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INEQUALITIES ON UNIVALENT FUNCTIONS ASSOCIATED WITH BESSEL                
GENERALIZED FUNCTION

Shahram NAJAFZADEH1

Making use of a convolution structure and familiar Bessel function, we introduce two
new subclasses of univalent analytic functions. The result presented in this paper includes some in-
equalities and integral representation for an operator considered on these functions.
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1. Introduction

The particular solution of the second-order differential equation:

z2w′′(z)+bzw′(z)+
[
cz2−u2 +(1−b)u

]
w(z) = 0, (u,b,c ∈ C), (1)

is the generalized Bessel function of order u which is defined as follows:

wu,b,c(z) =
∞

∑
n=0

(−c)n

n!Γ(u+n+ b+1
2 )

[ z
2

]2n+u
, (z ∈ C), (2)

where Γ(x) is the Euler gamma function.
The function ϕu,b,c in terms of wu,b,c(z) is defined by:

ϕu,b,c(z) = 2u
Γ

(
u+

b+1
2

)
z1− u

2 wu,b,c(
√

z). (3)

By applying the well known Pochhammer symbol (or the shifted factorial) (x)µ given by:

(x)µ =
Γ(x+µ)

Γ(x)
=

{
1 , µ = 0,
x(x+1) · · ·(x+µ−1) , µ ∈ N,

(4)

we conclude the following series representation for ϕu,b,c(z) given by (3):

ϕu,b,c(z) = z+
∞

∑
n=1

(−c)n

4n(u+ b+1
2 )nn!

zn+1, (5)

where u+ b+1
2 /∈ Z−0 = {0,−1,−2, . . .}.

Let A be the class of all analytic functions in the open unit disk D= {z : |z|< 1} as follows:

f (z) = z+
∞

∑
n=2

anzn, (6)

and S be the subclass of A consisting of univalent functions and normalized with f (0) = f ′(0)−1 =

0. For f (z) ∈A given by (6) and g(z) = z+
∞

∑
n=1

bnzn ∈A, the Hadamard product (or convolution) of
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f and g denoted by ( f ∗g)(z) is defined by:

( f ∗g)(z) = z+
∞

∑
n=1

anbnzn = (g∗ f )(z), (z ∈ D). (7)

Now, we consider the operator Bc
u,b : S→ S which is defined by:

Bc
u,b f (z) = ϕu,b,c(z)∗ f (z) = z+

∞

∑
n=2

(−c)n−1

4n−1(u+ b+1
2 )n−1(n−1)!

anzn. (8)

For more details see [1, 3, 2, 4] and [8].
A function f (z) ∈A is said to be in the class Xc

u,b if it satisfies the inequality:∣∣∣∣∣Bc
u,b f (z)

z
−1

∣∣∣∣∣< 1. (9)

Also, f (z) ∈A is said to be a member of the class Y c
u,b if it satisfies the condition:∣∣∣∣∣ z(Bc

u,b f (z))′

Bc
u,b f (z)

−1

∣∣∣∣∣< 1. (10)

To prove the main theorem, we need the following lemma due to Jack [5], see also [7].

Lemma 1.1. Let Q(z) be non-constant in D and Q(0) = 0. If |Q| attains its maximum value on the
circle |z|= r < 1 at z0, then z0Q′(z0) = qQ(z0), where q> 1 is a real number.

For more details about univalent functions, one may refer to [6] and [9].

2. Main Result

In this section we obtain some important inequalities and verify integral representation for
the operator Bc

u,b.

Theorem 2.1. If f (z) ∈A satisfies the inequality:

Re
{ z(Bc

u,b f (z))′

Bc
u,b f (z)

−1
}
<

1
2
, (11)

then f (z) ∈ Xc
u,b.

Proof. Let f (z) ∈A, we define the function Q(z) by:

Bc
u,b f (z)

z
= 1+Q(z), (z ∈ D). (12)

With a simple calculation we get Q(0) = 0 (in D)).
From (12) we conclude:

Bc
u,b f (z) = z+ zQ(z),

or

(Bc
u,b f (z))′ = 1+Q(z)+ zQ′(z).

Thus

(Bc
u,b f (z))′ =

Bc
u,b f (z)

z
+ zQ′(z),

so

z(Bc
u,b f (z))′

Bc
u,b f (z)

−1 =
zQ′(z)

1+Q(z)
. (13)
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Now, let for z0 ∈ D, max
|z|6|z0|

|Q(z)| = |Q(z0)| = 1, then by using Jack’s lemma and putting Q(z0) =

eiθ 6=−1 in (13), we have:

Re
{ z(Bc

u,b f (z))′

Bc
u,b f (z)

−1
}
= Re

{ z0Q′(z0)

1+Q(z0)

}
= Re

{ qQ(z0)

1+Q(z0)

}
= Re

{ qeiθ

1+ eiθ

}
=

q
2
>

1
2
,

which is a contradiction with (11). Thus we have |Q(z)|< 1 for all z ∈ D. So from (12) we get:∣∣∣∣∣Bc
u,b f (z)

z
−1

∣∣∣∣∣= |Q(z)|< 1,

and this gives the result. �
By considering c,u and b in (8), such that:

(−c)n−1

4n−1(u+ b+1
2 )n−1(n−1)!

= 1, (14)

we have the following corollary.

Corollary 2.1. If f (z) ∈A satisfies:

Re
{ z f ′

f
−1
}
<

1
2
, (z ∈ D),

and (14) holds, then | f (z)
z −1|< 1.

Theorem 2.2. If f (z) ∈A satisfies:

Re
{

1+ z
[ (Bc

u,b f (z))′′

(Bc
u,b f (z))′

−
(Bc

u,b f (z))′

Bc
u,b f (z)

]}
<

1
2
, (z ∈ D), (15)

then f (z) ∈ Y c
u,b.

Proof. Let f (z) ∈A, we define the function Q(z) by:

z(Bc
u,b f (z))′

Bc
u,b f (z)

= 1+Q(z), (z ∈ D). (16)

It is easy to verify that Q(z) is analytic in D and Q(0) = 0. By (16), we have:

z(Bc
u,b f (z))′ =Bc

u,b f (z)+ [Bc
u,b f (z)]Q(z),

or

(Bc
u,b f (z))′+ z(Bc

u,b f (z))′′ = (Bc
u,b f (z))′+(Bc

u,b f (z))′Q(z)+Q′(z)(Bc
u,b f (z)),

or

1+
z(Bc

u,b f (z))′′

(Bc
u,b f (z))′

= 1+Q(z)+Q′(z)
Bc

u,b f (z)

(Bc
u,b f (z))′

.

By using (16) we get:

1+
z(Bc

u,b f (z))′′

(Bc
u,b f (z))′

= 1+Q(z)+
zQ′(z)

1+Q(z)
.
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Now, let for a point z0 ∈ D, max
|z|6|z0|

|Q(z)| = |Q(z0)| = 1. By Jack’s lemma and putting Q(z0) = eiθ

we have:

Re
{

1+ z
[ (Bc

u,b f (z))′′

(Bc
u,b f (z))′

−
(Bc

u,b f (z))′

Bc
u,b f (z)

]}
= Re

{ z0Q′(z0)

1+Q(z0)

}
= Re

{ qQ(z0)

1+Q(z0)

}
= qRe

{ eiθ

1+ eiθ

}
=

q
2
>

1
2
,

which is a contradiction with (15). Thus, for all z ∈ D, |Q(z)| < 1 and so from (16) we have∣∣∣∣ z(Bc
u,b f (z))′

Bc
u,b f (z) −1

∣∣∣∣< 1, thus the proof is complete. �

Corollary 2.2. If f (z) ∈A satisfies Re
{

1+
(

f ′′
f ′ −

f ′
f

)}
< 1

2 , (z ∈ D), and (14) holds, then:∣∣∣∣ z f ′

f
−1
∣∣∣∣< 1.

In the last theorem, we find integral representation for Bc
u,b f (z), where f (z) ∈ Y c

u,b.

Theorem 2.3. Let f (z) ∈ Y c
u,b. Then Bc

u,b f (z) = exp
[∫ z

0
1+W (t)

t dt
]
, (|W (z)|< 1).

Proof. For f (z) ∈ Y c
u,b, by (10) we have

∣∣∣∣ z(Bc
u,b f (z))′

Bc
u,b f (z) −1

∣∣∣∣ < 1. Thus
z(Bc

u,b f (z))′

Bc
u,b f (z) − 1 = W (z), where

|W (z)|< 1, so we obtain:
(Bc

u,b f (z))′

Bc
u,b f (z) = 1+W (z)

z , which is equivalent by integration, to log
(
Bc

u,b f (z)
)
=∫ z

0
1+W (t)

t dt, and this gives the required result. �

3. Conclusion

By applying the Bessel function, we defined two new subclasses of analytic functions. We
introduced various inequalities relate to these subclasses. The study will lead possibility to define
new univalent functions by applying q-derivative and q-analogue of well-known operators or even
conclude some geometric structures such as starlike, convex and close-to-convex functions. This
idea could be topics for our next research.
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