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HERMITE-HADAMARD INEQUALITIES FOR CO-ORDINATED
HARMONIC CONVEX FUNCTIONS

M. A. Noor, K. I. Noor, S. Iftikhar!, C. Ionescu?

In this paper, we derive some new Hermite-Hadamard type inequality for co-
ordinated harmonic convex functions, Some special cases are discussed, which can be
viewed as significant refinement of the known results. The ideas and technique of this
paper may motivate further research in this dynamic and interesting field.
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1. Introduction

Inequalities play an important and significant role in almost all subjects of Mathe-
matical and engineering sciences. Inequalities present a very active and attractive field of
research. In recent years, much attention have given to develop various inequalities for sev-
eral classes of convex functions and their generalizations using novel and new ideas. In recent
years, much attention have been given to derive several Hermite-Hadamard type inequalities
related to various type of convex functions, using new ideas and innovative techniques, see
[8, 9, 15, 17]. Hermite-Hadamard inequalities are used to find the upper and lower bounds
of the mean value. For a novel application of Hermite-Hadamard inequalities in the proof
of inequality e < (1 + %)n+0'5, see Khattri [10].

It is well known that the harmonic means have applications in electrical circuits. The
total resistance of a set of parallel resistance is obtained by adding up the reciprocals of
the individual resistance values and then considering the reciprocal of their total. For ex-
ample if R; and R, are the resistances of two parallel resistors, then the total resistance is
obtained by the formula R = ﬁ, which is half the harmonic mean. These harmonic
means also played a crucial in thtls deizelopments of parallel algorithms. Al-Azemi and Colin
[1] have considered the applications of harmonic means in the stock markets, which is an-
other novel aspect of the harmonic means. Anderson et al. [2] considered the harmonic
functions and investigated various applications of harmonic functions. Iscan [9] derived the
Hermite-Hadamard type inequality for the harmonic functions. These integral inequalities
are used to find the upper and lower bounds. For recent developments and other aspects of
harmonic convex functions, see [8,9,14-19] and the references therein.
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The concept of convex functions on the co-ordinates was introduced by Dragomir
[7]. He obtained some new Hermite-Hadamard type inequalities for co-ordinated convex
functions. Bakula [3], established the refinement of the Hermite-Hadamard type inequal-
ity for co-ordinated convex functions. Chen [6] has obtained some new Hermite-Hadamard
type inequalities for co-ordinated convex functions, which can be regarded as refinement of
the Hermite-Hadamard inequality obtained by Bakula [3]. For recent results and general-
izations concerning Hermite-Hadamard type inequalities for co-ordinated convex functions,
see [4, 5, 6, 11, 12, 20, 21] and reference therein. Noor et al. [14] have investigated the
coordinated harmonic convex functions and derived some integral inequalities for harmonic
functions on the coordinates. It is known that the coordinated harmonic function may not
be harmonic function in the ordinary sense.

Motivated and inspired by the ongoing research in this dynami field, we again consider
the co-ordinated harmonic convex functions. We first establish an auxiliary results for
Lebesgue integrable functions on the rectangle. We use this auxiliary results to derive
some new general Hermite-Hadamard type inequalities for the co-ordinated harmonic convex
functions. As an applications of our main result, we obtain a new refinement of the known
result.

2. Preliminaries
In this section, we recall the well known concepts:

Definition 2.1. [23]. A set I = [a,b] C R\ {0} is said to be a harmonic convex set, if
v
te+ (1 —1t)y

Definition 2.2. [9, 2]. A function f : I = [a,b] C R\ {0} — R is said to be a harmonic

convex function, if and only if,

zy
f(tx—|—(1—t)y> <A=-t)f(@)+tf(y), Ve,yel,tel01].

el, Ve,y € I,t €0,1].

Iscan [9] established the following Hermite-Hadamard inequality for harmonic convex
function.

Theorem 2.1. A function f : I = [a,b] C R\ {0} = R is a harmonic convex function, if

and only if,
b
f(azabb> < boiba/ fg) deL + f(b) z € [a,b].

2 )
Dragomir [8] and Noor et al. [18] have obtained the following refinement of Hermite-
Hadamard inequality for harmonic convex functions independently.
Theorem 2.2. [8, 18]. Let f : I = [a,b] C R\ {0} — R be a harmonic convez function on
the interval [a,b]. Then for any X € [0, 1], we have

1(55) = o (gowerarm) M (@)

< 52 [ L

1 ab
< 3 [f<(1—)\)a+>\(b)> + (1 =N)f(a)+ )\f(b)]
@)+ )

2
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We now consider harmonic convex functions on the coordinates:

Definition 2.3. [14]. Consider a rectangle A = [a,b] x [c,d] C R?\ {0} with a < b and
¢ <d. A function f: A =[a,b] X [c,d] = R is said to be harmonic convex function on the
rectangle A, if

ab cd
f()\a—i- (1=X)b" Ae+ (1 —N)d

) < (1= Nf(a,0) + AB.d), V(a,b),(e.d) e AXe [0.1]

These co-ordinated harmonic convex functions may be defined as:

Definition 2.4. [14]. Consider a rectangle A = [a,b] X [¢,d] C R? \ {0} with a < b and
¢ < d. A function f: A = [a,b] X [c,d] — R is said to be co-ordinated harmonic convex
function on the rectangle A, if

f(x\a + (a1b— A)b’ te + (c1d_ t)d> < (A-=NA-=t)f(a,e)+ (1= Ntf(a,d)
+A(L = t)f(b,c) + Mt(b, d),

for all (a,b), (¢,d) € A and A\, t € [0,1].

We would like to mention that a function f : A = [a,b] x [¢,d] C R? \ {0} — R
is called harmonic on the co-ordinates if the partial mappings f, : [a,b] — R, defined by
fy(u) == f(u,y), and f, : [c,d] — R, defined by f,(v) := f(x,v), are harmonic convex for
all z € [a,b] and y € [c,d].

It is known that the co-ordinated harmonic convex functions maay not be har-
monic convex functions For example, One can easily show that the function f defined
by f(z,y) = Ty is co-ordinated harmonic convex function, but it is not harmonic convex
function in the ordinary sense.

Noor et al. [14] have established the follwing Hermite-Hadamard inequalities for the
co-ordinated harmonic convex functions.

Theorem 2.3. [14]. Let f : A = [a,b] X [¢,d] C R?\ {0} — R is co-ordinated harmonic
convez function on the rectangle A. Then

2ab  2cd ,y
el < dydz
f<a—|—b’c+d> ~— (b—a){d—c) //

f(a c)—|—f(ad —|—fbc)—|—f(b d)
4

IN

(2.1)

The following simple fact plays an important role in the derivation of our main results.

Remark 2.1. IfI C A = [a,b] x [¢,d] C R?\ {0} and consider the function g : [,1] x
[, 1] = R defined by g(s1,52) = f(sll, 52) then f is co-ordinated harmonic on [a,b] X [c, d],
if and only if, g is co-ordinated conver in the usual sense on [f l] X [l ﬂ — R.

b d’
3. Main results

In this section, we obtain a more general Hermite-Hadamard inequality, which is main
motivation of this paper. For this purpose, we first prove the following auxiliary result.
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Theorem 3.1. Let g : A = [a,b] x [¢,d] C R\ {0} = R be a Lebesgue integrable function
on the rectangle A and A\t € [0,1], then

/1 /1 g((]. 7t1)a+t1b, (]. 7t2)6+t2d)dt1dt2
0 0
- )\t/l/lg((l—tl)a+t1[(1—/\)a—i—/\b},(l—tg)c—i—tQ[(l—t)c+td])dt1dt2
0 0
—i—)\(l—t)/ / g((1 —t1)a+t1[(1 — N)a + Ab], (1 — £2)[(1 — ¢)c + td] + tad)dt1dis
0 0
(1= ) /1 /lg((l C )1 = A)a+ AB] + t1b, (1 — ta)e + ta[(1 — t)e + td])dtrdts
0 0
1 1
+(1—t)(1—/\)/ / 91 = 1)[(1 = Na+ 3] + b, (1 — t2)[(1 — t)e + td] + tad)dtrdts.

(3.1)

Proof. For A=0,t =0 and A = 1,¢ = 1, the inequality (3.1) is obvious.
If A\=0and ¢ € [0, 1], then

1 1
/ / g((l —tl)a—i—tlb,(l _t2)c+t2d)dt1dt2
0 0
1 1
= t/ / g((]. —tl)a+t1b,(1 _t2)C+t2[(1 —t)C—f—td])dtldtQ
0 0

11
- t)/ / g((1 = t1)a + t1b, (1 — t2)[(1 — £)c + td] + tod)dtrdts.
o Jo
If t =0 and X € [0, 1], then
1 1
/ / g((]. —tl)a—i—tlb, (]. —t2)C+t2d)dt1dt2
0o Jo
1
= A/ / g(1—t1)a+t1[(1 — N)a + N, (1 — t2)c + tod)dt dis
0o Jo
1
+(1—X) / / g((L = t)[(1 = XN)a + Ab] + t1b, (1 — to)c + tad)dt dis.
0 Jo
Also for A € (0,1) and t € (0, 1), we observe that

(0). )\t/o /0 91— t1)a+ tr[(1 — Na + 3], (1 — t2)e + ta[(1 — )e + td])dtrdts

1 1
)\t/ / g(tl)\b + (1 - )\tl)a,tgtd + (1 - ttg)C)dtldtQ
0 0

A gt
= / / glub+ (1 — u)a,vd + (1 — v)c)dvdu
o Jo

(id). A(l—t)/o /0 01— t1)a+ tr](1 — Na+ 0], (1 — t)[(1 — t)e + td] + tad)dt1dts

1 1
)\(1 7t)/ / g(tl)\b+ (]. *)\tl)a,((l 7t2)t+t2)d+(1 *tg)(]. 7t)6)dt1dt2
0 0

/0/\ /t1 g(ub+ (1 —w)a,vd + (1 — v)c)dvdu
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(444). t(1—A) /1 /1 g((1 —t1)[(1 = N)a + Ab] + t1b, (1 — t2)c + ta[(1 — t)c + td])dt 1 dts
= 1 — / / 1 — tl /\ + t1)b + (1 — t1)(1 — )\)CL, totd + (1 — ttg)c)dtldtz

_ [\/Og(ub+(1—u)a,vd+(l—v)c)dvdu

(iv). (1—1)(1—2X) / / g((1 —t1)[(1 = Na + Ab] + t1b, (1 — t2)[(1 — t)c + td] + tod)dt1dis

= 17t 17 / / lftl /\+t1)b+(1*t1)(17A)a,((17t2)t+t2)d
(1 — t2)(1 — t)c)dt dts

/ / g(ub+ (1 — u)a,vd + (1 — v)c)dvdu
A Jt
Combining the above results, we have
1,1
/ / g((l —tl)a+t1b7(l —t2)0+t2d)dt1dt2
0o Jo
A gt
/ / g(ub+ (1 — u)a,vd 4+ (1 — v)c)dvdu
0o Jo
A gl
+/ / g(ub+ (1 — u)a,vd + (1 — v)c)dvdu
0o Jt
1t
+/ / g(ub+ (1 —u)a,vd + (1 — v)c)dvdu
A Jo
1,1
+/ / g(ub+ (1 — w)a,vd + (1 — v)c)dvdu
A Je
11
/ / g(ub+ (1 —u)a,vd + (1 — v)c)dvdu
0 Jo
and the identity (3.1) is proved. O

We now derive a new Hermite-Hadamard inequality for co-ordinated harmonic convex
function.

Theorem 3.2. Let f: A = [a,b] x [c,d] C R?\ {0} = R be co-ordinated harmonic convex
function on the rectangle A. Then for any A € [0,1] and t € [0,1], we have

2ab  2cd
f<a—|—b’c+d> < o(\)

(@)(cd)  [* [* f(xy)
<b—a><d—c>/a / 22y 04
me

fla,¢) + fla,d) + f(b,¢) + f(b, d)
1 :

ININ

IN

(3.2)
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where
2cd
o\ t) = Mf(( ,\) + b7 (2 —t)c+td>
2ab 2cd
f( +Ab (1—t>c+<1+t>d>
2cd
f( 1+)\)b 2 —t)c+td>
2ab 2cd
+(1-2)(1- t)f((l —Na+ 1+ )b’ (1 —t)e+ (1 +t)d)'
and
o) = Db+ 2D g0y ¢ N gy EEEZN g

1 ab cd A b cd
+4f<(1A)a+Ab’(1t)c+td)+4f<’(1t)c+td)
1—A cd t ab

T f<a’(1 )+td>+ f((l—)\)a+)\b’d>

1—t ab

T f((l—)\)a—i—)\b’c)'

Proof. Let g be co-ordinated convex function on A = [+, 1] x [, 1] defined by g(s1, s2) =
f(i L), 81,82 € [%, l] X [é, %], then using Remark 2.1 and for A,t € [0, 1], we have

517 82 a

. (2=Na+ b (2—t)c+td
(©)- g( 2ab ’ 2cd
_ +(1—A)g+A5 Lira-oi+ed
— , 5
11 1 11
< // <1—t1 +t1<(1—)\)b+)\a>,(1—t2)d+t2((1—t)d+tc>)dt1dt2
- AV g3 A=)+t ) (=N AL D) +g(T= N7+ A2, (1 —0)L +1t1)
= 4
1—t)c+td 1—X)a+Xb 1—XN)a+Ab (1—t)c+td
= 9(3,5) + (5, T + g (UFER §) + g (B, S0 (3.3)
4 .
. 2—=XNa+Xb (1—t)c+ (1+1t)d
(#0)- g( 2ab ’ 2cd
B FHA-NF+A -t +ti 41
-7 2 ’ 2
< /1/1 A=t rn(a-nEeal) a—m(a-ntsd +t7 dtydt
= o Jo g 1 b 1 b a )’ 2 d c 2 1dt2

905, (=g +te) +9(e) T9(L = N5 + e, (L=t + ) +9((L = N5 +X5.¢)
= 4

|l S (b ) g (U Uotigpt) (Ut )

4
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I-=XNa+A+1)b (2—t)c+td
(é0). g( 2ab ’ 2cd
B (IT=-Ni+ri4+1 T a-ni+ed
-9 2 ’ 2
ot 11 1
< / / g((l—tl)((l—)\)b+>\a>+t1a,(1—t2)d+t2((1—t)d+t>>dt1dt2
0 0
_ g(A=NE+ AL D) (@ -NE+AL -0+t + g2, ) +g( L, -1)t +¢))
= 4
1—-XN)a+Xb 1—-XNa+Ab (1—t)c+td 1—t)c+td
_ oM D) H (MR i) e ) (5 A (55)
- .
. IT-=XNa+XM+1b I—-t)e+(1+t)d
(). g( 2ab ’ 2cd
B (1—/\) +Al+la-pi4els!
B 2 ’ 2
1.1 1 11 1
< / / (1—t1 (1—)\)b+/\a>+t1a,(1—t2)<(1—t)d+tc>—|—t26)>dt1dt2
_ Mg AL A+t +9(A-Ng+A5 1) +9(E A -t +tp) +9( 5. 2)

4
g((l—)\)a+>\b (1—t)c+td)+g((1—A)a+Ab l)—&-g(l (1_t)c+td)_|_g(l 1)

_ ab ? cd ab ' ¢ a’ cd a’c
_ . (3.6)

Multiply (3.3) by At, (3.4) by A(1 —t), (3.5) by ¢(1 — X), (3.6) by (L — A)(1 —t¢), and
adding the resultant, we have

2ab 2cd 2ab 2¢cd
tAf((z “Na N (2 —t)c—i—td) +A _t)f<(2 T Na N (T —Det (1 +t)d)

2ab 2cd
+t(1 — )\)f<(1 —Na+ (1+XNb" (2—t)e+ td)
2ab 2cd
+(1=A)(1 - 75)f((1 “Na+ @+ X —t)e+ (L+ t)d)

< // cd dt, dt
- 1—t1 U,+t1b (1—t2)c—|—t2d 1
_ fxy
_ b_a // dady

At cd ab

< 4{“”)”( Hmz>+f<u—»m’d)

+f((l - AC;I;Jr)\b’ 1 —tc)dc—ktdﬂ i A(14_ : [f(b’ (1—t)ccd++td> 1)
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+f((1—;;l;+kb’ (1—t)ccd+ +td> +f((1—;;l;+Ab’C>]

P (e ) (e )

+f(a’d)+f(a»(1_f>d+td)]+(1_2(1_”{f<(1_;§ZHbv<1_f)i+td)
( )+)\b) (’a—tcimZ)”(“’C)]

- f( )+ 2D 0,0+ T i,y 4 LN g

(1 -
b

cd A cd 1—A cd
( a+>\b (1—t)e+ d>+4f(b,(1t)c+td)+ 4 f<a’(1t)c+td>

" 1—t ab
i\a +>\b > 1 f<(1—A)a+’\bvc>
= P\ 1) (3.7)
Also
2ab 2cd
p(At) = t)‘f((z —Na+Ab" (2 —1t)c+ td)
2ab 26d
+A(L - t)f((g “Nat A (I—t)e+ (1+ t)d)
2ab 2cd
+t(1 — /\)f((1 —Na+ (1+M)b (2—t)c+ td)

2ab 2cd
+(1A)(lt)f((l_)\)aHlJrA)b’ (1_t)c+(1—|—t)d>
_ t)\g<(2_>\)a+>\b (2—t)c+td>

2ab ’ 2cd
(- t)g((Q “Na+Ab (Lo fet(t t)d)
+t(1 - >\)g<(1 - A)“;;b(l +Ab (2 —QtiilJr td)

+(1=2)(1 - t)g<(1 - ”‘12;(1 +Ab (1 t)c;d(l + t)d)

(0B (),
(1- t)<(1 - t)c2+d(1 +t)d> +t<<2—;)2+td>)
= o) =15 o 5a) (38)

and
st < 2ro+ 2,04 Y

V2D 0y 1 X o) +

+¥f(b,c) )}

Y]

fad) 4 400

A1 —t)
S )+

H1—\)
4

f(a,c)

tH1—)\)
T (be)

Fbnd) + 7 o) + L (b0



Hermite-Hadamard inequalities for co-ordinated harmonic convex functions 33

+Wﬂb’ ¢) + %Jc(& ¢) + Wﬂa’ d)
+wnf(a, ¢)
S0 )+ S(b6) + f(.d) 59
1 : :
From (3.7)-(3.9), we obtained the desired inequality (3.2). O

We now consider an application of our main result(Theorem 3.2). For A\ =  and
t= %, Theorem 3.2 reduces to the following result.

Theorem 3.3. Let f : A = [a,b] x [¢,d] C R?\ {0} = R is co-ordinated harmonic convex
function on the rectangle A. Then

2ab  2cd 1 4ab 4ed 4ab 4ed
f 777 S - f 777 +f 777
at+b c+d 4 3a+b 3c+d 3a+b c+3d

+f 4ab 4ed bt 4ab ded
a+3b’30+d a—|—3b’c+3d

f(=
< G //
< f(bd)—|—fbc—|—fad)—|—f(ac)+1f(2ab QCd)
16 4" \a+b c+d
SO + I 25 + TG D + FE5 )
8
o J0d* 0d 0.0+ f0d) 510)

It is clear that the inequality represents a significant refinement of the inequality (2.1),
which was obtained by Noor et al [14].

Conclusion: In this paper, we have proved an auxiliary result for Lebesgue inte-
grable functions on the rectangle. Using this auxiliary results, we derived some new general
Hermite-Hadamard inequalities for co-ordinated harmonic convex functions. Some special
cases are discussed, which can be viewed as significant refinement of the known results.To
the best of knowledge, this is new field, which required further investigation. It is our hope
that the interested readers may find novel and innovative applications of the coordinated
harmonic convex functions in various fields of pure and applied sciences.
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