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GENERALIZED MATHEMATICAL MODELS OF THE
ELECTROMAGNETIC FIELD IN NONLINEAR MEDIA FOR
THE STATIONAR, QUASISTATIONARY AND TIME
VARIABLE REGIMES

Gabriel BARBU'

In lucrare sunt prezentate si analizate modele matematice generalizate ale
campului electromagnetic in diverse regimuri. Pentru aceste modele matematice
sunt formulate teoreme de existenta si unicitate. Ecuatiile de camp sunt scrise ca
distributie. Consideram ca relatia constitutivd poate fi neliniard.

This paper presents and analyzes generalized mathematical models of the
electromagnetic field in different regimes. Existence and uniqueness theorems are
formulated for these mathematical models. Field equations are written as a
distribution. We consider that the constitutive relationship may be nonlinear.

Keywords: existence and uniqueness theorems, stationary electromagnetic field,
periodic quasistationary regime, variable regime

1. Introduction

The correct formulation of problems of the electromagnetic field analysis
involves, in addition to defining the basic phenomenology of the problem,
establishing a phenomenological model which relates to the field system,
identifying sources of field and models of the material, obtaining a mathematical
model of electromagnetic field, which plays an important role in this issue [1].
The mathematical model consists of an operational equation; the unknown
(primary size) is a state of the field size or other associated scalar or vector. In
addition to the above, and depending on the type of operational equation satisfied
by the primary size, supplementary conditions necessary for the uniqueness of the
solution equation may be enumerated.

For the correctness of the mathematical model, there must be
demonstrated existence and uniqueness theorems and stability of the solution,
which should ensure the narrowing of the solution deviations in case of data
corruption.
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For simplicity of presentation, we consider the boundary conditions zero
and in addition into the steady-state conditions, we consider the current density
and charge zero.

Uniqueness theorems have been proposed and demonstrated long before,
by Radulet R., Al. Timotin, and A. Tugulea [2], [3]. However these theorems
imposed the restriction according to which the dimensions of the electromagnetic
field belong to C' class on subdomains, while at their borders conditions of
transition are established. Obviously, imposing conditions of transition requires,
in turn, restrictions on surfaces.

In case of nonlinear media, must be imposed restrictions that all
constitutive relations must be C' class. From mathematical point of view, the
legitimate question arises, whether it is possible for the aforementioned
restrictions not to allow any solutions at all. So it can be expected that expanding
the class of the functions in which vector fields are defined, may prove useful. We
propose for the generalized magnetic field to be an ordered pair (B, H) € §,
where § = L*(Q)x L*(Q). Obviously, at this point the risk of the uniqueness of

solution getting lost might occur. In this case, the derivatives must be treated in a
general way:

(- (divz,p)) = (Z,gradg), (V) pek (1)
(— <r0tZ,Y’>) = <Z,r0t¥’> , (‘v’) YekK 2)

where rot and div take the meanings of operators. K and K are spaces of the scalar
functions (vectors) indefinitely derivable and having compact support in Q.

Equations of stationary regime of the magnetic field (assuming we also
have a magnetic charge p) are:

divB=p,rotH=J,B=F (H)

where p and J are distributions, and F : L*(Q) — L*(Q) is a nonlinear relation of
material. Relations (1), (2) are local forms (“differentials’) of the equations of the
magnetic field.

1.1. Notations and definitions

Let be the domain Q « R, bounded by the closed area 6Q and let be the
interval [0,7] < R
We note IT=Q x]0,7[ and IT,= Q x 0,7 , with € ]0,7][.
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Let E° be the Euclidean space, and I*(Q) the Hilbert space of the function

x : Q— E’, with inner product <x, y> =_[x~y dv; we consider C(Q) the
Q

Q)

space of the continuous function x : Q — E*, having k-continuous Frechet
differentiable on Q, 0 <k <o (so they have continuous partial derivatives up to
ordinal k); K(Q), the space of the function belonging to C* (Q) and having
compact support Q.

The spaces ct (Q) and K(Q) are dense in I’ (Q) We define similarly the
spaces L*(IT), C*(IT), K(IT).
We use the notations:

6—x=;c, jxdrzx
ot 0 .

[*(IT) is the space of the functions x, where x € L*(IT) and similarly u L*(T),

C*(Im)etc.
We denote u L (H) the completed space C'(IT), in the average uniform topology.
Obviously, u I*(IT) < L*(IT).
Theorem I: The operator U(.)dT] : I*(IT) — u I*(TT) is continuous.
0

If E is replaced by R, we define similarly the space L (Q), K(Q), L (H), etc.
Where the function defined on Q (or IT) are values in R.
Let H a Hilbert space. We note a material relationship as a continuous

function £ : H — H . The relationship Fis lipschitzian and uniformly monotone
if:

|Fco-F)|
r-- ="_@

< 3)
|~

Supx,yeH

and

(FCo)=F(y),x—y)
e ="

We say that Fe WUH).

=0>0 (4)

n x,yeH
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Basically, the application F' € U (L*(Q)) or (F € U (L*(I1))), can be obtained
from a local material relationship F: Q x E*—E* (sau F: Q X [0, 71X E3—E3).

2. The generalized mathematical model of the stationary field [4] [S]

We call a generalized stationary magnetic field the ordered pair [s] = (B,
H), where B,H € L*(Q). We denote ./ § the vector space of pairs [s].
We say that a series ([s,]).21 is convergent if (B, ), and (H, ), are

convergent in L* (Q).
Let be S < 0Q consisting of a finite number (k) of disjoint surfaces
k
(Sn=JSp and Sy; NSy; =0 fori=)).
i=1
We denote . /& the set of pairs [s] with BH € C ! (€2), where [3]:

(mxHP) xn=0, forPelS, (5)
n x B(P) =0, for P e S,= 0Q\S, (6)
jB(P)-n.dAzo, fori=1,2, ..., k-1 (7)
sln

divB=0,rot H=0 ®)

Let be H,Be C* ( Q) with properties rot H=0, div B=0 and null conditions

on the border. The fields B,H may be nonzero because the constitutive relation
may be nonlinear and F(H) # 0. We say (B,H) € ./ §r.

Let be .°§ r the completed space in . §r topology. .“F ris a subspace of
8.

Equations (1), (2) are local forms of the stationary regime equations. It
should also be interesting to find an integral formulation for the equations of the
quasistationary system. Affiliation to the L*(Q) spaces implies the existence of
Lebesque sets of null measure on which the vector fields may not be defined.
These sets can be surfaces or curves. For this reason, the formulation of the
integral forms must resort to Fubini theorem.

Let there be (Su,u elol]c RZ) a family of surfaces, who can be
represented by the family of sheets r = ;(uf 77), where r is the position vector and

; :[0,1]° — E’is C' class. The family of surfaces has the property (PS): 3 ¢ >0
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sothat Vu € [0,1]and V P € S, (S—r

,nj > ¢, where n is the normal to surface
u

S,. So the family of surfaces fills a @ domain.
Let be B € LXQ). For almost any u € [0, 1] there are the @ = IBndA
Sll

fluxes (in the Lebesque’s sense). Let be a series (Bn )nzl who converges to B, then

1
the average fluxes @, = J.duJ.BnndA , will converge for ®.
0 S,

The integral form of the magnetic flux law: Let there be (o,,u € [0,1]) a

family of closed surfaces with (PS) property and [s] € & p. Then ® =0 and for
almost any u € [0,1], @, =0.

The integral form of the div B = 0 relation for [s] € 8 r field: Let be
(C oM e [0,1]2 cR 2) a family of curves which can be represented by a family of

roads r = ;(u,f,n), ¢ and # being the coordinates of point M and ; [0,17 — E* is
C' class. The family of curves has the (PC) property: 3 ¢ >0 so that V M and
or

Y ou
o on) \ou ou
Letbe H € Lz(Q) [4]; for almost any M € [0,1]* there is the circulation
(in the Lebesque’s sense) U, = I Hdr . Let be a series (H, )= = L*(Q) who

Cy

converges to H, then average circulations INJn = J. dA IH dr converge for INJCM .

[0.1] Cur
< lqlvia)i ||H -H,
c

Cow) (10)

where v(w) is the volume of the domain w.

The integral form of the ot H = 0 relation for [s] € B pfield: Let be
(yM,M € [0,1]2) a family of closed curves with (PC) property and [s] € & p. Then
Vy,, =0 and for almost any M e [0,17%, Uy, =0.

‘INJCM - ﬁn

A\
Theorem 2 (uniqueness and existence): Let be U € U(L*(Q)); there is one

- A
and only one field [s] € .°& r where H= U (B).
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3.  Generalized mathematical model for (quasistationary
electromagnetic field [6]

Let be QF the vectorial space of the ordered quartets [g]=(e, b, h, j)e
c Q_Twhere:
rote=-b,roth=j,divh=0 1)
We say that ([g, ]),=1 is a Cauchy series, if (e,) n1, (j,) »=1 in L*(1), and
(b,) »o1, () 4=1 are Cauchy into uL*(I).

Let be Q_thhe completed QF space of this topology. Let be [¢] € Q_T

We name periodic quasistationary electromagnetic field any [¢] € QF
element.

The local equations of the quasistationary electromagnetic field [3]

Let there be [q] € QF ;5 Vo, w e K([1)and V y € K([1) ; the following
relations are valid:

<e,r0t¢)> Cm= <b(p> @ - the induction law (12)
<h,}"0tl//> £ = < j,l//> L’ - the magnetic circuit law (13)
<b, grad;g) Lz(ﬂ) =0 - the magnetic flux law (14)

Let be S €0Q and S, €0Q/ S. .We denote QFF the set of fields [¢q] = OF
wherefore:

(nxe(P))xn=0 forPe > e=S,x[0T] (15)
(nxh(P))yxn=0 forPeY h=S5,x[0,T] (16)
bl =0 (17)

Let @ - be the completed space of QFr in Q_fF topology Q_T @ risa Q_T
subspace.

Theorem 3 : Let be A, B two positive and liniar operators and A4 is

hermitian. If [¢] € QF  fulfils the relation e = 4 jand b= B h, then [¢] = 0.
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Corollary: Let be s € L*() and , i € uL*(M) 4 , B two positive
operators and ;1 hermitian; there is at most [¢] € Q_QF » field where e = 1A4 jts
andb=B h+i.

Theorem 4 (of existence in Q_fF r)

We presume fulfilled the following condition: V ¢ € K([1) , the equation

Aj[xzrotrotaﬁx:go (18)

has a solution x€C?([1) so that

(nxx(P))xn=0, forP e)e (19)
(nxrotx(P) )xn=0,forP e Yh (20)
Equation (18) has unique solution because:
- 2 A
<x,Mx> 5 -1 rot x(z‘)( + ||x||2 and the operator M s
L) 2 L 2
2 (Q) t

therefore defined positive.

Theorem 5: Let be s € K (IT) and i € L*(IT). There is a only one field [¢]
€ Q_Tﬂwith e,j ceul’(I1) and b, h € L*(IT), where e=p j+s, b= uh+i (and
b=yuh+i)and p, u > 0. The function ¥:L*(I1)— L*(I1) defined by
S’A’(i) = (b) is a contraction.

4. Generalized mathematical model of the electromagnetic field in

variable regime [7]

Let S§ be the vectorial space of the ordered quintets [g] = (e, j, d, b, h),
with e, j, d, b, h < CZ(H),Where rote=-b,roth=j+d,divb=0 21

We say that ([g ]) »>1 18 a Cauchy series if (en) w1 s (dn) 1, (bn) w1,
(hn) »>1 , are Cauchy in uL*(IT) and ( jn) »>1 18 Cauchy in L*(10).

Let be $5 the completed space of the $§ in this topology.
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We call generalized electromagnetic field any element [g] € $§ .

Generalized local forms of the electromagnetic field equations

Let be [g] = (e, j, d, b, h) € 85 , Vo we KII) and V y € K(II) the
following relationships are valid:

<e,rot¢> £ = <b,(/)> “a - the induction law (22)

<h, I’Otl//> LZ(H) = <_], l//> LZ(H) - <d, l//> L2(H) —the magnetic circuit law (23)

<b, gradx) Lz(n) =0 - the magnetic flux law (24)

Letbe S, c0Q2 and S, € 0Q/ S. . We denote $r the set of fields [g] = $F
for which:

nxe(P)=0, forPe Y e=S,x[0,T] (25)
nxh(P)=0, forP e h=S5,%[0,T] (26)
bl,.o=0 27)
dl,-o=0 (28)

We denote $§  the completed space of the $&F in this topology S§. S§

isa 65 subspace.

Letbe B, C e S(LAQ)).
We presume the following condition is met:

Ve K(Il) and 6>0,(3)x € C*(I1) the solution of equation:

N x=ox+ rot Ei’rotx +6-.;c=go (29)
with

nxx(P)=0,forP e Ye (30)

nxrotx(P)=0,forP e Y h (31)

x|i2o=0 (32)
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In the previous condition we considered that x € C(II), which implies

restrictions on operators B, C (these restrictions could be partially avoided,
considering that x is an element of a Sobolev-type space of norm:

(b

1
2 5 2
v | (33)

+|x
)

rot x

The N operator is defined positive and the equation solution (29) is
unique.

Let W2(H) be the Sobolev space of norm [7]

1
(.., +roeell (34)

Then whatever s € L*(IT), pe L*(IT1), m € W*(I1), there is a field

[¢] € 65 r, with e=pjts,h=Bb—-m,d=Ce+p.

Theorem 6.(of existence): Let there be pe L*(IT), m € WX(II), C, B e

S(LA(Q)) and U , which for any ¢ applies Lipschitzian L (I1) in L*(IL);
additionally lA] is causal, namely, for any #, y belongs in [0, 7], it is determined
only by x in the [0, 7] interval (through y = l} (x)). There is [g] € $5 ¢ with Jj=
(}(e), h= ZAib—m,d= é’e+p.

6. Conclusions

For the fairness of the mathematical model, there must be demonstrated
theorems of the existence, uniqueness and stability of the solution, which should
ensure the narrowing of the solution deviations in case of data corruption.

Taking into consideration the local forms of the equations of the magnetic
field, is interesting to find integral formulations for them. Affiliation to the L*(Q)
spaces implies the existence of Lebesque sets of null measure on which the vector
fields may not be defined. These sets can be surfaces or curves. For this reason,
the formulation of the integral forms must resort to Fubini theorem.

The conditions for the solution of the electromagnetic field in order to
ensure its uniqueness may be too restrictive and the existence of the solution
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might be unsafe, especially when the constitutive relation is nonlinear. Because of
these restrictions, the components of the electromagnetic field are described by
functions with continuous derivatives on subdomains so that local forms may be
written for the field equations. In order there should be a solution which
preserves, at the same time, its uniqueness, lighter restrictions will therefore be
adopted for the solution of the field L* (Q).
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