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RESEARCH ON A CLASS OF THREE-POINT BOUNDARY
VALUE PROBLEM VIA FIXED POINT INDEX THEOREM

Heli GAO!

Many phenomenons in economics, astronomy, biology, engineering, mechanics
and other fields can be described by the multi-point boundary value problems (BVPs). It
is difficult to obtain the analytical solution of the multi-point BVPs, so the discussion of
the existence and uniqueness of solution will become the fundamental issue of BVPs.
Since Gupta [1] began to study second-order three-point BVP for nonlinear differential
equations, more and more scholars conduct a systematic study of three-point BVPs, and
achieve fruitful results. In reference [12], Sun studied a singular second-order three-point
BVP, and gets some existence results of positive solutions. In this paper, motivated by
Sun’s results, we consider a second-Order three-Point BVP with sign-changing nonlinear
terms. We get some existence results of symmetric positive solutions by using the theory of
fixed point index, and take a specific case for example to illustrate the application of these
results. The results generalize and improve Sun’s results.

Keywords: Three-point boundary value problem; Sign-changing nonlinear terms;
Symmetric positive solution; Fixed point index

1. Introduction

Along with society's progress and the development of science and technology,
many phenomenons in economics, astronomy, biology, engineering, mechanics and
other fields can be studied by establishing mathematical models of the boundary value
problems (BVPs). The existence and uniqueness of the solution of BVPs will become
hot issue, because the analytical solution of BVPs is difficult to obtain.

Since Gupta ™M began to study second-order three-point BVP for nonlinear
differential equations, more and more scholars conduct a systematic study of three-
point BVPs, and achieve fruitful results (see, for example, [2-11]). In the process of
solving the practical problems, the existence of solutions for BVPs is an important
question, especially the existence of positive solutions. Much literature has a detailed
introduction of these problems, such as [12-19].
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Sun [12] obtained some existence results of positive solutions for a
second-order three-point BVP. In this paper, we consider a more complicated
second-order three-point BVP:

V”(z')+a(r)g(V(r))+ﬂ(r),u(r)=0, O<r7<], (1.1)

v(o)_v(l):o,v'(o)_v'(1)=v@, (12)

Where, a(r) and x(7) are symmetric on (0,1) and may be singular at 7 =0 and

r=1, p(r) is symmetric and continuous on[0,1], the range of a(z),B(7), u(z) is
[0,+oo) .

g:[0,+00) —>[0,+x),
is continuous.

2. Common definitions and lemmas

For convenience, we recall below some definitions which are commonly used
in this research field.

Definition 2.1 [12] M c E is a nonempty closed convex, where E is a real
Banach space, if M satisfies the following two conditions:

(1) yeM, A>0 ,implies AyeM,

(2) yeM, —yeM, implies y=0,
then, we call M a cone.

Definition 2.2[12] An operator A is called completely continuous, if it is
continuous, and maps bounded sets into precompact sets.

Definition 2.3[12] A function f is said to be symmetric on [0,1], if it satisfies
the following condition:

f (r): f (1—7), = [0,1].

Definition 2.4[12] A function f is said to be concave on [0,1], if it satisfies

the following condition:
f(6r,+(1-0)7,)20f (z,)+(1-0) T (z,), 6,7,,7, €[0,1].
Definition 2.5 Denote
cr[01]={f ec[01] f(r)=0,r[0,1]},

in which the Banach space Z =C[0,1], equipped with ||v| = m[%|v(r)| .



Research on a class of three-point boundary value problem via fixed point index theorem 119

The following results introduced by Sun 2! will be used to prove our main
results.

Lemma 2.1[12] Let z e C[0,1]. Then, the three-point BVP

—V"(r): z(r), 0<r<], (2.1)
v(0)-v(1)=0 ,v'(o)_v'(l):v@, 2.2)

has a unique solution
v(z)=[ H(n.)z(£)de, (2.3)

where,
H (T,§)= Hl(Tﬂf)*‘Hz(é)’
£(l-7), 0<&<r<y,
Hl(r’é):{r(l_f), 0<7r<EL]

1—%, Osgs%,
H,(£)= e 1,
2 0 2777

) H(r.é)>>:

@ SH(£E)<H(r.8)<H(£2);

@) H(1-7,1-¢)=H(r.¢).
Lemma 2.3[12] If the BVP (2.1), (2.2) has a unique solution v(7), and if the
function z(7) in (2.1) satisfies z(z)eC*[0,1]. Then, v(z) satisfies

. 3
minv(z)2 7.

Lemma 2.4[12] If z() in equation (2.1) satisfies
Z(z’): Z(l—r), TG[O,].],
and, if the BVP (2.1), (2.2) has a unique solution v(z), then, v(7) satisfies
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V(T) :V(l—r) ,T€E [0,1] ,
i.e., v(r) is symmetric on [0,1].

Lemma 2.5[2] Let = be a real Banach space, Z be a retract of = and V be a
bounded relatively open subset of Z. Assuming that

B:V »>Z,
Is a completely continuous operator, and has no fixed points on oV . Then, there exists
an integer i(B,V,Z) satisfying the following conditions:

(1) If vyeV, By=z,€V, then, i(B,V,Z)=1;

(2) If X isaretractof Z and B(V )e X , then, i(B,V,Z)=i(B,VNX,X);

(3) If G:[0,1]xV —>Z is completely continuous and (z,y)e[0,1]xoV ,
G(z,y)=Yy, i(G(z,),V,Z) is independent of 7(0<z<1);

(4) If V1 and V are disjoint open subsets of V such that B has no fixed points
on V\(V,UV,), then, i(B,V,Z)=i(B,V,,Z)+i(B,V,,Z);

(5) If Vo is an open subset of V such that B has no fixed points in V \V,, then,
i(B,V,Z2)=i(B\,,2);

(6) B has at least one fixed point in V whenever i(B,V,Z)=0.

Lemma 2.5 establishes the existence and uniqueness of the fixed point index.

3. Main results

In this section, for research purposes, we make the following assumptions:
(A1) «:(0,1) > [0,+) is continuous, symmetric on (0,1) and

IlH(f,f)ﬂ(f)u_(é)d(,f:eo,

0
)|dé<—FF—.
R a(©)a@+ A (9)]de < (0+1)" +1
Where, x4, ()= max{y(r),o}, p(7)=max{-u(r),0}.
(A2) g(1)>0, there exist constants 4, > A, >1, such that, Vv e[0,+x) ,

c*g(v)<g(cv)<c®g(v), vO<c<l.

(3.1)
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The proof of the following fixed point results can be found in Ref. [2, pp. 88—
89]

Lemma 3.1[2] Let Q (with 0Q) be a bounded open subset of Z, Q a
conein Z,and B:QNQ —Q acompletely continuous operator.

(1) YwveoQNQ andA>1,if Bv = Av,

then,
i(B,2NQ,Q)=1.
(2) VwweoQNQ, VAe(0,1], if BvsAv, and i%FQ||BV||>0
then,
i(B,2NQ,Q)=0.
Let
Q :{yez 1 y() is symmetric, m[(i)rll]y(r) 2§||y||}

Clearly, Q isacone of Z.
Set
f(7)=[,H(0.8) (&) (£)ds,
then, f(z) is symmetric on [0,1]. And, for z(z)=a(r)u (7), f(r) is the

unique solution of BVP (2.1), (2.2).
Now, we consider the singular second-order three-point BVP

—V'(7)=a(r)g ([V(r) — f (r)]*) +B()u, (7), 0<7<1, (3.2
v(O)—v(l):O,v'(O)—v’(l):v(%j, (3.3)

where,
[v(r)— f(r)]*=max{v(z)- f(r),0}.
Lemma 3.2 Let f(z) =] H(z.&) B(£)u (£)dé. ¥ e[01],v(r)> f(2),
and v(7) is a positive and symmetric solution of the BVP (3.2), (3.3).Then,

z(r)=v(r)- f (7)

is a solution of the BVP (1.1), (1.2) .
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Proof Vze[01], it’s easy to get z(7)=v(z)—f(r)>0, on account of
v(r)= f (7).

Note that f(z) is symmetric on [0,1], and according to Lemma 2.1, for
z(r)=a(r)u(7), () is the unique solution of BVP (2.1), (2.2), we get

—(Z(T)+ f (r)) =a(r)g (Z(Z'))+,3(z')y+ (7),
namely,
-2"(7)—f"(zr) =a(r)g (Z(r))+,5(r),u+ (7),
which implies that
-2"(7)+ B (v) = a(r)g (Z (r)) +B(@)u, (7).
So,
-2"(7)- f"(zr) =a(r)g (Z(r))+ﬂ(r),u+ (7).
That is to say, z(r)=v(z)— f(z) is a solution of the singular second-
order three-point BVP (1.1), (1.2). UJ
Remark 3.1 As in Ref. [13], we point out that if g(v) satisfies (A2), then

YV SV, in [0'+OO)1 g(Vl)Sg(Vg), and |imM:+oo,

V—>+00 Vv

Remark 3.2 Since for all veZ, choose 0< p <1 such that p|v| <1, then,

p[v(r)— f (Z'):I*S v(r)<1.
So, by (A2) and Remark 3.1, we have

o([v()= 1 (]9)=[ 2] alou(e)=1 (1) <o I* 001

Lemma 3.3 Let (A1) and (A2) hold true, then, the operator ®:Z — Z which
defined by

0v(r)=[[H (7.8)[(£) 9 (v(£))+ A(E) . (£) Jde (3.4)

is a completely continuous operator. Furthermore, ®(Q)c<Q.
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Proof Firstly, by taking the second-order derivatives with respect to z on both
sides of equation (3.4), we get

(d)v) (r) =-a(r)g (V(r)) ~B@)u, (7)<0

which implies that ®v is concave. Applying the result of Lemma 2.3, we have

min ®v(7) > %”@v” ,forall 7 €[0,1],

76[0,1]
which implies ®(Q)<Q.
Secondly, we claim that ® is completely continuous. To prove that, vn>2,
define «,(7) and u,, (7) as following:

1
f , 0<r<—,
in Ogégia(f) <
1 1
= , S<r<1-=,
a,(7) a(&) st -
1
'”fl,,&:ﬂ“(g)’ 1—53131,
inf 4, (&) 0<T<£
osgct AP T’
1 1
= , S<r<l-=,
. (7) . ($) srsl-
1
mfl_,gggl’%(é:)’ 1_HSTS1'

and @,:Q —>Q by

O (1) = [ H(r.6)[ 2, (£)9(v())+ (&) m, (£)]0c.
Then, @ is compact on Q for all n>2, by applying the Ascoli-Arzela
Theorem.
Next, we're going to prove that ® converges uniformly to ® as n — +w. In
fact, because of

'[ (&, |:a 1)+ (&) ]d§<+oo

we get
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[[H(E.£)a(£)a(2)dE <40,

and

I;H(§1§)ﬁ(§)#+(§)d§<+oo.

n n n
by the absolute continuity of integral, we have

n'lrILL[;)“(f)H (£,E)de=0,

Set

and

fim [ AEH (& 6)m (§)ds =0,

Denote D, ={veQ:|v|<®},0, =max{g(y):0<y <O} <+x.

Notice the fact that H (z,£)<H (&,&) (Vr,£€[01]), so, Vze[0,1], fixed ®>0
and ve D, and let (A1) and (A2) hold true. Notice the fact that H (7,&) < H (£,&) for
all 7,&[0,1], we have

@nv(r)—q)v(r)‘

L) ()]H (1) a(v(£)dz + [ [ (£) -t ()]H (7. ) B(£)
J[a(©)=a ()M (7. ) 9 (v(£)de]+|[[ 0. () 1. ()]6 (7€) A(£) e
< Ogje[l)a(é) H(£,&)de+ Lﬁﬂ(é) H(6)u, (£)de

—0, N> +oo.
That is to say, @, converges uniformly to ® as n — 4o on any bounded subset

of Q. Since ®_ are completely continuous operators. So, ® is completely
continuous. [

<
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Lemma 3.4 Let
Q, ={yeQ:[y|<o},
where 9:%00. Then, i(®,9Q,,Q)=1
Proof VveQ,, wehave |v|<6.Since V6<[0,1],
[v(7)—f(z)[*<v(z)<|v|<O<O+1,
by Remark 3.2, we have
a(r)g

—

[v(z)-f(7)]*)+ B, (7)
a(z)g(0+1)+B(z) . (7)

(0+1)" (1) g 1)+ B(z) . (r)
[(0+1)* +1][a(r)g (V) + B(7) . (7)]

INIA

IA

Now, we will show that

UX#=OX, u>1,xe0Q),.
In fact, if ux=®x, then, there exists 4 >1, x, €0Q,, such that ux, = ®x,,

e, X, :ld)x0 and oslsl. Thus, we have
y7]

0= x|
< sup

geolf (7.9 @9 ([ % (&)~ T (&)]*)+ B (€) d.»;\
<[(0+1)" +1][H (&) @O0 (1)+ B(O)u. (£)]de.

So,
[ H(EO[@@g W)+ A (£)]de > ) —. (35)

The above inequality is a contradiction of (3.1). Usmg Lemma 3.1, we see that,
i(0,Q,Q)=1. O
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Lemma 3.5 There exists a constant ® > &, such that i(®,Q,,Q)=0 , where

0, ={y=Q:|y|<e}.
Proof Choose a constant N such that,

N > 32| min [*H ac|
Sl m L e peterec]
By Remark 3.1, there exists ®, > 26, when y > @®,, such that

M.y
v
That is
g(v)=Nv, y>0,.

Let ® > @®,, obviously, ®>©®, >26. Thus£<1, so &<§.
e 2 e 8
Now, we show that v<®v , ved), . Otherwise, 3z, €0Q, , such that

7, >®dz,.

Using Lemma 2.2, Vre

So,

1], we have

[0,
2,(2)- 1 (1) 22,(0) - [ H(£E)B(E) w (£)de

A
0, 1 15
2(1-2 a2 522 ol
= E® >0
32



Research on a class of three-point boundary value problem via fixed point index theorem 127

\

[ H(n.O)aON ((6)-  (&))de

szH (z,&)a(EN ;—2®d§, re[0,1].

[y

Consequently

Te[O,l]

15 -
0> 6N m.nj0 H(7,8)a(&)dé.
That is
32 . 1 N
N SE[;D[AQ] "H (r,f)a(f)df} |
This contradicts N that we choose. Using Lemma 3.1, we get i (®,Q,,Q)=0.
]
Theorem 3.1 Assume that the conditions (A1) and (A2) hold. Then, the second-
order three-point BVP (1.1), (1.2):

V"(r)+a(2')g (V(r))+ﬁ(r)y(z‘) =0, 0<7r<],

v(0)-v(1)=0 ,v’(O)—v’(l)zv[%j,

has at least one symmetric positive solution.
Proof. Take notice of the definition of the fixed point index, and using Lemma

3.4 -3.5, we see that
i(0,0,10Q,,Q)=-1.
Thus, @ has a fixed point x, in Qy\Q,, with 8 <||x,| < ©.

Since 8 <|x,||, we have

% (0) = £(2) 2 2| - [T H (7. 8) A (£) 8¢

>§xﬂt9—6?=0, re[O,l].
4 3

Let v(7)=X,(z)— f (7). Using Lemma 3.4, we see that v(z) is a symmetric

positive solution of the singular second-order three-point BVP (1.1), (1.2). [
In the following, we will consider an example to illustrate the application of

theorem 3.1.
Example 3.1 Consider a second-order three-point BVP as following:
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],0<r<1, (3.6)

1
T(l—Z’)
v(0)-v(1)=0,v'(0)-v'(2) :v@ . 3.7)

We will prove the above BVP has at least one symmetric and positive solution.

Proof In fact, set
a(z’) = %min{r,l—r}, ,B(r) = min{z',l—z'},

and

A direct computation shows that

25 4 25 4
0 =244, g(1)=1, 0=20 =2+%na,
Y 9(1) 3971873

[H(ED[@@g(@)+ B, (£)]ds = %
Set 4, =2, 4, <2, therefore, the condition (A1), (A2) hold. [J

4. Conclusions

Firstly, this paper introduces the application background of multi-point BVPs,
and the recent research achievements of three-point BVPs.

Then, we introduce a second-Order three-Point BVP with sign-changing
nonlinear terms, which improved the BVP in Sun*2. In order to prove Theorem 3.1,
we review several lemmas appearing in Sun 2, and prove a series of lemma by using
the fixed point theorem.

Finally, by Theorem 3.1, we establish the existence of symmetric positive
solutions of the BVP (1.1), (1.2), and take a specific case for example to illustrate the
application of Theorem 3.1.
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