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COMPUTERISED ALGEBRA USED TO CALCULATE X"
COST AND SOME COSTS FROM CONVERSIONS OF P-BASE
SYSTEM WITH REFERENCES OF P-ADIC NUMBERS FROM

Z HAND Qp,

C.A. MURESAN’

Autorul acestui articol Tncearca sa sublinieze importanta utilizarii unor cat
mai eficienti algoritmi de calcul pentru ca sa fie cat mai putin utilizate resursele
calculatorului, astfel Tncat numarul de operatii sa fie mai mic.Dupa prezentarea
unor algoritmi diferiti, se calculeaza matematic costul algoritmilor inclusiv

laconversia din baza p Tn baza 10 a unor numere p-adice din Zp respectivQp .

The author of this article tries to outline the importance of using as much as
possible the calculation algorithms in order to reduce the use of the computer. After
presenting some different algorithms, the cost of the algorithm is mathematically
calculated, including the conversion from a p-adic number into a base-10 system of
a number from Zp andQp also.

K eywords: costs, algorithms, p-adic number

Introduction

The article will focus on two algorithms used for finding out x" .
In one situation x" can be directly calculated from the following relation

XM = XXX XK XX ....... xx of ‘n’ times, whereas in the second one, we will
use the binary writing of ‘X .

Defining the cost of the agorithm as being the number of multiplications
used during the calculation of x", we will observe that the second algorithm has a
cost

C@ = aflg,n;al [1,2]; C( is the cost whereas the first one has a
n-1 cost. The second algorithm will be ‘faster’ than the first one.

In order to demonstrate these statements we must observe that if

k .
n= 3 ei)2; e(i)] {0, isabinary writing of ‘n’ then
i=0
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C@ =k-1+¢g0) +e(1)+ ..+ e(k)
where C(2) isthe cost of the second agorithm.
Passing then to some inequalities we will obtain the preceding statements.
Finally, using the previous formula, we have calculated the conversions
costs of natural numbers in base-p or of some p-adic rational numbers from Q,,

1. Estimates of the costs of the algorithms used to calculate x"

Definition 1: The cost of an agorithm that calculates x" is given by the
number of the multiplications effectuated until we get the result; if we use
number ‘ (i)’ to represent the algorithm, then its cost will be C(i).

Methodno1: x" calculation using algorithms (1):

Data: x,n{y istheresult}

y: =X

for i= 1ton-1resultsy = yx

Proposition 1: The cost of the agorithm (1) is n-1 meaning that
C()=n-1

Proof: It is obvious that for finding out x" using multiplications of x we
have x:x...:x for ‘n’ timeswhich meanthat we will have n-1 multiplications.

Method no 2: We can find out x" using the algorithm (2) where 'n’ have
arepresentation in the 2-base system.

k .
K _ a ei)2 ~
Be it n=48 e(i)2: e() {03 then X" =x=0 = Ox° ad
i=0 ieto
here we have the agorithm (2) :

Data: x,n
z=xy = Iftheresultisy}
Y. =X
whilen>1do
begin
p:=[n/4;
if n>2*ptheny:. = y*z
zZ=7zz
n.=
end;
Y:=y*z,
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In this algorithm in ‘Z we will obtain the values x?, x*, x®...... for every
step, and y=y*z for every step when ‘n’ is an even number and 'y’ isthe same

number when ‘n’ isan odd number. Finaly 'y is x".

Example: Find x4 (see the next table ) usingthe algorithm

n 21 21 10 5 2 1
P 0 5 2 1

z x x* x* x®* x¢

y 1 x x x> x>x*

The multiplications in this agorithm are:

x% =0, xF = x2x? , xB=xt x| P =xtx, x0=x8xd
%21 = 416 5
Numbers of multiplications for thisexample is 6 so C(2) =6.
Observation:

If (e(n)e(n- J...... e(l)e(O))(z) is the number ‘21’ in 2base system then
because:

21= 1% + 023 + 122 + 052! +1:20 we have

e(0)=1,61)=0e(2=21e(d=0 e@)=1and

(e(n)e(n-1J)...... e(1)e(0))(2)=10101(2)

k=4where k+1=5 isthe length of * 21 in 2-base system

Then k-1+¢0) + e (1) + ...+ e(k) =4-1+1+0+1+0+1=6

Thisis the formulafor the algorithm’s cost.

Definition 2. .Let  (ap)ns1 ,(bp)ns1be two sequences of positive

numbersWe say that (a,) is O(b,) if there exist two positive constants c,C
suchthat ¢ >, £ an £ C by, forevery nl N.So,0 (by) = ap.

(Oiscaled Landau's symbal).

Proposition 2. C(2) = O(lg» n]) and [igon] £C(2) £ Alg o n]

Proof: C(2) is the number of multiplications used in the algorithm.

k .

a e(i)2' A
From x" = xi=0 , e {o1.
weobtan :
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where’ k-1’
will be the number of multiplicationsfor :

K2 x.x® wheredd =01 and x2 =()2 ., fori=2j iji N.
or in fact ,the numbers of multiplications for:
2 =30, xP=xZ® | E=xtxt ) x¥ = d x2k = (xzk_l)2
from the agorithm.
And ge(i);
i=0

will be the total number of multiplications between al the terms with the
form: xe0*2 and xe)*2" , 0£i,j £k

(in order to determine x).

Then C(2) = k1+e(0) +e(1) + ..+ e(K)

Wecan suppose e(k) = 1without restricting the generality .

But 0+0+0+.....+0+1=e(0) + (1) +...+ (k) = 1+1+1..+1= k+1

and then for the two relations results:k=C(2) £ (k- 1) + (k+2) = 2k .,

K .
where n = § e(i)*2': e(i)1 {03 isthe notation for ,n’ in 2base system
i=0
(meaning that ,n’ length is, k+1).
Thefirst relation will be:
k=C()=% @
where, k+1' isthe length of ,n" which is write in 2-base system.
Wealso have n =2 +e(k- 1) x2“* +... + (1) X2 + &(0) Where it has been
assumed that e(k) = 1without restricting the generality.
Thenn=2K U |g,n=k P

k = [lg, n] 2
which will be the secondrelation with ’[,]’ —whole part.
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From (1) and (2) results C(2) = 2 = 2[Ig, n] so the3 rdrelation:

C@ =2[igzn| 3
From the previous relation we will aso have
n=2K +ek- 1)2k_l +...+ 1) R +¢(0) and it results that

ng2K+2K 4 424122 " == ok 1ok and we have n £ 2K

S0 [Ig, n] < k +1equivalent with the 4th relation:

llg, n£k. (4)
From (1) and (4) resultslg, n] £ k £ C(2)therefore the 5th relation:
[lg,n =C( ©)

From (6) and (7): [Ig,n] =C(2 = 2[lg, n] and from here it is obvious that
(")nl R($) ayl R suchthat C(2) = a, flg,n];a, 1 [L2] and therefore:

C@= oflg, n]).
Proposition 3: The 2nd algorithm is one of the fastest way of finding x"
what it means: C(g) 3 [Igz n] where cost C(g ) is of the general algorithm (g) .

Demonstration: Every algorithm (it will be named general algorithm (g)
of cost- C(g)) must follow the steps.

The algorithm (g):
Stepl: yp:=ajywhere ag,lp | {1, ......

Step k @y : = agby where a,b, have been previously found meaning
a b H{L XY,y o Yiead

Step 'm’: (the find st€p) ym:= ambm: ambm! {1 Xy, Vo, ..o,
Ym-1}

where x"=y,, : which means that we have reached the resuilt, the cost of
the algorithmis C(g)= m

Our 2nd agorithm also belongs to this class.

In the previous agorithm for y; : = x&(K) we have: e() ={0,1, 2.
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In contrast with algorithm (2) where 1)1 {0, 1} .
Then for genera algorithm :
e(k) = g(i) + e(j) where O<i,j <k for k=2and em) =n.

Therefore e(1) = 2; &(2) = &(1) + (1) = 22 and through induction results
e(k) = 2K; (" k=2

In the end, e¢(m = n so, gm = n = 2M meaning
lgzn] =m P [ig;n]=m=C(g)

If we consider the cost classes accordingto a being O[a ] we will have
using the 2nd algorithm an algorithm ‘ of the fastest class' because

[lg, n] =C(2) = 2[ig, n] and [ig, n]= C(9).

2.Estimates of the costs of the algorithms used for conversionsin p-
base

Definition.3.
N _.\[ — gl i N . H
p=jala=gqaxp,a,nl N;O£a £p-
1 i=0
are the p-adic numbers from N

. ¥ .
Zy= }a/a =8 axp,al NOEg £ p-ly
i i=0
are the padic numbers from Z and we can define these numbers as the
inverses of naturals numbers written in p-base system.
o a e d o K 7 Al N f
Qp= .|.a/a =aaxp ki Z,ai I N,O£ai £ pi - 1%
t i=k
are the p-adic numbers from Q.

Propaosition 4.: The cost of writing an natural number ‘X’ from the p-base
system into 10-base systemis C(x)= O[Igz(n!)]

The natural numbers written in the pbase system canalso be written Np
and they are called p-adic numbers from N.

Proof :
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Be it xXIN P xp=(an,an.1.--8,8,39) IS the writing in a p-base
system for X,
wherea,* 0 a1 {0,1...p-1}, foril {0,1,2,...n-1} meaning:

x=an.1p" +an.1p"t+.. . +ayp? +apt +ag

We consider the writing cost of a p-adic number represented by the
number of multiplications and then:

C(x) =Olig2 n+Ollg2 (- 1] +...+0flg2 2]+ Oflg 1]
C(X) :Cn ng n+ Cn_llgz(n- 1)+...+Cllgzl
where C,,1 R conveniently chosen.

Beit mn ¢ =c; max ¢ =C then

i41.2,..n] i¢12....n]

cxg_ lg,i £ C(x) ECén Igoi U cXg,(n) £C(x) £CAg,(n) U

i=1 i=1

C(x) = O[lgo(n)].

Obs. 1.: The number from Z ; x| Z; x < 0 seen as reverses to those from N
in padic have a similar notation with the previous one; so: x1 Z ,C(X) =
Olig,(n)].

Obs.2: The number from Q that have a‘p-adic’ finite representation :

n .
x=(anan.1...4q80,a1...a.m) for x= § a xp™; m N, 0= g<p
i=-m
arecaled p-adic number from Q into a finite representation.

Proposition 5.: The cost C(x) , xI1 Q into a finite representation:

n :

X = é_ a xp™': when ‘conversing’ in an abstract mode in the base-10 system
i=-m

with the previous relation , of arational number ,is C(x) = O[I92 (m+ n)!] .

Proof:
From x| Q;
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X= énai p' =a,p" +an-1lon'l+...+a1pl+ao+a'1+a'zz+...+a'rn b
i=-m p p
X:an pm+n+an_lpm+n-1+m+alpm+l+aopm+a_1pm_1+a_2pm_2+“
pm
......... tamgbPtam
pm

Soxl QandC(p') = O[Igz[i]]: C(an ><pi ) il {12...,m+ p} and
Jflg ,(m)] isthe cost for the denominator p™

c(p™) = Oflg olm] =Clan xp™)

has been calculated.
S x! Q; ¢(x) =0[lg,(m+n)]+...+O[lg »1]

P C(x) =g, [(m+n).
Obs.3.: The ,costs” for a multiplication and for a divisation of two reals

numbers with ,n’ bites , we can seein [3].
Conclusions

It is obvious that we must look for a less expensive method for
mathematical calculations. As a result, less resources and computer operations
will be used.
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