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BEST PROXIMITY POINTS OF F-PROXIMAL CONTRACTIONS
UNDER THE INFLUENCE OF AN o-FUNCTION
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In this paper, we introduce the notions of F-a-prorimal contractions for
Hardy-Rogers type mappings as well as for Ciric-type mappings. Then we discuss the
existence of best proxzimity for nonself multivalued mappings satisfying at least one of
these notions along with few other conditions. An example is also constructed to support

the result.
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1. Introduction

With the introduction of Banach Contraction Principle to metric fixed poind theory,
pure and applied mathematical research has taken new dimensions. Researchers around the
world have done major developments in the field by generalizing this contraction principle.

Samet et. al. [1] introduced the notion of the a-i-contraction principle which gen-
eralized the Banach contraction in a different and unique way. With this break through
the research, metric fixed point theory has widened to many different directions. The a-
admissibility condition used by Samet, has been used quite frequently to discuss existence
and uniqueness of fixed points by different researchers in different ways

Recently, Wardowski [2] introduced a new family of mappings so called F' or § family.
Using the mappings from this family, he introduced a new contraction condition namely the
F-contractions. Many researchers have generalized the concept of Wardowski [2], see for
example: Ali et al. [3], Cosentino and Vetro [4], Kamran et al. [6], Minak et al. 7], Sgroi
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and Vetro [8], Paesano and Vetro [9], Piri and Kumam [10], Akar et al. [11], Batra and
Vashistha [12].

Jleli et al. [13] introduced the notion of a-¢)-proximal contractive type mappings and
proved some best proximity point theorems. Later on, Ali et al. [14] extended these notions
to multivalued mappings. Many authors obtained best proximity point theorems in different
settings, see for example: Abkar and Gabeleh [15, 16, 17], Choudhury et al. [5], Kamran et
al. [18], Alghamdi [19], Al-Thagafi and Shahzad [20, 21], Derafshpour et al. [22], Di Bari et
al. [23], Eldred and Veeramani [24], Jacob et al. [25], Markin and Shahzad [26], Rezapour
et al. [27], Sadiq Basha [28], Shatanawi and Pitea [29], Vetro [30], Zhang [31]. Note that
Abkar and Gabeleh [17] and Al-Thagafi and Shahzad [20, 21] investigated best proximity
points for multi-valued mappings.

In this paper, we introduce the notions of F-a-proximal contractions for Hardy-Rogers
type mappings as well as for Ciric-type mappings. Taking advantage of this framework, we
discuss the existence of best proximity for nonself multivalued mappings satisfying at least

one of these notions along with few other conditions. An example supports the result.

2. Preliminaries

First we recall the concept of F-contraction, see Wardowski [2]. In this respect, denote
by § the class of all functions F': (0,00) — R satisfying:

(F1) Function F is strictly increasing, that is, for each aj,as € (0,00) with a1 < aq,
we have F(a1) < F(as).

(Fy) For each sequence {0,,} of positive real numbers we have lim,,_,o, 9, = 0 if and
only if lim,, o F(0,) = —c0.

(F3) There exists k € (0, 1) such that lim,, ., 0,*F(2,) = 0.

Following are some examples of such functions.

(i) F(a) =Ina for each a € (0, c0).

(ii) F'(b) = b+ Inb for each b € (0, 00).

(iii) F(c) = —ﬁ for each ¢ € (0, 00).

Wardowski [2] introduced F-contraction and proved corresponding fixed point theo-

rem in the following way:

Definition 2.1 ([2]). Let (X,d) be a metric space. A mapping T: X — X is F'-contraction
if there exist F € § and 7 > 0 such that for each x,y € X with d(Tx,Ty) > 0, we have

T+ F(d(Tz,Ty)) < F(d(x,y)).

Theorem 2.1 (|2]). Let (X,d) be a complete metric space and let T: X — X is F-

contraction. Then T has a unique fixed point.

Minak et al. [7] generalized the above result in the following way:
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Theorem 2.2 ([7]). Let (X,d) be a complete metric space and let T: X — X. Assume that
there exists F' € § and T > 0 such that

d(x, T d(y, T
™+ F(d(Tz, Ty)) < F(max {d(z,y),d(z, Tz),d(y, Ty), (z, y>; (v, aﬁ})7
for each z,y € X with d(Tz,Ty) > 0. If T or F is continuous, then T has a unique fized

point.
Sgroi and Vetro [8] gave the following generalization of [2].

Theorem 2.3 ([8]). Let (X, d) be a complete metric space and let T: X — CB(X). Assume
that there exists F' € § and 7 > 0 such that

27 + F(H(Tz,Ty)) < F(a1d(z,y) + azd(x, Tx) 4 azd(y, Ty) + asd(x, Ty) + Ld(y,Tx)),

for each x,y € X with Tx # Ty, where a1, as,as,aq, L > 0 satisfying a1 +as +az +2a4 = 1
and az # 1. Then T has a fixed point.

We make complete these preliminaries with other basic notions, definitions and results,
which are necessary to state our results.

Let (X, d) be a metric space. For A, B C X, we use the notions:

dist(4, B) = inf{d(a,b) : a € A, b € B}, d(xz, B) = inf{d(x,b) : b€ B},

Ao ={a € A: d(a,b) = dist(A, B) for some b € B},

By={be B: d(a,b) =dist(A4, B) for some a € A}.

If CL(X) is the set of all nonempty closed subsets of X, then for every A, B € CL(X),
let

H(AB) - max{sup,¢ 4 d(z, B),sup,c 5 d(y, A)} if the maximum exists;
oo otherwise.
Such a map H is called generalized Hausdorff metric induced by d.
A point z* € X is said to be a best proximity point of mapping T: A — CL(B) if
d(z*,Tz*) = dist(A4, B). When A = B, the best proximity point reduces to fixed point of
the mapping T'.

Definition 2.2 (|31]). Let (A, B) be a pair of nonempty subsets of a metric space (X,d)
with Ag # (0. Then the pair (A, B) is said to have the weak P-property if and only if for any
z1,T2 € A and y1,y2 € B,

d(xz1,y1) = dist(A, B)
d(w2,y2) = dist(A, B)

= d(21,22) < d(y1,y2).

Lemma 2.1. Let (X,d) is a metric space and B € CL(X). Then for eachxz € X and g > 1,
there exists b € B such that d(z,b) < gd(x, B).
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3. Main results

We begin this section with the following definitions.

Definition 3.1. Let A and B be two nonempty subsets of a metric space (X,d). A mapping
T: A— CL(X) is called strictly a-proximal admissible if there exists a mapping a: Ax A —
[0,00) such that

a(ry,z) > 1

d(ula yl) = dlSt(A7 B) = a(u17u2) > 11

d(us,y2) = dist(4, B)
where x1, T2, u1,us € A and y1 € Txq, ys € Txs.
Definition 3.2. Let (X,d) be a metric space, A;B C X and a: A x A — [0,00) be a
function. A mapping T: A — CL(B) is F-a-prozimal contraction of Hardy-Rogers-type, if
there exist F' € § and 7 > 0 such that

T+ F(a(z,y)H(Tz,Ty)) < F(N(2,y)), (1)
for each x,y € A, whenever min{a(z,y)H(Tx,Ty), N(x,y)} > 0, where

N($7 y) = ald(aj? y) + as [d($7 Tm) - dlSt(A7 B)] +as [d(y7 Ty) - dlSt(Aa B)]
+ayld(x, Ty) — dist(A, B)] + L[d(y, Tz) — dist(4, B)],
with a1, a9, a3, aq, L > 0 satisfying a1 + as + as + 2a4 = 1 and a3z # 1.
Theorem 3.1. Let A and B be nonempty closed subsets of a complete metric space (X, d).
Assume that Ag is nonempty and T: A — CL(B) is an F-a-prozimal contraction of Hardy-
Rogers-type satisfying the following conditions:
: (i) Tx C By for each x© € Ay and (A, B) satisfies the weak P-property;

: (it) T is strictly a-proximal admissible;

: (1i4) there exist xo,x1 € Ay and y1 € Tz such that
a(xg, 1) > 1 and d(z1,y1) = dist(A, B).

: () T is continuous, or, for any sequence {x,} C A such that x,, — x as n — oo and

Ty, Tnt1) > 1 for each n € N, we have a(z,,x) > 1 for each n € N.

Then T has a best prozimity point.
Proof. By hypothesis (iii), there exist xg,21 € Ag and y; € Tz such that
d(z1,y1) = dist(4, B) and a(zg,z1) > 1. (2)

If y1 € T'zq, then x; is a best proximity point of T'.
Let y1 ¢ Txq1. As a(xo,z1) > 1, by Lemma 2.1 there exists y2 € T2 such that

d(y1,y2) < ofxo, x1)H(Txo, Txy).
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Since F' is strictly increasing, we have
F(d(y1,y2)) < F(a(zo,z1)H (T, T21)).
From (1), we have

T+F(d(y1,y2)) S T—‘rF(Oé((EQ,LEl)H(TCL'(),T"El))

< F(ald(xo,xl) + asld(zg, Txo) — dist(A, B)] + as[d(z1, Tz1) — dist(A4, B)],
as[d(zo, Tz1) — dist(A, B)] + Lld(z1, Tro) — dist(A, B)])
<

F(a1d Ty, 1) + az2d(xo, ¥1) + azd(y1,Y2),
as[d(zo, x1) + d(y1,y2)] + L - 0)
= F( a1+ az + as)d(zo, x1) + (a3 + a4)d(y1,y2)). (3)

Since

d(zg,Txo) < d(zo,71) + d(z1,91) + d(y1, Txo) = d(30, 1) + dist(A4, B) + 0,

d(z1, Ter) < d(z1,y1) + d(y1,y2) + d(y2, Tq) = dist(A, B) + d(y1, y2) +0,
d(xo,Tx1) < d(xo,z1)+d(x1,y1)+d(Y1, y2)+d(y2, Tx1) = d(xo, x1)+dist(A, B)+d(y1,y2)+0

d(z1,Txo) < d(z1,y1) + d(y1, Tzo) = dist(A, B) + 0.

Since F' is strictly increasing, we get from (3) that

d(y1,y2) < (a1 + a2 + aq)d(zo, x1) + (a3 + as)d(y1,y2).
That is,
(1 —as —aq)d(y1,y2) < (a1 + az + aq)d(zo, x1).

As a1 + as 4+ az + 2a4 = 1, thus we have

d(y1,y2) < d(xo,1).
Now, from (3), we have

T+ F(d(y1,y2)) < F(d(2o, x1)). (4)

As yo € Txy C By, there exists xo # x1 € Ap such that

d(x% y?) = dlSt(A, B)v (5)

for otherwise x; is a best proximity point. As (A, B) satisfies the weak P-property, from (2)
and (5), we have
0 <d(z1,z2) < d(y1,y2)-
By applying F', we get
F(d(z1,22)) < F(d(y1, y2))- (6)

Thus from (4) and (6), we have

T+ F(d(xl,xz)) S T+ F(d(yl,yg)) S F(d(fﬂo,l‘l))
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As T is strictly a-proximal admissible, since a(xg,z1) > 1, d(x1,y1) = dist(A, B) and
d(xa,y2) = dist(A, B), then a(x1,z2) > 1. Thus we have

d(xs,y2) = dist(A, B) and a(z1, z2) > 1.

If yo € T'xo, then x2 is a best proximal point of T. Let yo ¢ Txs. As a(x1,x2) > 1.
There exists y3 € Txy such that

d(y2,y3) < oz, x2)H(Txy, Txy).
Since, F' is strictly increasing, we have
F(d(ya2,y3)) < F(a(z1,z2)H(Tx1, Tx2)).
From (1), we have

T+ F(d(yQ, yg)) < T + F(Oé(Il, IEQ)H(TI’l, T:L'Q))

< F(ald(xl, x9) + agld(z1, Tx1) — dist(A, B)] + as[d(z2, Txs) — dist(A, B)],
as[d(z1, To) — dist(A, B)] + Lld(x2, T1) — dist(A, B)])
< F(a1d(931,172) + azd(w1, 72) + azd(y2, y3),

asfd(x, @) + dlye, y)] + L -0)
= F((a1+ a2 + a)d(@r, @) + (ag + aa)d(y2, ys) ) (7)
Since F' is strictly increasing, we get from above that
d(y2,y3) < (a1 + az + as)d(z1, x2) + (a3 + aa)d(y2,y3).

That is,
(1 — a3 —aq)d(yz,ys) < (a1 + ag + aq)d(x1,x3).

As a1 + as 4+ az + 2a4 = 1, thus we have

d(y2,y3) < d(w1,72).

Now from (7), we have
T+ F(d(y2,y3)) < F(d(21,72)).
As y3 € Txo C By, there exists x3 # o € Ag such that
d(l‘g,yg) = dlSt(AaB)7 (8)
for otherwise x2 is a best proximity point. As (A, B) satisfies the weak P-property. From
(5) and (8), we have
0 < d(w2,23) < d(y2,ys3).

By applying F', we obtain
F(d(w2,23)) < F(d(yz2,y3))-
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Thus, we have
T+ F(d(z2,23)) <7+ F(d(y2,y3)) < F(d(21,22)).

So we get
F(d(za,23)) < F(d(y2,y3)) < F(d(z1,22)) — 7 < F(d(xg,21)) — 27.

As T is strictly a-proximal admissible, since a(x1,x2) > 1, d(x,y2) = dist(A, B) and
d(xs3,ys) = dist(4, B), then a(zq,z3) > 1.

Continuing in the same way, we get sequences {z,} in Ay and {y,} in By, where
Yn € Tz, _1 for each n € N such that

d(xy, yn) = dist(A, B) and a(zp_1,z,) > 1. (9)
Furthermore,
F(d(xp, xnt1)) < F(d(yn, yn+1)) < F(d(zg, 1)) — n7 for each n € N. (10)

Letting n — oo in (10), we get lim,,—, oo F(d(zn, Zn+1)) = limy, 00 F(d(Yn, Ynt1))—00. Thus,
by property (F), we have lim, oo d(2y, xn11) = 0. Let dy, = d(xy, zn41) for each n € N.
From (F3) there exists k € (0,1) such that

lim d*F(d,) = 0.

n—oo

From (10) we have
dFF(d,) — d"F(dy) < —dfnt <0 for each n € N. (11)

Letting n — oo in (11), we get

lim nd® = 0.
n—00

This implies that there exists n1 € N such that ndfi < 1 for each n > ny. Thus, we have

d, < for each n > nq. (12)

nl/k’
To prove that {z,} is a Cauchy sequence in A, consider m,n € N with m > n > n;.

By using the triangle inequality and (12), we obtain

d(In, xm) S d(l‘n, mn+1) + d(mn—l-la xn+2) + -+ d(xm—la zm)
m—1 oo 00 1
= D dis) di<) o

i=n i=n i=n
Since Y 2, ﬁ is convergent series, then lim, o d(zn, ) = 0, which implies that {z,}
is a Cauchy sequence in A. Similarly, we see that {y,} is a Cauchy sequence in B. Since A
and B are closed subsets of a complete metric space, there exist * in A and y* in B such
that ©, — z* and y, — y* as n — oco. By the (9), we conclude that d(z*,y*) = dist(A4, B)

as n — 00. By hypothesis (iv), when T is continuous, we have y* € T'z*, since y,, € Tz, _1.
Hence dist(A, B) < d(z*,Tz*) < d(z*,y*) = dist(A, B). Therefore z* is a best proximity
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point of the mapping T. By hypothesis (iv), when a(x,,z*) > 1 for each n € N, then by

using triangular property, we have

d(@",Tz") < d(z",yn+1) + d(Ynt1, Tz")
< A& Yny1) + a(zn, 2" )H(Txyn, Ta™)

< d(x*, ypy1) + ard(xn, %) + agld(xn, Txy,) — dist(A, B)]
+asld(z*, Tx*) — dist(A, B)] + aa[d(zp, Tx*) — dist(A, B)]
+L[d(x*, Tx,) — dist(A, B)]

< d(x", ynt1) + ar1d(xn, %) + a]d(zh, ynt1) — dist(A4, B)]

+ag[d(x*, Ta™) — dist(A, B)] + a4[d(zy, Tz"*) — dist(A, B)]

+L[d(x", ynt1) — dist(A, B)]. (13)
Letting n — oo in (13), we have

d(z*,Tz") < dist(A, B) + (as + aq)[d(z*, Tz*) — dist(A, B)].
This implies that
d(z*, Tx™) < dist(4, B).

Thus, we conclude that d(z*, Tx*) = dist(A4, B). O
Definition 3.3. Let (X,d) be a metric space, A;B C X and a: A x A — [0,00) be a

function. A mapping T: A — CL(B) is F-a-prozimal contraction of Ciric-type, if there

exist continuous F' in § and 7 > 0 such that
7+ Fla(z,y) H(Tz, Ty)) < F(M(z,y)), (14)
for each x,y € A, whenever min{a(z,y)H(Tx,Ty), M(z,y)} > 0, where
M(z,y) = max {cl(x7 y),d(z,Tx) — dist(4, B),d(y, T'y) — dist(A, B),

d(z, Ty) + d(y, Tz) — 2dist(A, B)
2

b+ Lld(y, T) — dist(4, B)

and L > 0.

Theorem 3.2. Let A and B be nonempty closed subsets of a complete metric space (X, d).
Assume that Ag is nonempty and T: A — CL(B) is an F-a-proximal contraction of Ciric-
type satisfying the following conditions:

: (i) Tx C By for each x € Ag and (A, B) satisfies the weak P-property;

: (1) T is strictly a-prozimal admissible;

: (144) there exist xo,x1 € Ay and y1 € Tz such that
a(xg,z1) > 1 and d(z1,y1) = dist(A4, B).

: (i) T is continuous, or, for any sequence {x,} C A such that x, — x as n — o0 and

a(Tp, Tnt1) > 1 for each n € N, we have a(x,,x) > 1 for each n € N.
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Then T has a best proximity point.
Proof. By hypothesis (iii), there exist xg,21 € Ap and y; € Tz such that
d(zy1,y1) = dist(A, B) and a(zg, z1) > 1, (15)

If y; € Txq, then x; is a best proximity point of T. Let y; ¢ Tx1. As axg,x1) > 1,
by Lemma 2.1 there exists yo € T'z; such that

d(y1,y2) < a(xo,v1)H (Txzo, Tx1).
Since F' is strictly increasing, we have
F(d(y1,y2)) < Fla(zo, z1)H(Txo, Tx1)).

From (14), we have

T+ F(dy1,92)) < 74 F(a(ro,z1)H(Tvo, Txy))
< F(max {d(xo,xl)d(xo,Txo) —dist(A, B),d(x1,Tz1) — dist(A, B),
d(xo, Tx1) + d(xl,QT:Eo) — 2dist(A, B) } - L{d(z1, To) — dist(A, B)D
< F(max {d(xo,xl),d(xo, x1),d(y1,y2), d(zo, 1) ;d(yl’yz) } + L - O)
= F(max{d(ﬁﬁo,fﬁ)ad(yhyz)})
= F(d(x()’ml))v (16)

for other choose of max, we have a contraction. Note that, we use the following facts in

above inequalities:
d(xg,Txo) < d(xo,21) + d(21,91) + d(y1, Txo) = d(20,21) + dist(A4, B) + 0,

d(z1, Te1) < d(z1,y1) + d(y1, y2) + d(y2, Ter) = dist(A, B) + d(y1,y2) + 0,
d(wo, Tx1) < d(wo, v1)+d(z1,y1)+d(y1,y2) +d(y2, T1) = d(z0, 21)+dist(A, B)+d(y1,y2)+0
d(x1,Txo) < d(x1,y1) + d(y1, Txo) = dist(A4, B) + 0.
As yo € Tz C By, there exists xo # 1 € Ag such that
d(x2,y2) = dist(A, B), (17)

for otherwise z is a best proximity point. As (A, B) satisfies the weak P-property. From
(15) and (17), we have
0 <d(z1,z2) <d(y1,y2)-
By applying F', we get
F(d(z1,22)) < F(d(y1,y2))- (18)
Thus from (16) and (18), we have

T+ F(d(xl,xz)) S T+ F(d(yl,yg)) S F(d(fﬂo,xl))
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As mapping T is strictly a-proximal admissible, since a(zg,21) > 1, d(z1,y1) = dist(A, B)
and d(z2,y2) = dist(4, B), then a(x1,x2) > 1. Thus we have

d(xa,y2) = dist(A, B) and a(x1,x2) > 1.

If yo € Txo, then x5 is a best proximity point of T. Let yo ¢ Txo. As a(x1,x2) > 1. There
exists y3 € Txo such that

d(y2,y3) < afxy, wo)H(Txy, Ts).
Since, F' is strictly increasing, we have
F(d(y2,y3)) < Fla(z1,z2)H(T21,T22)).

From (14), we have

AN

T+ F(d(y2,y3)) < 7+ F(a(z1,22)H(Txz1,Txs))
F(max {d(xl,xg),d(acl, Txp) — dist(A, B),d(zs, Tzo) — dist(A, B),

d(thl’Q) + d(I’Q,TI1> — 2dISt(A, B)
2

d d
< F(max{d(xl,o:z),d(m,:z:z),d(yz,y?)), (Il’b); (yQ’yS)}—i-Lﬂ)

IN

} ¥ L[d(22, T1) — dist(A, B)])

= F(max{d(mh 72), d(y2, 93)})
= F(d(z1,72)),

otherwise we have a contradiction. As y3 € Txo C By, there exists x3 # x2 € Ag such that
d($3,93) = dlSt<AaB)7 (19)

for otherwise x5 is a best proximity point. As (A, B) satisfies the weak P-property. From
(17) and (19), we have
0 < d(x2,23) < d(y2,y3).
By applying F', we get
F(d(z2, 73)) < F(d(y2, y3))-
Thus, we have

T+ F(d(xza,23)) <7+ F(d(y2,y3)) < F(d(z1,22)).

So we get
F(d(z2,23)) < F(d(y2,y3)) < F(d(x1,22)) — 7 < F(d(z9, 1)) — 27.

As T is strictly a-proximal admissible, since a(x1,z2) > 1, d(x2,y2) = dist(A, B) and
d(xs3,y3) = dist(A, B), then a(zs,xz3) > 1. Continuing in the same way, we get sequences
{z,} in Ap and {y,} in By, where y,, € Tx,,_1 for each n € N such that

d(xp,yn) = dist(A, B) and a(x,_1,2,) > 1. (20)
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Furthermore,

F(d(zn, xnt1)) < F(d(Yn, Ynt1)) < F(d(xg,21)) —n1 for each n € N. (21)

Letting n — oo in (21), we get lim,, o0 F(d(2n, Zn+1)) = limp 00 F(d(Yn, Ynt1))—00. Thus,
by property (F), we have lim, oo d(2y, Tn11) = 0. Let dy, = d(xy, zn41) for each n € N.
From (F3) there exists k € (0,1) such that

lim d*F(d,) = 0.

n— oo

From (21) we have

d*F(d,) — d*F(dy) < —dfnr <0 for each n € N. (22)

Letting n — oo in (22), we get

lim nd® = 0.
n—o0

This implies that there exists n1 € N such that nd,’fL <1 for each n > ny. Thus, we have

d, < for each n > nq. (23)

ni/k’

To prove that {x,} is a Cauchy sequence in A. Consider m,n € N with m > n > n;. By

using the triangular inequality and (23), we have

d(xna xm) S d(l‘n, xn—ﬁ-l) + d(xn-ﬁ-la xn+2) + -+ d(xm—la xm)

m—1 o'} 0 1
- Zdiﬁzdigziﬂ'

Since Y2, ﬁ is convergent series. Thus, lim,, o d(zp, Zm) = 0. Which implies that {z,}
is a Cauchy sequence in A. Similarly, we see that {y,} is a Cauchy sequence in B. Since A
and B are closed subsets of a complete metric space, there exist * in A and y* in B such
that z, — 2* and y, — y* as n — co. By the (20), we conclude that d(z*,y*) = dist(A, B)
as n — co. By hypothesis (iv), when T is continuous, we have y* € T'z*, since y,, € Tz, 1.
Hence dist(A, B) < d(z*,Tz*) < d(z*,y*) = dist(A, B). Therefore 2* is a best proximity
point of the mapping T. By hypothesis (iv), when a(z,,z*) > 1 for each n € N. We claim
that dist(A, B) = d(z*,Tz*). On contrary assume that dist(A, B) # d(z*,Tx*). By using
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the triangular inequality, we have

T+ F(d(ynt1,Tx*)) < 74 F(a(xn,z*)H(Tx,, Tx™))
< F(max {d(:cn, @), d(n, Tn) — dist(A, B), d(z*, Tx*) — dist(A4, B),
d(z*,Txy) + d(z,, Tx*) — 2dist(A, B) }
2
VL[d(z*, Ty) — dist(A, B)])
< F(max {d(ﬂcn,x*), d(xp, Ynt1) — dist(A, B),d(z", Tx*) — dist(4, B),

d(x*, yn+1) + d(zy, Tx*) — 2dist(A, B) }
2

LA yos) — dist(4, B))).

Letting n — oo in the above inequality, we have

T+ F(d(y*, Tz*)) < F(max {d(x*, Tz*) — dist(4, B), d(z*, T") ; dist(4, B) }) (24)
As
d(z*, Tz*) < d(z*,y*) + d(y*, Tz").
Thus, we have
d(z*, Tz*) — dist(A, B) < d(y*,Tz").
By using the above inequality, (F}) and (24), we get

T+ F(d(z*,Tz*) — dist(A4,B)) < 71+ F(d(y*,Tz"))

A

< F(max {d(:z:*, Ta*) — dist(A, B),
d(x*, Tx*) — dist(A, B) })

2

This implies that
d(z*,Tx*) — dist(A, B) < d(z*,Tz") — dist(A, B).

This is a contradiction to our assumption. Thus, we conclude that d(z*, Tz*) = dist(A, B).

O

Example 3.1. Let X = R x R be endowed with a metric d((xz1,z2), (y1,92)) = |1 — y1| +
|xo — yal| for each x,y € X. Take A= {(0,z): x € R} and B ={(1,z) : z € R}. Define

{(1,2*)} if 2 <0
T:A— CL(B), T(0,z) =1 {(1,0),(1,1)} if0<a <1
{Lz-1),1, )} if x> 1
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and
2 if v,y € 10,1]
a: Ax A—=[0,00), a((0,2),(0,y)) = 5 ifz,y e N—{1}
0 otherwise.

Take F(z) = x +1nx for each x € (0,00). Under this F', condition (1) reduces to

Oé(.’t, y)H(T.’IJ, Ty) ea(x,y)H(Tx,Ty)—N(m,y) <e T (25)
N(z,y) B

for each x,y € A with min{a(z,y)H(Tx,Ty), N(x,y)} > 0. Assume thata; =1, as = ag =
as =L =0 and 7 = 5. Clearly, min{a(z,y)H(Tx,Ty),d(z,y)} > 0 for each z,y € N\ {1}
with x # y. From (25) for each z,y € N\ {1} with © # y, we have

]. 1 1
ekl < o7,

Thus, T is F-a-prozimal contraction of Hardy-Rogers-type with F(x) = x 4+ lnx. Note that
Ao = A, By = B and Tx C By for each x € Ay. Also, the pair (A, B) satisfies the weak
P-property. If xo,z1 € {(0,2) : 0 < a <1}, then Txo, T2y € {(1,0),(1,1)}. Take y1 € Ty,
y2 € Tx1 and uy,ug € A such that d(uy,y1) = dist(A, B) and d(ug,y2) = dist(4, B).
Then we have uy,uz € {(0,0),(0,1)}. Hence T is strictly a-proximal admissible mapping.
For zg = (0,1) € Ay and y1 = (1,0) € Txg in By, we have 1 = (0,0) € Ay such that
d(z1,y1) = dist(A, B) and a(xg,x1) = 2 > 1. Moreover, for any sequence {x,} C A such
that ©, — = as n — 00 and a(xy, Tpi1) > 1 for each n € N, we have a(x,,x) > 1 for each

n € N. Therefore, by Theorem 3.1, T has a best prozimity point.
When we take X = A = B, we get the following fixed point theorems from our results:

Theorem 3.3. Let (X, d) be a complete metric space. AssumeT: X — CL(X) is a mapping
for which there exist ' € § and 7 > 0 such that

7+ F(a(z,y)H(Tz, Ty)) < F(N(z,y)),
for each x,y € X, whenever min{a(z,y)H(Tx,Ty), N(z,y)} > 0, where
N(z,y) = ad(z,y)+ axd(z,Tx) + asd(y, Ty) + asd(z, Ty) + Ld(y, Tx),

with a1, a9, a3, a4, L > 0 satisfying a1 + as + az + 2a4 = 1 and as # 1. Further assume that
the following conditions hold:
: (1) T is strictly a-admissible, that is, if a(x,y) > 1, then a(a,b) > 1 for each a € Tx
and b € Ty;
: (ii) there exist xo € X and x1 € Tz such that a(zo, 1) > 1;
: (iii) T is continuous, or, for any sequence {x,} C X such that x, = = as n — oo and

a(Tp, Tnt1) > 1 for each n € N, we have a(x,,x) > 1 for each n € N.

Then T has a fized point.
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Theorem 3.4. Let (X, d) be a complete metric space. AssumeT: X — CL(X) is a mapping

for which there exist continuous F in § and 7 > 0 such that
7+ Fla(z,y)H(Tz,Ty)) < F(M(z,y)),

for each x,y € X, whenever min{a(z,y)H(Tx,Ty), M(z,y)} > 0, where

d(z, Ty) + d(y, Tx)
2

and L > 0. Further assume that the following conditions hold:

M(z,y) = max {d(:c, y),d(x, Tx),d(y, Ty), } + Ld(y, Tx)

: (i) T is strictly a-admissible, that is, if a(z,y) > 1, then a(a,b) > 1 for each a € Tx
and b € Ty;

: (ii) there exist vo € X and w1 € Txg such that a(xg, 1) > 1;

: (13) T is continuous, or, for any sequence {x,} C X such that x,, = x as n — co and

Ty, Tnt1) > 1 for each n € N, we have a(z,,z) > 1 for each n € N.

Then T has a fized point.

4. Conclusions

In this paper, we introduced the notions of F-a-proximal contractions for Hardy-
Rogers type mappings as well as for Ciric-type mappings. Within this framework, we studied
the existence of best proximity for nonself multivalued mappings satisfying at least one of
these notions along with few other conditions. Nontrivial example supports the results

herein.
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