notations

including parameters, indices, and variables used in our model. The parameters
and indices are defined in Table 1.

Table 1.
Parameters and indices of the proposed model
NOTATION DESCRIPTION
il JOB INDICES
€{01,..,n}
k €{1,..,n} | JOB INDICES
h,j MACHINE INDICES
e{l,..,m}
t €{1,..,T} | MACHINES INACCESSIBILITY TIME INTERVALS
0;; OPERATION OF PROCESSING JOB i ON MACHINE j
Dij PROCESSING TIME OF JOB i ON MACHINE j
Sij SETUP TIME OF JOB i ON MACHINE j
Rixj REMOVAL TIME OF JOB i ON MACHINE k IF k BE THE NEXT
MACHINE THAT PROCESS i
Start, ; STARTING TIME OF ¢-TH INACCESSIBILITY INTERVAL FOR
MACHINE j
End,; END TIME OF ¢-TH INACCESSIBILITY INTERVAL FOR
MACHINE j

The proposed model contains the following variables:
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Table 2.
Variables of the proposed model
NOTATION DESCRIPTION
St; STARTING TIME OF A SETUP TASK FOR OPERATION 0;;
Ci; COMPLETION TIME OF OPERATION 0;;
Xikj BINARY VARIABLE; IF 0;; PROCESSES BEFORE 0,; ON
MACHINE j
Yiin BINARY VARIABLE; IF 0;; PROCESSES BEFORE 0;;,
Ziyj BINARY VARIABLE; IF 0,; IMMEDIATELY PROCESSES AFTER
0;; ON MACHINE j
A BINARY VARIABLE; IF 0;,; PROCESSES AFTER ¢t-TH
INACCESSIBILITY INTERVAL FOR MACHINE j
Crnax MAXIMUM COMPLETION TIME (MAKESPAN)

2.3. Arithmetic on fuzzy numbers

As mentioned in the problem assumptions subsection, all parameters and
variables (except binary variables) are fuzzy numbers with the triangular
possibility distribution as follows:

1a(x)

a? am a’
Fig. 1. Triangular possibility distribution of fuzzy number 4 = (a?, a™, a®)

Definition 1: Let A = (a,b,c) and B = (d,e, f) be two triangular fuzzy
numbers. Then, arithmetic operation on these fuzzy numbers can be defined as
follows:

1) Addition: A®@B = (a+d,b +e,c + ).
2) Symmetry: —A = (—c,—b, —a).
3) SubtractionnA©@ B =(a—f,b—e,c—d).
4) Equality: A=Biffa=d,b=¢e,c="f.
5) Multiplication: Suppose 4 be any triangular fuzzy number and B be non-negative
triangular fuzzy number, then we define:
(ad,be,cf),a =0
A® B =1 (af,be,cf),a<0,c=0
(af,be,cd),c <0
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2.4. Mathematical model
Our model could be formulated as follows:
minZ = Cpax

C; — Stij — Yk=1Rixj X Zyyj = +5i; + Py; Vi, j
k#i
Sti; + sij+Dij + D=1 Rixj X Zij — M(1 = Xypj) < Sty Vi,j, i+
k#i
Styj + s51+P1j + Zie=1Ruej X Zij — MXy; < Sty Vi, j i+l
P
Stij + sij+Pij — M(1 = Yijn) < Stin+sin Vi j,h; j#h
Stih + Sih+ﬁih - MYl]h < Stij+sij Vi,j, h; ] *h
Xuj+ Xy =1 Vi,Li#li>1
Yiin+Yinj=1 Vi, j,h;h > j
YicoZixj =1 Vk,j
= Vi, j
k=1
Xuj—Zy; =20 Vi, j, i #1
Xyj—Zyj<1 Vi, j, i+l
- Vi, j, t
Stij + Sij + ﬁij + z Rikj X Zikj
=1
k+#i
< Startej + (M — Start, ;) X A;j;
Stl] = Aijt X Endt,j Vi’j’ t
Ao, Zuj, Xuj Yijn € {0,1},St;; = 0 Vi, l,j, ht; i

#1,j+h
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3. A new solution method for solving the problem

A FFMILP problem with m fuzzy constraints and n variables may be

formulated as follows:
n

maximize ( minimize) z ¢ ®%;

j=1
(Z 10;;®% <,=,2b,Vi=1,..,m
st % Z0;7=1..p (3.2)
X 70,5, €Z;j=p+1,..,n
where €T = [§]1xn, X = [%]nx1, 4 [aU] = [bi]lmx1& @i, ¢, %;, b; € F(R). According

to this definition, the steps of our proposed solutlon algorithm are as follows:

Initialization Step: If all ¢, %;, a;; and b; are represented by triangular
fuzzy numbers (pj,q;,1), (aij, bij, cij), (bi, g, hi) and (x;,y;, z;) respectively then
by substituting these values, the FFMILP problem, obtained in (3.1), may be
written as follows:

n
max (min) > (07,4577, ® (4,71.%)

j=1

n
(Z(aij'bijfcij)@)(xj: y]'; Zj) S, =S, F (bi' 9i, hi),Vi = 1, e, m

j=1
(xj,yj,zj) = 0; j=1..,p
(xj,xj,xj)ZO,ijZ; j=p+1,..,n

S.t.

Step 2: By arithmetic operations defined in subsection 2.2, the fuzzy
linear programming problem of Step 1, converted into the following equivalent
problem:

max(min) ) (v, 4@ (5,9,,%) = ) (@ 3,7)
j=1 j=1
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S.t.<

\
where

(%35, 2) = 0;
xj = 0,x; € Z;

Vi=1,..,m

j=1..,p
j=p+1,..,n

(ayj, bij, ci)® (%), ¥5,2) = (myj,nij,045)& (0, 45, 17)® (%1, 5, 27) = (@, B, v;):

Step 3: Suppose the problem is in minimizing form, (we can easily expand
the problem to the minimizing form), then we convert the objective function into

three objectives as follows:

S.t.«

n
Z, = MaxZﬁj —q;
j=1
n
Z, = MinZBj
j=1
n

j=1

vVi=1,..,m

vVi=1,..,m

j=1,..,p
j=p+1,..,n
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Step 4: Determine the Positive Ideal Solution (PIS) and Negative Ideal
Solution (NIS) for each objective function by solving the corresponding model as
follows:

n n n
PIS __ . :
Zl = Maxz,b’j —a; ZZPIS — Mlnz ﬂ] Z3P15 — Mlnz y] _ ﬁ]
= =1 =1

XeF
XEF XeEF

n n n
Z,NS = MinZ,Bj - q; Z,N5 = MaxZﬁj Z3NIS = Manyj — B;
j=1 j=1 j=1

XeF XeF XeF

Assume that, F is the set of all constraints. To reduce the computational
time, the negative ideal solutions can be estimate as follows. Let v;; and Z,(v;,)
denote the decision vector associated with the PIS of hth objective function and
the corresponding value of h-th objective function, respectively. So, we can
estimate the related NIS as follows:

Z{WS = MIN g=1,23{Z1(Vx)} Z}z:ns =
maxk=1,2,3{zh(17;,)} ;h=2,3

Step 5: Determine a linear membership function for each objective
function according to positive and negative ideal points. In practice, u;(v);i =
1,2,3 presents the satisfaction level of ith objective function for the given
solution vector v. The graphs of these membership functions were represented in
Figures 2 and 3 see also in [19].

Hz, (V)A Hz, ( Mz3)(17)
A

v
<

» U
levlS le’lS ZIZ’IS(ZgIS) ZIZVIS(ZgIlS)

Fig.2. Linear membership function for z, Fig.3. Linear membership function for Z,(Z5)
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Step 6: Convert the auxiliary MILP model into an equivalent single-
objective MILP by using the following auxiliary crisp formulation:

(3.2)

Where presents the satisfaction level of i-th objective
function for the given solution vector and denote the minimum satisfaction
degree of all objectives. This formulation has a new achievement function defined
as a convex combination of the lower bound for satisfaction degree of objectives
(), and the weighted sum of satisfaction degree of objectives to ensure yielding
an adjustably balanced compromise solution. Moreover, and indicate the
relative importance of the -th objective function and the coefficient of
compensation, respectively. The selection of  depends to the aims and opinion
of decision maker. The main aim in this problem is to find the maximum of
minimum satisfaction degree of all objectives in order to find a better solution for
the primal FFLP problem.

Step 7: After solving (3.2), the solutions must be put into the objective
function of primal FFLP problem in order to find the fuzzy objective value of
problem.

4. Numerical examples

We consider an example to illustrate the performance of our model. For
this reason, first we consider the certain form of our model. To illustrate the
performance of our approach, we solve an example. By solving this problem,
results are expressed as follows:

otz ls

m I I 1 IT I‘ ‘ ‘ ‘
m2 [ I [ [ [ [ coml | |

m3 [ | | [ | |

0 4 8 12 16 20 24 23 32 35 40 44 4£3 52 56 60 B4 53 V2 76 B0 84 B8 92 95 100 104 108 112 16 120 124 1%

Fig.3. Gantt chart of the proposed model (3 machines, 5 jobs)
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Results of 6 x 2 problem (8; = 6; = 6, =2)

Y | Z1| Z2 | Z3 | 1 | Bz | M3 z

0|0 [127| 3| 1| 0| 1 |0667
01| 0 [127| 3 | 1|0 | 1| 06
02| 0 [127| 3 | 1| 0 | 1 | 0553
03|15 |126 | 1.5 | 05| 05| 05| 05
04| 15126 | 1.5 | 05| 05| 05| 05
05|15 | 126 | 1.5 | 05| 05| 05| 05
06| 15| 126 | 1.5 | 05| 05| 05| 05
0715|126 | 1.5 | 05| 05| 05| 05
08|15 | 126 | 1.5 | 05| 05| 05| 05
09|15 |126 | 1.5 |05 | 05| 05| 05

1 |15|126 | 15|05 |05 |05 05

Results of 6 x 2 problem (8; = 8; =,8, =2)

Y | Z1 | Z2 | Z3 | 1 | M2 | M3 | Z

0 0 127 3 1 0 1 0.5
01|15|126 | 1.5 | 05| 05| 05| 0.5
02|15|126 | 1.5 | 05| 05| 05 | 05
03|15|126 | 1.5 | 05| 05| 0.5 | 0.5
04|15|126 | 1.5 | 05| 05| 0.5 | 0.5
0515|126 | 1.5 | 0.5 | 0.5 | 0.5 | 0.5
06 |15|126 | 1.5 | 05| 0.5 | 0.5 | 0.5
07|15|126 | 1.5 | 05| 05| 05 | 0.5
08| 15|126 | 1.5 | 05| 0.5 | 0.5 | 0.5
0915|126 | 1.5 | 05| 05| 0.5 | 0.5

1 15126 | 15 | 05 [ 05 | 05 | 0.5

Table 3.

Table 4.
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Table 5.
Results of 6 x 2 problem (6, = 63 = %,02 = %)
Y | Z1i | Zz | Z3 | a1 | M2 | U3 z

0 3 (124 | 0 0 1 0 | 0.667

0.1 3 (124 | 0 0 1 0 0.6

0.2 3 (124 | 0 0 1 0 | 0.528

03 |15|126 | 1.5 | 05 | 0.5 | 0.5 0.5

04 | 15126 | 1.5 | 0.5 | 0.5 | 0.5 0.5

05 |15(126 | 1.5 | 0.5 | 0.5 | 0.5 0.5

06 | 15126 | 1.5 | 0.5 | 0.5 | 0.5 0.5

07 | 15126 | 1.5 | 0.5 | 0.5 | 0.5 0.5

08 | 15126 | 1.5 | 05 | 0.5 | 0.5 0.5

09 | 15126 | 1.5 | 0.5 | 0.5 | 0.5 0.5

1 15| 126 | 1.5 | 05 | 0.5 | 0.5 0.5
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