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LATERAL-DIRECTIONAL OSCILLATORY-DEPARTURE 
CRITERIA FOR HIGH ANGLE-OF-ATTACK 

FLIGHT CONDITIONS 

B.C. TEODORESCU∗ 

Lucrarea prezentă abordează problema dezvoltării unor criterii analitice 
aproximative destinate predicţiei fenomenelor de pierdere a controlului avionului la 
incidenţe mari de zbor. În mod concret, lucrarea tratează cazul pierderii controlului 
prin  divergenţă oscilatorie a mişcării perturbate lateral-direcţionale.  

Spre deosebire de alte contribuţii ştiinţifice, în care fenomenele de pierdere a 
controlului zborului sunt puse în relaţie cu apariţia unei divergenţe a modului de 
ruliu olandez, lucrarea de faţă evidenţiază existenţa unui mecanism de destabilizare 
oscilatorie a mişcării lateral-direcţionale generat de modul ruliu-spiral (“fugoida 
laterală”). Se arată, prin intermediul unui studiu de caz relevant, că o astfel de 
divergenţă poate fi prezisă, cu mare acurateţe, utilizând un nou criteriu algebric 
aproximativ. 

 
The present work deals with the problem of developing approximate 

analytical criteria for predicting departure from controlled flight of airplanes at 
high angles of attack. Specifically, the paper is concerned with the case of departure 
caused by oscillatory divergence of the lateral-directional perturbed motion.  

Unlike other scientific contributions, which relate departure phenomena to 
the occurrence of a Dutch roll divergence, this paper reveals the existence of a 
lateral-directional oscillatory-departure mechanism generated by the roll-spiral 
(“lateral phugoid”) mode. By means of a relevant case study, it is shown that such a 
divergence can be predicted, with great accuracy, using a new approximate 
algebraic criterion. 
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Introduction 

The development of approximate analytical criteria for predicting the 
susceptibility of an aircraft to depart from controlled flight has both a theoretical, 
and a practical importance, especially in the context of current fighter airplanes 
designs, possessing high angle-of-attack maneuvering capabilities.  

Among the lateral-directional departure modes, which are representative 
for moderate and high angle-of-attack flight conditions and have been intensely 
studied, one can mention different aperiodic and oscillatory phenomena, such as 
“wing drop”, “nose slice”, and “wing rock”, [1]-[4]. 
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  The present paper is concerned with the problem of developing analytical 
criteria for predicting the occurrence of lateral-directional oscillatory departure 
from controlled flight as the airplane’s angle-of-attack is increased.  

Taking into account the dependence of the lateral-directional eigenvalue 
structure on the angle-of-attack, three approximate oscillatory-departure criteria 
are derived and their accuracy in predicting lateral-directional oscillatory 
divergences is investigated.  

1. Mathematical model of the lateral-directional perturbed motion 

The free lateral-directional airplane dynamics around a symmetric, wings-
level, steady-state translational motion (taken as a reference flight condition) is 
mathematically modeled by the following fourth-order linear differential system  

βΔ
dt
d  = 11a βΔ  + 12a pΔ  + 13a rΔ  + 14a φΔ  ,   (1) 

p
dt
d
Δ  = 21a βΔ  + 22a pΔ  + 23a rΔ  ,    (2) 

r
dt
d
Δ  = 31a βΔ  + 32a pΔ  + 33a rΔ  ,    (3) 

φΔ
dt
d  =  pΔ  + 43a rΔ  ,      (4) 

where βΔ , pΔ , rΔ , and φΔ  represent, respectively, the perturbations (relative 
to the reference values) of the vehicle’s sideslip angle, roll rate, yaw rate, and 
bank angle.  

The constant coefficients 11a , 12a , … , 43a  are given by the expressions 
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where m is the airplane mass, 0α - the reference angle-of-attack of the airplane, 
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The general solution of the linear differential system (1)-(4) can be 
determined by solving the following fourth-degree characteristic equation 
associated to the mentioned differential system, 

 )(λP  ≡  01
2

2
3

3
4 cccc ++++ λλλλ   =  0 .    (8) 

where the coefficients of the characteristic polynomial )(λP  depend on the 
system coefficients 11a , 12a , … , 43a  in the form 

 

3c  =  332211 aaa −−−  ,       (9) 
  2c  =  31132112332233112211 aaaaaaaaaa −−++ 3223aa−  ,  (10) 

        1c  =  )( 3322322311 aaaaa − )( 3123332112 aaaaa −+  
 )( 3221312213 aaaaa −+ )( 43312114 aaaa +−  ,   (11) 
  0c  = 3123332114 [ aaaaa − )]( 3122322143 aaaaa −−  .   (12) 

2. Lateral-directional departure susceptibility 

2.1. Critical stability conditions 

According to the Routh-Hurwitz criterion, all the roots of the fourth-
degree polynomial (8) have strictly negative real parts (corresponding to an 
asymptotically stable reference flight condition) if and only if 

 

3c > 0 ,   2c  > 0 ,   1c  > 0 ,   0c  > 0 ,     (13) 

132 ccc −  > 0 ,        (14) 

≡R 0
2
3

2
1321 cccccc −−  > 0 ,      (15) 

 

where R is the so-called Routh’s discriminant. 
 

 As first pointed out by Duncan ([5], p.117-120), there are two critical 
stability conditions, namely 

0c  > 0 ,        (16) 
for preventing the occurrence of an aperiodic divergence of the perturbed motion 
(corresponding to a positive real root of the characteristic equation), and 

  R > 0 ,         (17) 
for preventing the occurrence of an oscillatory divergence (corresponding to a 
pair of complex-conjugate roots with positive real parts). 
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2.2. Lateral-directional oscillatory-departure criteria  

 The following investigation aims to develop approximate analytical 
expressions, which are mathematically simpler than the critical stability condition 
(15), for predicting fighter airplane susceptibility to oscillatory departure from 
controlled flight. 
 As known, the typical structure of the lateral-directional linear dynamics 
consists of two aperiodic modes -namely, the spiral (S) mode, with a very large 
time constant (as 0≅Sλ ), and the rapidly convergent roll (R) mode- and an 
oscillatory, usually lightly damped mode, called Dutch roll (D), which involves 
coupled banking, sideslipping, and yawing motions.  

In this case, taking into account the corresponding factorization of the 
characteristic polynomial, i.e. 

 )(λP  = )2)()(( 22
DD nnDRS ωλωζλλλλλ ++−− ,   (18) 

it follows, by coefficient identification, that 
 3c  = SRnD D

λλωζ −−2 ,      (19) 

2c  = 
DD

nDSRSRn ωζλλλλω )(22 +−+  ,    (20) 

1c  = SRnDnSR DD
λλωζωλλ 2)( 2 ++−  ,    (21) 

0c  = SRnD
λλω 2  .       (22) 

 On the oscillatory stability frontier, defined by zero Dutch roll damping 
( 0=Dζ ), the expressions (19)-(22) become, assuming 0≅Sλ , 

 3c  ≅  Rλ−  ,   2c  ≅  2
Dnω ,   1c  ≅  

DnRωλ− ,  0c  ≅  0 ,  (23) 

so that, a simplified oscillatory (Dutch roll) departure criterion ( *R ) can be used 
instead of R, i.e. 

*R =  1c2c3c −  .       (24) 

 Obviously, oscillatory (Dutch roll) departure is avoided as long as *R > 0, 
and is indicated by the relationship *R = 0. Note that the derivation of the *R  
oscillatory departure criterion is based on the hypothesis 0≅Sλ  (that is, on the 
existence of a typical spiral mode, with a very large time-constant). 
 

 In the following, a completely oscillatory modal structure of the perturbed 
lateral-directional motion is taken into consideration, corresponding to the case 
when the roll and spiral modes couple and generate a single roll-spiral (RS) 
oscillation (which is, sometimes, referred to as the “lateral phugoid”). Hence, the 
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lateral-directional linear dynamics consists, in this case, of two oscillatory, usually 
lightly damped modes: the Dutch roll and roll-spiral modes.  

Accordingly, the factorization of the characteristic polynomial is 
)(λP  = )2)(2( 2222

RSRSDD nnRSnnD ωλωζλωλωζλ ++++ ,  (25) 

so that  
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 Consider the expression  
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2
2 4cc −  ,       (30) 

which can be written, using the above relationships, in the form 
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 If 
RSD nn ωω ≅ , 'R  may be used as an approximate oscillatory departure 

criterion. Specifically, as long as both the Dutch roll and the roll-spiral modes are 
convergent, 'R > 0, while an oscillatory divergence (corresponding to the case 
when either Dζ , or RSζ  becomes negative) can be approximately predicted by 

the equality 'R = 0. 
 It has to be remarked that 'R  represents a sufficiently accurate criterion 
for predicting lateral-directional oscillatory departure only if the difference 
between the values of the undamped circular frequencies 

Dnω  and 
RSnω  is 

negligible.  
If the mentioned difference cannot be neglected, another approximate 

oscillatory departure criterion can be identified by investigating the expression 
(28) of the coefficient 1c . Thus, accounting for the fact that the Dutch roll and 
roll-spiral damping ratios are typically small, it follows that  

 ''R = 1c         (32) 
can be interpreted as a simplified oscillatory-departure criterion.  

In this context, Dutch roll or roll-spiral departures can be approximately 
predicted by  

''R = 0.        (33) 
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 The accuracy of the previously presented criteria in predicting lateral-
directional departure of high angle-of-attack maneuvering airplanes has been 
tested by means of the following numerical example. 

3. Numerical example 

A highly maneuverable fighter airplane, flying horizontally at low altitude 

( 1000H = m.; 907.0=ρ 3m/kg ), is considered. The aircraft’s mass is =m 12000 

kg and its inertia moments are =xI 11000 2kgm , =zI  88000 2kgm , 0≅xzI .  
The dependence of the nondimensional stability derivatives on the 

airplane’s angle-of-attack (α ) has been modeled in a polynomial form and is 
illustrated in figures 1-9.  

As known (e.g. [6], p.38), the represented nondimensional derivatives are 
related to their dimensional counterparts as follows: 
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      rY  = rYSbCV04
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04
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04
ρ  . 

 
 The angle-of-attack dependence of each of the discussed approximate 
criteria ( *R , 'R , ''R ), as well as the α -dependence of the exact criterion (the 
Routh’s discriminant R), are illustrated in figures 10 and 11. 
 

 
Fig. 1. )(α

βYC        Fig. 2. )(α
βlC  
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Fig. 3. )(α

βnC        Fig. 4. )(αpYC  

 
 

 
  Fig. 5. )(αplC        Fig. 6. )(αpnC  

 
 

 
  Fig. 7. )(αrYC        Fig. 8. )(αrlC  
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     Fig.9. )(αrnC  

 

       Fig. 10. *R )(α , 'R )(α , R )(α      Fig. 11. ''R )(α , R )(α  
 

A lateral-directional oscillatory departure occurs at α = o2.22   (R 0=  at 

α = o2.22 ). Obviously, this oscillatory departure phenomenon can be reliably 

predicted on the basis of the simplified criterion ''R  ( ''R = 0 at α = o2.23 ), while 
the other two approximate criteria are unable to sense it. 

In order to distinguish the nature of the oscillatory departure (Dutch roll 
divergence or roll-spiral divergence), the dependence of the lateral-directional 
eigenvalues on the aircraft’s angle of attack has been studied, some of the 
obtained eigenvalues being listed below: 

=α   o5 ,  2,1λ  = -0.501 ∓ 2.494 i ;   3λ = -7.698 ; 4λ = -0.005 ; 

=α o10 ,  2,1λ  = -0.712 ∓ 1.554 i ;   3λ = -4.756 ; 4λ = -0.028 ; 

=α o15 ,  2,1λ  = -2.044 ∓ 0.995 i ;   3λ = -0.746 ; 4λ = -0.148 ; 
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=α o20 ,  2,1λ  = -2.007 ∓ 1.973 i ;   4,3λ  = -0.059 ∓ 0.286 i ; 

=α o25 ,  2,1λ  = -1.810 ∓ 2.266 i ;   4,3λ  = +0.051 ∓ 0.307 i ; 

=α o30 ,  2,1λ  = -1.626 ∓ 2.331 i ;   4,3λ  = +0.120 ∓ 0.306 i ; 

=α o35 ,  2,1λ  = -1.529 ∓ 2.276 i ;   4,3λ  = +0.190 ∓ 0.278 i ; 

=α o40 ,  2,1λ  = -1.560 ∓ 2.146 i ;   4,3λ  = +0.273 ∓ 0.222 i . 
 As the angle of attack is increased, the roll eigenvalue shifts toward the 
spiral one and, before α  reaches o20 , the two real eigenvalues couple and 
generate a single convergent roll-spiral (RS) oscillatory mode.  

As illustrated in figure 12, the oscillatory departure is due to the above-

mentioned roll-spiral mode, which becomes divergent for α  > o2,22 . 

 
Fig. 12.  Dutch roll (D) and roll-spiral (RS) root loci 

 

It is important to note that DλRe  and DλIm  differ substantially from 

RSλRe  and, respectively, RSλIm . A similar difference (of, approximately, one 
order of magnitude) exists between 

Dnω  and 
RSnω , which explains, according to 

Eq. (31), the inability of the 'R  criterion to predict the observed oscillatory 
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departure. Also, this departure phenomenon cannot be predicted by the *R  
criterion, since the derivation of *R  is based on the existence of a classical spiral 
mode, with 0≅Sλ . 

Conclusions 

 Three approximate analytical criteria (referred to as *R , 'R , ''R ) for 
predicting lateral-directional oscillatory departure from controlled flight in high 
angle-of-attack conditions have been analyzed.  

The *R  criterion is based on the assumption 0≅Sλ , related to a classical 
lateral-directional eigenvalue structure, with one oscillatory mode (Dutch roll), 
and two aperiodic modes (roll and spiral). The other two criteria ( 'R  and ''R ) 
have been derived on the basis of an entirely oscillatory eigenvalue structure, 
consisting of a Dutch roll mode and a roll-spiral (“lateral phugoid”) mode. As 
shown numerically, the latter eigenvalue structure evolves from the former one at 
increasing angle-of-attack values. 
 Unlike previous contributions (see, e.g., [1]-[3]), which relate lateral-
directional oscillatory departure to Dutch roll divergence, the present paper 
reveals the existence of an oscillatory departure mechanism generated by the roll-
spiral mode. It is shown that the proposed ''R  approximate analytical criterion 
(i.e. the 1c  coefficient of the characteristic polynomial) represents, in this case, an 
accurate predictor of the oscillatory departure phenomenon. 
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