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ON SOME DIFFERENTIAL SANDWICH THEOREMS OF P - VALENT
FUNCTIONS

Marius Marinel STANESCU?, Loriana ANDREI?, lon CIUCAS3, Dumitru BOLCU*

In this paper we obtain some subordination and superordination results for
higher-order derivatives of p-valent functions involving a generalized differential

operator D;,p,l(f * g)J and also we obtain sandwich-type theorems. Connections

of the results obtained in this paper with known results are considerate and an
example is presented.
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1. Introduction on Subordination and Superordination

Certain aspects of the subordinations and superordinations of functions were
considered by D.J. Hallenbeck, S.T. Ruscheweyh, J.A. Antonino, S. Romaguera, S.S. Miller, P.T.
Mocanu, G.St. Salagean, and others (see [5], [6], [8] and [9]).

Let H(U ) be the class of analytic functions in the open unit disk U = {z € C‘ |z| < 1}
and let A(p) be the subclass of H(U ) consisting of functions of the

form  f(z)=2"+ iakzk, peN={.2,..}, (L1

k=p+1
which are p -valentin U . We write A(1)= A.
Let H[a, p]={f eHU): f(z)=a+a,2° +a,,2°"* +..,aeC,peN},
Definition 1.1 If f,Q eH(U), we say that f is subordinated to g or g is

p+1

superordinate to f , if there exists a Schwartz function a)(z) in U with a)(O): 0 and
|co(z] <1,forall zeU ,suchthat f(z)=g(e(z)), zeU . Insuchacasewewrite f <g,
or f(z)=<g(z), zeU.

Furthermore, if the function g is univalent in U, then we have the following
equivalence (cf., e.g. [6], [8] and [9]):

f(z)<g(z)< f(0)=g(0) and f(U)c g(U)

In paper [2] were obtained results about the first order differential subordination and

supraordination respectively. In the next section we will extend these results to second order

differential subordination and superordination respectively. Therefore we introduce the following
elements.
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Let y :C*xU — C, let h be an univalent functionin U and q € Ha, p].
Definition 1.2 If p is analyticin U and satisfies the second order differential

subordination:  w(p(z),2p'(z),2p"(z);2)< h(z), for z € U, (1.2)
then p is called a solution of the differential subordination. The univalent function q is called a
dominant of the solutions of the differential subordination, or more simply dominant, if p <q for

all p satisfying (1.2). A dominant G that satisfies a =< for all dominant ¢ of (1.1) is said to
be the best dominant of (1.1).

Remark 1.1 The best dominant is unique up to a rotation of U .

Remark 1.2 Based on results obtained in [8] by Miller and Mocanu, Bulboaca in [5]
considered certain classes of first order differential superordinations as well as superordination (in
[6]), preserving the integral operators. Ali et al. [1], have used the results of Bulboaca [5] to obtain

7t (2)
f(z)

where @, and Q, are given univalent functions in U with q,(0) = q,(0) =1. Also, Tuneski

sufficient conditions for normalized analytic functions f € A to satisfy q,(z) <

< 0,(2),

[11] obtained a sufficient condition for starlikeness of f € A in terms of the quantity

f(2)f(2)
(f (@)
Recently, Shanmugam et al. [10] obtained sufficient conditions for the normalized
. . , f(2) 2°f'(2)
analytic function f € A to satis z , ), 7)< ——=<0,(2).
y Va@) =< (Z)<q2( ), 4.(2) O 0,(2)

Let i :C*xU — C, let h analyticin U and q e H[a, p].

Definition 1.3 If p and l//(p(Z), Zp'(z), z° p" (z); Z) are univalent and if p satisfies

the second order differential superordination
h(z)<w(p(2).2p (2).2%p" (z):2) z U, (1.3)
then P is a solution of the differential superordination (1.2). An analytic function q is called a
subordinant if q < p, for all p satisfying (1.3). An univalent subordinant § that satisfies

q =< {, for all subordinant ¢ of (1.2) is said to be the best subordinant.
Miller and Mocanu in [8] determined conditions on y such that n

h(z) <y (p(z).2p (2).2°p"(2): 2)
implies q(z)< p(Z), for all p functions that satisfies the above superordination. Moreover,

they obtained sufficient conditions so that the q function is the largest function with this property,

called the best subordinant of this subordination. Using these results, Bulboaca [5] considered
certain classes of first order differential superordinations as well as superordination preserving

integral operators. For two functions f e A(p) given by (1.1)and g € A(p) defined by
9(z)=z"+ > bz, (1.1
k=p+1
the Hadamard product (or convolution product) is defined by
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(frgfz)=2"+ > ab2* =(g+ F)2) 14
k=p+1
Upon differentiating both sides of (1.4) ] -times with respect to Z , we have:
(f+g)(z)=5(p, j)z" + i 5(k, j)a,b.z", (1.5)
k=p+1
Where 5(p, j)= 0 p!j)', p>j,peN jeN, =NuU{0}. (1.6)

For functions f,g e A(p), we define the linear operator
D}, (f+9)": A(p)—>A(p)
BY D3, (f+9)"(2)=(f*g)"(2)
D}, (f%9)"(2)=D,,,(f*9)"(2)=

(L= A)(f *g) @pﬁ(f (F+g)(2)) =

p—j+l1)z
5(p,j)zp*j+ i( _J+|+ﬂ«k p kjabz
k=p+1 _J+I

1(2' D,.p(f *0)2)) =

D} ,(f *9)"(z)=(-2)D il f o)

)
I
-

S(p, j)z" 7 + i( _J+I+/1 k, j)a.b 2"
k=p+1 _J+I
/lpl(f *g
(1 //i’)D}T;;LI(f *g) ( 1p| f*g)(z))
and (in general) -] +| 1.7
p J 2P+ Z[ _J+I+/1(k p)j 5(k’J)akkak7j1
k=p+1 J+I

fori>0;1>0; p>j peN,n jeN,zeU.
From (1.7), we can easily deduce that
A2(D2,.(1 +0)(@)) = (p- D013 +0) ()~
[(p—i)a-2)+11D1,,(f * )" (2), (L8
forA>0;1>0;p> j;peN,n, jeN,;zeU.

We remark that the linear operator Dzvp’,(f * g)(j)(z) reduces to several many other

linear operators: (i) for j =0, we obtain the operator studied by Aouf et al [3];

p
, We obtain the operator Ig‘(/I,I) introduced and

(i) for j=0 and g(z)=
studied by Catas [7];
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(iii) for 1 =1, we have D] ,(f * g)(j)(Z)Z D] ,(f * 9)"(z), where the operator
D;lp was introduced and studied by Aouf and El-Ashwah [2];

p :
(v) for 1=1, 1=1, g(z )—12— the differential operator D;f“)(z) was

introduced and studied by Aouf and Seoudy [4]. In order to prove our subordinations and
superordinations, we need the following definition and lemmas.

Definition 1.4 (Miller and Mocanu [8]) Denote by Q the set of all functions f that are
analytic and injective on U \ E(f ), where E(f )= ié’ edU: IirTé] f(z)= oo; and are such
that f'(£)=0 for £ €dU \ E(F).

Lemma 1.1 (Miller and Mocanu [9]) Let the function  be univalent in the unit disk U
and @ and @ be analytic in a domain D containing q(U ) with ®(e)# 0 when w e q(U ).

Let Q(z)=17 q'(z)-®(q(z)) and h(z)=&(a(z))+Q(z). Suppose that
1. Q is starlike univalent in U and 2. 9{ Zhl( )]> 0, for zeU . If p is analytic

Q(z)
with p(0)=g(0), p(U)<= D and 6(p(2))+zp (z)@(p(2)) < 6(a(z))+ 2q (2)d(q(z))

then p(Z)< q(z) and ( is the best dominant.
Lemma 1.2 (Bulboaca [5]) Let the function ( be convex univalentin U and let v and

@ be analytic in a domain D containing q(U ) Suppose that
1. ER(V (q(Z))J >0,for zeU and 2. w(z): zq'(z)d)( ( ) is starlike univalentin U .

) )
If p(z)eH[q(O),l]mQ,with p(U)c D, v(p(2))+zp (2)@(p(2)) is univalent in
U and v(a(2))+ 29 (2)0(a(z)) < v(p(2))+ 2p (2)0(p(2)), then (z)< p(z) and q is

the best subordinant.

2. Subordination and Superordination Results
In this section we obtain sufficient conditions on analytic functions f, g € A( p) (based

on them we defined the linear operator D;lp’,(f * g)(j)), such that to be verified the following

) : u
enton: ¢ (2)< {aDl”f;,(f * g)(l).(z)—r bD;,p,.f_f * g)(J)(Z)J <o)
S(p, j)-(a+b)z"”
where @, and Q, are given univalent functionsin U .
Unless otherwise mentioned, we shall assume throughout this paper that A >0, 1 >0,
peN, p>j,njeN, ueC, u#0, zeU, f,geA(p) given by (1.1) and (1.1°),
respectively.
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Theorem 2.1 Let aD; 5, (f * g)(j)(z)“‘bD;,p,l(f * g)(j)(Z)
5(p, j)-(a+b)z?

m(1+zq(z)_ Z(?(EZ)LZ(?((ZZ))} >0, fora,feC, f#0and (21)

i
] € H(U ) Assume that

n+ j n i V%
l//;1 (a, b,(Z,ﬂ,’u; Z):: a[aDi,pl,l(f * g)(J)(Z)+ bDﬂ,p,I(f * g)(J)(Z)J N

5(p, j)-(a+b)z"!
a(p— j+1)Dy7,(fxg)"(2)+{b(p-j+1)-al(p- jN2-4)+1]}D}7,(f *9)"(2)
AaDy 2, (f+g)7(z)+bD] (£ +9)(2))
g Olp=DN2=2)+1IDL,, (F+0)"(@)
@D}, ( #9)"(z)+bD] ,,(f *g)"(2))

If q satisfies the following subordination

/3'/1'

2.2)

V/Q(a,b,a,ﬂ,y;z)<aq(z)+ﬁ;('z()z), for ¢, feC, B0, (23)

5(p, j)-(a+hb)z"!

<q(2), (2.4)

and ( is the best dominant.
1+ Az
1+Bz

Corollary 2.1 Let g(z)= , zeU, —1<B < A<1 and assume that (2.1)

1+ Az (A-B)z
+p ,
1+Bz " (1+Az)1+Bz)

for &, f€C, #0,where i} is defined in (2.2), then

n+: j n i u
[aDLpl',(f «g)(z)+bD] (= g)<1>(z)] LAz -

holds. If ! (a,b,a, B, 11;2) < (2.6)

’ b Cl
5(p, j)-(@rb)z” 1821

and 1T AZ s the best dominant.

1+Bz

4
For q(z)= G‘J_r_;] , 0 <y <1, we have the following corollary.

1+zY
Corollary 2.2 Assume that (2.1) holds for q(z) =l — .If

1-z

1+zY
a,b,a, B uz)<al ——| +2 ,
vi(ab,a b u2) a(l_zj Pr 5

for , feC, f#0,0<y <1, where y; is defined in (2.2), then
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DI =01 )0 1250 (101
5(p, j)-(a+b)z" 1-2)°
zeU,ueC,u+#0,a,beCa+b#00<y<1,

/4
and (sz is the best dominant.
1-z

p
Taking g(z)= 127 in Theorem 2.1, we obtain the following result.

Corollary 2.3 Let ( be univalent in U with q(O): 1 and assume that (2.1) holds. If
fe A(p) satisfies the following subordination condition:

aD;,erl,l(f *g)(j)(z)-i-bD)r:,p,l(f *g)(j)(z) ’
“[ 5(p.j)-@@+b)e>’ J ’
a(p—j+1)D57(f*9)" @)+ tb(p-j+1)-al(p- jN2-2)+1]D15 (F *9)(2)
AlaDy, (f +g)(2)+bD} (1 +g) " (2))

5ou. bl(p— j)X2-2)+1]D},,(f #g)"(2)
a7 (f + 9)7(2)+bD] , (T +0) ()
for o, f€C, f#0 then

(aDrpl,l(f * g)(j)(2)+ bD/?,p,'(f * g)(j)(Z)Jﬂ <q(z) (2.9

B-u
29 (2) 29)

<aq(z)+Tz),

5(p, j)-(a+b)z"
and q(z) is the best dominant. Based on Lemma 1.2 we have the following theorem.
Theorem 2.2 Let ( be convex and univalent in U such that q(O) =1. Assume that

g{;q@ﬂ>o, (2.10)
fora,feC, f#0. If y,a,beC, u#0,a+b=0,

aDrpl,l(f * g)(j)(z)+bD2,p,l(f * g)(j)(z) ’
5(p, j)-(a+b)z"!
and (a,b,a,ﬂ,,u; Z) is univalent in U , where /] (a,b,a,ﬂ,,u; Z) is defined in (2.2),

eH[q(0).1]nQ,

then oq(z)+ B zc(:(gz)) <yi(ab,a, B 1;2), (2.11)
n+l (i) n (i) “
s(p.j)-(a+b)e
and q is the best subordinant. Taking q(z)= % —1<B < A<1 in Theorem 2.2, we have
+Bz

the following corollary.
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Corollary 2.4 Let q(z) = 1+ g\z
+ Bz

Dn+1 f (j) D" f (i) “
&(p, i)-(a+be
forueC,u#0,a,beC,a+b=0,

e o )<l//2(a,b,a,ﬂ,ﬂ;2), for ~a,feC, p=0,

“Tre P (1+ Az)1+ Bz

—1<B < A<1,where ] isdefined in (2.2), then

n+l (i) n (i) “
1+ Az - aD}%,(f *g) (Z)erDivPv'(_f *9)"(2) . and 1+ Az is the best subordinant.
1+Bz 3(p, j)-(a+b)z" 1+Bz

, —1< B < A<1 and assume that (2.10) holds. If

and

/4
Corollary 2.5 Assume that (2.10) holds for q(z) - GJr Zj I
—Z

aDEfpl’l(f * g)(i)(z)+ bD;p’l(f * g)(J)(Z) u
{ 5(p, j)-(a+b)z*! ] eH[q(0)1]~Q

z
1-z
for ¢, 3€C, f#0,0<y <1, where ] is defined in (2.2), then

G+jﬁ{}mmu*QW@wbmmu*gch”
1-z 5(p, j)-(@a+b)z"! '
zeU,ueC,u+#0,a,beCa+b=#0,0<y<1,

e
for ueC,u#0,a,beC,a+b=0; aGJr—Zj + 2By 5 <yi(ab,a,p, ;1)
—Z

p

7 z
and (HZ) is the best subordinant. Taking g(z): 1
1-z

following result.
Corollary 2.6 Let g be convex and univalentin U such that q(O) =1. Assume that

m[;q(z)J>0, for ¢, eC, B#0.
If u,a,beC, u#0,a+b=0,
aD £ U(z)+bD] £ 0(2))"
= —— H[q(0),1 ,
e ) a0
and y1(a,b,a, B, ;) is univalentin U , where y(a,b, &, 3, 11; 2) is defined by
aD} % f0(z)+bD] ,, 1 V(2))"
5(p. j)-(a+b)z"”

in Theorem 2.2, we obtain the

l//;(a,b,a,ﬂ,y;z): a[
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a(p- j+1)Dy 7 f9(2)+ o(p—j+1)-al(p- j)2-2)+1]}Ds 1 £ V)(2)
B i(aDEfpl,. £0(z)+bD! , f(j)(z)) _
bl(p-j)X2-2)+1]D;,, ()
Alap};, f9(z)+bD; ,, F0(z))

B-u
(2)

: ) <vi@baf.umz)

Then a(z)+ 4

q
q
n+l ¢ (j) n (i) “
Implies q(z)< b/ f (z)+me,f (Z) and ( is the best subordinant.
(p, j)-(a+b)z? ’
3. Sandwich Results

Combining Theorem 2.1 and Theorem 2.2, we obtain the following sandwich theorem.
Theorem 3.1 Let ¢, and (, be convex and univalent in U such that ql(z);t 0 and

qz(z);tO, for all zeU . Suppose that (], satisfies (2.1) and (, satisfies (2.10). If

aD!? (f +g)(z)+bD] ,(f+g)"(2))" | ) o
[ 5(p, j)-(a+b)z"! eH[g(0)1]nQ for u€C, u=#0, a,beC,

a+b#0 and y/g(a,b,a,ﬂ,,u;z) is univalent in U and is defined in (2.2), then

aql(z)+&(z)< wi(a,b,a, B, ;7)< aqz(z)+%z()z), for at, € C, B #0 implies

Q1(Z)
aD™ (f «q)(z)+bD" +q) (2
ql(z)_<( Dl,p,l(f g) ( ) bDﬂ,p,I(f g) ( )

5(p, j)-(a+b)z"!

and @, and (], are respectively the best subordinant and the best dominant.

u
] <0,(2) e C,u=0,

1+ Az _1+ Az
For 7)= , z)==——2" where —1<B,<B, <A <A <1 we have
e L <B<A<A

the following corollary.

Corollary 3.1 Assume that (2.1) and (2.10) hold for ql(z) = 1+Az and 2(z) = ﬂ
1+ Bz 1+ B,z

aD 5, (f #9)"'(2)+ 0Dy (f *g)(j)(Z)Jﬂ eH[g(0)1]nQ,

5(p. j)-(a+b)z"”
1Az, (A-B) gltht , (A-BJ

1+Bz " (1+Az)1+Bz 1+B,z " (1+A,z)1+B,2)
for a,feC, f#0, -1<B, <B, <A <A, <1 where y; is defined in (2.2), then

respectively. If [

and

)<V/2(a,b1a,ﬂ,ﬂ;z
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Loz (D41 e0) 0)500L, (120 ) _1smz
1+Bz 5(p, j)-(a+b)z"" 1+B z’
zeU,ueC,u+#0,abeCa+b=0,

hence 1+ Az and 1+ Az are the best subordinant and the best dominant, respectively.
1+ Bz 1+B,z

p
Taking g(z) = 127 in Theorem 3.1, we obtain the following sandwich-type result.
-2

Corollary 3.2 Let g, and (], be convex and univalent in U such that ql(z);t 0 and
qz(z);t 0, forall ZeU . Suppose that g, satisfies (2.1) and q, satisfies (2.10). If
aD; " fU)(z )+bDjp,f (2)Y"
( (p. j)-(a+b)z™ j
for ueC, u#0, a,beC, a+b#0 and w;‘(a,b,a,ﬂ,,u;z) is univalent in U and is

ofine ) . [aDrt £0(z)+bD] ), F9(2)Y

defined by y"(a,b, e, B, 11;2):= [ (o 7).@rb)" J
a(p—j+1Dy f(2)+{b(p - j+1)-al(p- j}2-4)+1]D}% fV(2)
@Dy £ 0(z)+ bD;p,f“')(z))

bl(p- iN2-2)+1]D},, fV'(z

Alap;y, t1(2)+bDj,, )

eH[q(0),1]nQ,

ﬂ'ﬂ'

B-u

)
(
Then aql(z)+ﬂ;q(12(;)<1//2(a,b,a,ﬂ,,u; )<aq2(z)+ﬂ;q2(z) for «,BeC,

L aD™ fU)(z)+bD" , fU(z)Y"
f #0, implies ql(z)<[ Mél(p, j()-)(a+bﬂ)yzp;‘i @) <0,(z), ueC,u=0,

and ¢, and q, are respectively the best subordinant and the best dominant.

The following example indicates the possible applications of the above results.
+2

_1+z _
@)= 0=

1-—

Example 3.1 Let ql(z) =

If (2.1) and (2.12) hold,
aD;! fU(z)+bD] ,, F0(z))"
b Hla(0)1]nQ,zeU, ueC, u#0,aeC, a=0,
( 5(p.j)-(axb)z") eH[9(0)1]nQ,zeU, ueC, u#+ € #

78) (a,b,a,ﬂ,,u; Z) defined by
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[ aD] 1, TU(2)+ b0, 1 '<z>]“+
(p.j)-(a+b)z*

2)+{b(p —rH)aK—jﬁ—ﬁ%]Dﬁif()

@D} 10(z)+bD] , £9(z))

W-ﬂﬁ MHPM|K)

@D} 19(z)+bD; , f0(2))

vi(aba, B 1)
(

a(p— i +I)Din+p2|f

+B-u

—ﬂ'ﬂ

is univalent in U and ZJZFZ ﬂiﬂl,)(aba/;ﬂz) ai“;ZJrﬂli,fora”gec,’g;éo_
-z -1z

Theorem 3.1 affirms that 2+2 _[aDi5(f)"(2)+bD7, ()(2)]" 142
2 8(p,j) (a+b)z"! 1-2
zeU,ueC,u#0,a,beCa+b=0,

1

and ZLzand 1+2

1-z

Remark 3.1 The above results are true for the relations of the strong differential
subordination and strong differential superordination, too.

are the best subordinant and the best dominant, respectively.

4. Conclusions

Complex-valued analytic functions have many properties that are not necessarily true for
real-valued functions. One of the most important parts in the geometric function theory is the study
of certain subclasses of holomorphic complex-valued functions which are defined by differential
subordination, differential superordination, extremal functional conditions and differential
operators.

Thus, were defined a generalized differential operator based on two analytical functions
with complex-valued (using Hadamard convolution product). Some subordination and
superordination results, in the form of sufficient conditions, for higher order derivatives of the p-
valent functions involving the defined generalized differential operator have been determined.
Sandwich type theorems have been obtained.

Relevant connections of some of the new results obtained in this paper with those in
earlier works are also provided.
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