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MATRIX MODEL IN INVERSE DYNAMICS OF A 3-DOF
SPATIAL PARALLEL MANIPULATOR

St. STAICU, Y-W. LL X-J. LIU, J. WANG, L-P WANG "

In timp ce cinematica robotilor a fost studiatd in bund mdsurd in ultimele
doua decade, putine lucrari de dinamica robotilor paraleli pot fi identificate.
Lucrarea prezenta stabileste unele relatii matriceale recursive pentru cinematica si
dinamica unui manipulator paralel spatial cu trei grade de libertate: doua translatii
§i o rotatie. Presupundnd ca pozitia si miscarea platformei mobile este cunoscuta gi
utilizénd o noud metodd matriceald, se prezintd o formulare dinamica inversd. In
ultima parte a lucrarii sunt determinate cdteva relatii matriceale iterative §i grafice
pentru fortele celor trei sisteme de actionare.

While the robot kinematics has been studied extensively during the last two
decades, fewer papers can be found on the dynamics of parallel robots. Some
recursive matrix relations for the kinematics and dynamics of a spatial parallel
manipulator, which has two translational degrees of freedom and one rotational
degree of freedom, are established in this paper. Supposing that the position and the
motion of the mobile platform are known and using a new matrix method, an inverse
dynamic formulation is presented. Finally, some iterative matrix relations and some
graphs for forces of the three actuators are determined.
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Introduction

Parallel manipulators are closed-loop mechanisms presenting very good
performances in terms of accuracy, rigidity and stability to manipulate large loads.
These mechanisms generally compose two platforms, which are connected by
joints and legs acting in parallel. One of them is attached to the fixed reference
base. The other one can have arbitrary motion in its workspace. Several mobile
legs or limbs, made up as serial robots, connect a movable platform to the fixed
frame. Typically, the number of actuators is equal to the number of degrees of
freedom. Compared with commonly known serial robots, parallel manipulators
have some special characteristics: greater structural rigidity, potentially higher
precision, stabile functioning, larger capacity and suitable position of the actuating
systems. There has been great amount of research on the application of parallel
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manipulators, such as machine tools [23] and industrial robots [2]. When good
dynamic performance and precise positioning under high load are required, the
dynamic model is important for their control.

In the last few years the parallel manipulators with less DOF have attracted
the researchers and some of them have been used in the structure design of robotic
manipulators. Parallel mechanisms can be found in many technical applications in
which it is desired to orient a rigid body in space of high speed. Accuracy and
precision in the execution of the task are essential since the robot is intended to
operate on fragile objects; any errors in the positioning of the tool could lead to
expensive damage. Recently, many efforts have been devoted to the kinematics
and dynamic analysis of fully parallel manipulators. Many companies have
developed them as high precision machine tools. The most known application is
the aircraft simulator with six degrees of freedom, which is in fact the Stewart-
Gough platform. A lot of works have focused on the dynamics of this parallel
manipulator ([4], [8], [14], [22], [26], [27]). Geng [6] developed Lagrange’s
equations of motion under some simplifying assumptions regarding the geometry
and inertia distribution of the manipulator. Dasgupta and Mruthyunjaya [4] used
the Newton-Euler approach to develop closed-form dynamic equations of Stewart
platform, considering all dynamic and gravity effects as well as viscous friction at
joints. They observed that the application of the Newton-Euler method is more
economical in the case of parallel or hybrid manipulators than in serial robots.
Pierrot and Company [15] presented a new family of parallel robots with 4-DOF.
The parallel manipulator Star [7] and the parallel Delta robot ([1], [21], [24], [25],
[30]) equipped with three engines, which have a parallel setting, train on the
effector in a three degrees of freedom general translation motion.

In this paper, a new matrix approach is adopted to derive the inverse dynamic
equations of a spatial parallel manipulator [10], which has two translation degrees
of freedom and one rotational degree of freedom (Fig. 1).

1. Geometric model of the manipulator

The spatial mechanism consists of three kinematical closed chains, including
three variable length limbs. The motion of the platform is accomplished by the
slide of three sliders of mass m, on the guide-ways.

The moving platform is an isosceles triangle 4;B,Cs, which is described by
the sizes 4,B, =2r, A,C; =B,C, =r+2. It has the massm,; and the tensor of

inertia J , (Fig. 2). This platform is connected to a fixed platform, which consists

of a three guide-ways (2), (7) and (9), through the legs (1), (8) and (12). Parameter
R denotes the size of the base platform, where 4,B, =2R, A,C, =B,C, =R.
The legs (1) and (12), have identical chains, consisting of a constant link which is
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connected to a universal joint at the bottom end and a passive revolute joint at the
other. These legs have also the length L, the same mass m, and the same tensor of

inertia J , . The revolute joint is then attached to an active slider, which is mounted
on the guide-way (2) or (9). The third leg (8) consists of an active prismatic
system, a revolute joint that is attached to a third slider, an intermediary
mechanism with four revolute joints that connect a planar four-bar parallelogram.
This classical mechanism is finally connected to the moving platform.

z 7

Fig. 1 Spatial parallel manipulator

LetOx,y,z,(T;,) be a global frame, located at the centre of the side 4, B, with
the Oz, axis normal to the base platform and the Oy, axis along 4,B, . The three-

degrees-of-freedom manipulator is moving with respect to this Cartesian
referential. One of three active elements of the robot is the first body C, of the

limb C, for example. This slider is mounted on the guide way (7) and effect a
vertical translation with the displacement (. A local leg frame C,x5 ysz5 s

attached to a horizontal transmission bar with its origin at pointC,, the C,z5
direction along the horizontal rotating axis of the revolute joint. This bar has a
relative rotation with the angle ¢S, . Further on, two identical bars with length L,

same mass m, and same tensor of inertia J ,, Totates about the 7, frame with the
angle ¢S, = @, . The parallelogram of the leg C is closed by an element 7, , which

has the same dimensions with 7" .
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The displacements 24 15 1€ of the three actuators 4,,B,,C, are

considered as parameters, which give the position of the mechanism. But, in the
inverse geometric problem, one can suppose that the coordinates y;,z) of the

point P and the rotational angled of the platform, give the position of the
mechanism.
Pursuing the legs 4, B, C, one obtains the following passing matrices

ay, =a,, ay =aza,a,
by =a,,b, =bja,a,
Clp = a3, ¢y =C5a,4, (1)
3 =CHay, Cpy = a5
Csq =€50,04 ,C = Chrd,,
where one denoted ([17])

0 -1 0 0 10 -1 0 0
a=1 0 O0}a,=|-1 0 O|,a,={0 -1 0
0 0 1 0 0 1 0 0 1
0 0 -1 -1 0 0 0 0 -1
a,=|-1 0 0a=[0 1 0lag=0 -1 0 2)
0 1 0 0 0 -1 -1 0 0
cosa sina 0 COS(/’/ikfl Sin@/ik—l 0
a,=|-sina cosa 0|> al, =|-sing/,, cosp _ 0
0 0 1 0 0 1

k
Ao = I Iak—j+1,k—j
=l

Rotation condition of the platform is given by the following identity

C5Cs0 =4 3)
and by the matrices
1 0 0 cosd 0 -—sind
¢, =[0 0 =1, a=R"=| 0 1 0 | 4)
01 0 sind 0 cosé

where a is the rotation matrix around Py ,axis. From this relation, one obtains

0 =05 -y
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Considering that the platform moves for one second and the motion’s
trajectory of the movable platform is given as
=10 Yo oz —hl
vy =—12(* =1.31+0.3)
=02:22¢t —t-1) (5)
0 =0.4sin(4rt),
the displacements A [, A 5,4 {,and the angles s, pr, @505, are given by the
following geometric constraint conditions
i v adid —aF, =
Ro +byly —a'Fy =7 (6)
Ro +Cals esols =7,

where one denoted :

0 0 -1 0
ﬁlzo,ﬁ2:1,53=0u3=1 0 o0
0 0 0 0 O
0
’_;1(/)1 =|-R ”_;10 = rl() (7)
Ao HE
’_;3; =Lu,, 7_;312; =Lu,, 7’43 :_Luz
’_;As =—ri,, 17133 =ri,, 7, =ri,

h=+L>—(R-r)* sina = R_r,cosazﬁ
L L

A B C
Zl zﬂlo +h,22 2210 +h, Z3 :/110 +h

2. Inverse Kinematics analysis

The geometry and the motion capability of spatial manipulator has been
analysed by Liu [11]. For inverse kinematics, the velocities and accelerations
formulae are derived now in matrix closed form. Because the leg (1) and (2) have

one rotational degree of freedom about the 4,z; and B,z7 axis, the angular
velocities and angular accelerations can be written

— 4 .4~ =B . B~ =4 4=~ =B _ B~

Wyp = Polhy, Wyg = Poilhy 5850 = Py 1lhys Ep = Pl 3)



8 St. Staicu, Y-W. Li, X-J. Liu, J. Wang, L-P Wang

C C2X3 20

Fig. 2 Kinematical scheme of the mechanism

Velocities and accelerations of sliders 4,, B, and joints A,, B, can be obtained
as
=4 J 4= =B i B~ = =4 = -
Vig = A jollss Vig = A il 5 V3o =y Vig, Vsg =Dy Vg
77|/(1J:ﬂfoﬁs’ylﬁ2/1?0173’772%:‘121771/103772%2172177%- (€))
On the other hand, leg (8) has two rotational degrees of freedom. The
kinematics of components of chain C,C,C,C;are characterised by the matrices

([18)):

By = ck,k—1a~)kc-1,ockr,k-1 + a)kc,k—ll’73 > (10)
which are associated to absolute angular velocities given by recurrence relations
By = Cp g1 D10 + Of g1il3, O 41 = P 1. (11)
Following relation give the absolute velocity v, of jointC, :
‘712) = Chpm {‘7121,0 + alw)/f—l,olj}ci—l }s ﬁl% = A 1Coﬁ3 , (k=12,3,4,5) (12)
Absolute angular accelerations £;,and accelerations 7/, of jointC, can be
deduced from the time derivative of equations (10), (11), (12):
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~C _ ~C c - c ~C T = _C _C
€k0 = Crk-18k -1 T Efe—1U3 T D f1Cp 1P j—1,0Ck k-143 5 Ef -1 = P o1
~C ~C , ~C _ _C C ~~ c ~
WDy T Efy = O 1P j1U3U3 + Ef U3 + (13)
~C ~C ~C T c ~C T o~
+ C k1 (@ 0Dy 0 + E1.0 )Ch skt + 208 j1Ch k1 D1 0C —113
~C _ e c ~C ~C ~C \=C  =C _ 5C =
750 =Chk17 k10 ¥ Vik—1 T Chs1 (@ 1,004 10 + E1,0) k-1 V10 = Aoz
The following matrix relations give the kinematical conditions of connectivity
for the relative velocities:
A=T~ Ay =T T~ = _ =P
Vigll; Uy + @y Lul; aylisu, =1y
B=T~ By =TyT~~ _ =P /-
Vigl; Uy + @y Lil; byusu, =1y (i=2,3) (14)
C—=T~= C =7 T~ T~ =T T~ T~
Viglt; Us _w21{L“j ColzCrlly =1 U; Coglh3C3ly | =
Cp =T T~ = Cyp=T Tr = _ 2Pr._
— oy, Lujcyusu, + o Lu; cgusu, =1, (j=1,2,3)
c _ _C ;
w5, =0, +6.
The relations (14) give the Jacobian of the mechanism. This matrix is an
essential element for the analysis of the robot workspace. Also, these relations
. fel A B C A B C C C
offer a matrix closed-form for the velocities v,,,v,y,V ,, @5, @5, @5,,@5,,@5, Of

the parallel manipulator.
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Fig. 3 Force f3) of first actuator

Let us assume that the manipulator has a virtual motion determined by the

velocities v, =1, v, =0, v/ =0. The characteristic virtual velocities,

expressed as function of robot’s position are given by the connectivity conditions
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(14). Some other compatibility relations can be obtained if other two virtual
movements are considered: vy, =1, vy, = 0,v, =0and vy, =1, v =0, v{5, =0.

Again, the relative accelerations y jo,7 10,7 10:€ 31» € 215€ 31 & 32, € 5401 the
components of this robot are given by some new conditions of connectivity,
which are obtained from the time derivative of (14) relations. The following
relations results:

yio i} iy +& $Lii] ayiiiiy =1y — 3o Li] ayilsisi,

Yio @] ity +& 5Lt} byilsiiy = 1y — w30 Lbyilsilsi, (i =2,3) (15)

Vﬁﬁf% —¢ gl{L ﬁjrczTo%Cstﬁz - ”ﬁjrczToﬁs%Tzﬁz} —& 3CzL ﬁjrcsToﬁsﬁz +

+e§L ﬁjrcsTOﬁﬂl =i + o505 {L ﬁfczTOL73L73c3Tzﬁ2 - rﬁ;cgoﬁﬂ%cgzﬁ] P+

+ 0505 clyililily — 05057 il + 20505, Lii| e, -

- 2a’2c1wsc4”ﬁjrczTol7305TzL73ﬁ1 (/=12,3)

eS=e5+40.

The relations (14) and (15) represent the inverse kinematical model of parallel
manipulator.

4. Inverse dynamics model

Although the parallel manipulators with less DOF have been investigated to
some extent, works on their dynamics are relatively few. Because of existence of
multiple closed-loop chains, dynamic analysis of a parallel manipulator is quite
complicated.

The motion of the movable platform is controlled by three independent
pneumatic systems that generate three forces

f3;1 = [, /[3123 = fyls, J};g = 32‘73 > (16)
which train the sliders on the guide ways 4,z;", B,z”, Cz{.

Let us consider that the motion of the platform is known. In these conditions,
position, velocity and acceleration of each link and joint are fist determined. The
force of inertia and the resultant moment of the forces of inertia of the 7, body are

determined with respect to 4, joint’s centre. On the other hand, the characteristic

vectors j?k*,ﬁz;: evaluate the influence of the action of the weight m, g and of other
external and internal forces applied to the same element7, . Then the forces and

the moments that are acting each rigid body are definitively determined.

In the inverse dynamic problem, in the present paper, one applies the virtual
powers method in order to establish some recursive matrix relations for the forces
of the three actuators.
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Fig. 4 Force ff; of second actuator

As the virtual velocities method shows, the dynamic equilibrium condition of
the mechanism is that the virtual power of the external, internal and inertia forces,
which is developed during a general virtual displacement, must be null. Applying
the fundamental equations of the parallel robots dynamics established in compact
form by Stefan Staicu [19], the following matrix relations give the forces exerted
on the legs by the sliders along their directions:

A _ =T 7
fio =13 {F* Jr5021 M3 +a)210M2 +a)21aM2
+ 0)32aM3 + g, M{ +05,MS +og, Mg }
flo =13 {Fl +a)21bM2 +a)21bM2 +a’21bM2 (17)
+ w32bM3 + oMy + o5, MS +og,Mg }
fi5 =i {FC + 03 M3 + 073, M3 + w5, M5 +
+ M35 + 05 My + 05, M5 +og, M},
where one denoted
A A T A
Fo =Fo+a,, Fl (18)
MI(A = MkAo + akT+l kMI:IH + 71(:11 kakTH kail
7 A Al 4 7*4
Fio =my |_7k0 (wkoa)ko +&5o )rk J
A A~CA- A = —*4
My = m{EE T o + T & + BT i — iy
£t =-9.806m ako u,

"t =-9.806m 7" a,, ii,.
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The relations (17) and (18) represent the inverse dynamic model of the 3-DOF
spatial parallel manipulator.

an
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Fig. 5 Force f.5 of third actuator

As applications let us consider a manipulator which has the following
characteristics
r=0.1m, R=025m, L=04m
m, =0.9751kg, m, =0.9803kg, m, =8.1573 kg
0.0006 0.0269
J, = 0.0524 o J, = 0.0658
0.0524 0.0501
Assuming that there is not external force and moment acting on the movable
platform, the actuator forces f;; (Fig. 3), 1B (Fig. 4), £ (Fig. 5) are shown for one
second of platform’s evolution.

Conclusions

1. Using the Newton-Euler classic method, which takes into account each of rigid
bodies separate of the kinematical chains, a system of numerous equations of
dynamic equilibrium for all moving body are written and must be solved. The
solution of this system leads to all the forces and moments at the joints, including
the actuator forces.
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2. Analytical calculi involved in the Lagrange formalism are too long and they
have risk of making errors. Also, the time for numerical calculus increases with
the number of bodies of the device.

3. Within the inverse positional analysis some exact relations giving in real-time
the position, velocity and acceleration of each element of a 3-DOF spatial parallel
manipulator have been established in closed form in the present study.

4. Based on virtual work principle, the new approach described above is far more
efficient and establishes a direct recursive determination of the variation in real-
time of the forces of the three actuators. In a context of control, the iterative
matrix relations, (17) and (18), given by this simulation dynamic model, can be
transformed in a model for automatic command of the spatial manipulator.
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