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MODELING OF ELECTROMECHANICAL SYSTEMS BASED ON
INDUCTION MACHINE USING METHOD OF AVERAGE VOLTAGE ON

THE INTEGRATION STEP LENGTH

Oleksiy KUZNYETSOV1

Numerical models of induction machine were designed using the method
of average voltage on the integration step length. Calculation time, numerical
integration steps that provide given value of error and the boundaries of stability
for numerical models of induction machine based on this method were compared
with those using conventional methods of numerical integration. It was concluded
that method of average voltage on the integration step length provides increasing
the integration step length with sufficient accuracy. Application of the first-order
method allows to reduce the calculation time by 30%. Therefore it is advantageous
to apply the method for designing the high-speed models of electromechanical
systems based on induction machine.

Keywords: induction machine, mathematical model, method of average voltage
on the integration step length

1. Introduction

Real-time operation of numerical models is a necessary condition to provide
the interaction between the objects of the real world and virtual objects. Most of
powerful simulators widely used in electromechanical, power and energy tasks, like
Matlab/Simulink, VisSim or LabView use the techniques that can provide a natural
time scale of simulated processes. The examples of such kind of simulators in
electrical engineering are [1] and [2] for Matlab/Simulink or [3] for LabView. Those
simulators allow applying their code to FPGA or microprocessors ([3], [4], [5]).
At the same time approaches like [6] are based on direct hardware programming
without using simulators.

The general considerations of the real-time systems and their application in
power system simulation is given in [7]. The paper [8] describes different real-time
techniques used in electric systems and drives. A state-of-the-art and comprehen-
sive analysis of contemporary real-time simulation platforms is widely discussed
in [9]. The paper distinguishes four main industrial real-time simulators: RTDS,
eMEGAsim, HYPERSIM and VTB. All of them provide an operation in hybrid
models.
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Present paper focuses on designing high-speed numerical models of the elec-
tromechanical systems (EMS) based on induction machine (IM) for real-time ap-
plication. Different approaches on designing real-time models of IM and EMS on
their base can be found in [3], [10], [11], [12], [13]).

In this regard a method of average voltage on an integration step length (AVSL),
presented for the first time in [14], is interesting for high-speed and real-time appli-
cations. The paper [15] compares AVSL with conventional methods of numerical
integration for DC and AC circuit computation, in particular, with those used in
Matlab/Simulink. It was stated that the methods providing highest operation speed
with equal errors are:
• the third-order AVSL,
• the fourth-order Adams-Bashforth method,
• the fourth-order Adams-Moulton method and
• the second-order AVSL.

The program environment of EMS modeling based on object-oriented method
for analysis of EMS [16] using AVSL was designed under supervising of prof.
O. Plakhtyna. The results of that work were published in [17] for EMS based on
IM and in [18] for EMS based on synchronous machines. The principles of that
environment operation were first stated in [19]: the model of EMS is formed by
the models of separate objects represented as electrical multiport networks and the
incidence matrices that determine the way of networks’ connections.

Therefore, the scope of the present research work is defined as discovering
the purposes of applying AVSL for the tasks of designing a high-speed models of
EMS based on IM.

2. Modeling an EMS based on IM using AVSL

2.1. General description of the method

The AVSL essence can be explained on an electrical circuit branch with ap-
plied voltage u on its terminals, containing electromotive force e, resistance R, in-
ductance L and capacitance C connected in series. According to [14] an electrical
balance on the integration step length ∆t with initial point t0 can be written as

U +E−UR−UC−UL = 0, (1)

where U = 1
∆t
∫ t0+∆t

t0 udt , E = 1
∆t
∫ t0+∆t

t0 edt , UR =
1
∆t
∫ t0+∆t

t0 uR dt, UC = 1
∆t
∫ t0+∆t

t0 uC dt,
UL =

1
∆t (ψ1−ψ0) are average values of applied voltage and voltages on appropriate

branch elements on an integration step length; ψ0 and ψ1 are flux linkages on the
initial and final point of the step, respectively.

If current curve on the integration step length is depicted as m-order poly-
nomial, then an equation (1) according to [14] is written after voltage drops on
resistance and on capacitor in an initial point of the step uR0 and uC0, respectively,
as follows:
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U +E−uR0−uC0 +

(
R

m+1
+

∆t
C
· 2− (m+1)(m+2)

2(m+1)(m+2)
+

L0

∆t

)
i0−

−
m−1

∑
k=1

(
R∆tk

(k+1)!
· m− k

m+1
+

∆tk+1

C (k+2)!
· (m+1)(m+2)− (k+1)(k+2)

(m+1)(m+2)

)
·

·d
(k)i0

dt(k)
−
(

R
m+1

+
∆t

C (m+1)(m+2)
+

L1

∆t

)
i1 = 0,

(2)

Unknown values in (2) are:
• current in the final point of the step i1 and
• average applied voltage on an integration step length U .

2.2. IM equations using AVSL

According to [19] IM is represented as twelve-port electrical network (Fig. 1).
Thus IM is represented in phase coordinates on the supposition that magnetic field
in air gap is sinusoidally distributed, motor parameters remain constant, iron losses
are equal to zero, currents in slot conductors are uniform, and mechanical losses
are equal to zero so that torque on motor’s shaft is equal to electromagnetic torque.
However, representing IM in phase coordinates allows taking into consideration the
winding asymmetry.
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Fig. 1. Computational scheme of IM

Therefore, the equation (2) for IM is written in matrix form as

1
∆t

∫ t0+∆t

t0
φφφ 1 dt− 1

∆t

∫ t0+∆t

t0
φφφ 2 dt +Rm im0−

Rm

m+1
im0−

−
m−1

∑
k=1

Rm ∆tk

(k+1)!
· m− k

m+1
· d

(k)im0

dt(k)
− Rm

m+1
im1−

1
∆t

(ψψψm1−ψψψm0) = 0,
(3)

where:
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φφφ 1 = [φA1, φB1, φC1, φa1, φb1, φc1]
T and φφφ 2 = [φA2, φB2, φC2, φa2, φb2, φc2]

T are
potentials’ vectors of IM represented as Fig. 1,

im0 = [iA0, iB0, iC0, ia0, ib0, ic0]
T is a vector of currents in outer branches of

electric network (vector of stator and rotor currents) in an initial point of step, and
im1 = [iA1, iB1, iC1, ia1, ib1, ic1]

T is a vector of the same currents in a final point
of step,

Rm = diag [rA, rB, rC, ra, rb, rc] is a matrix of windings’ resistances,
ψψψm0 = [ψA0, ψB0, ψC0, ψa0, ψb0, ψc0]

T = Lm im0 and
ψψψm1 = [ψA1, ψB1, ψC1, ψa1, ψb1, ψc1]

T =Lm im1 are vectors of windings’ flux
linkage in an initial and in a final point of the step, accordingly, Lm is a matrix of
self and mutual inductances of the machine:

Lm =


LAA LAB LAC LAa LAb LAc
LBA LBB LBC LBa LBb LBc
LCA LCB LCC LCa LCb LCc
LaA LaB LaC Laa Lab Lac
LbA LbB LbC Lba Lbb Lbc
LcA LcB LcC Lca Lcb Lcc

 .
Thereafter the equation (3) is written as:

1
∆t

∫ t0+∆t

t0
φφφ 1 dt− 1

∆t

∫ t0+∆t

t0
φφφ 2 dt +Rm im0−

Rm

m+1
im0−

−
m−1

∑
k=1

Rm ∆tk

(k+1)!
· m− k

m+1
· d

(k)im0

dt(k)
− Rm

m+1
im1−

1
∆t

Lmim1 +
1
∆t

Lmim0 = 0,
(4)

where unknown values are currents in outer branches in the final point of step im1.
According to [14] each branch of multiport in Fig. 1 on an integration step

length is represented as connected in series equivalent stepper electromotive force
Es and equivalent stepper branch resistance Rs with a current im1 flowing through
the branch. Thus (4) is written as

1
∆t

∫ t0+∆t

t0
φφφ 1 dt− 1

∆t

∫ t0+∆t

t0
φφφ 2 dt−Rs im1− es = 0, (5)

where the vector of stepper electromotive force es and the matrix of stepper branch
resistances Rs are specified as follows:

Rs =
Rm

m+1
+

1
∆t

Lm, (6)

and

es =
m Rm

m+1
im0 +

m−1

∑
k=1

Rm ∆tk

(k+1)!
· m− k

m+1
· d

(k)im0

dt(k)
− 1

∆t
Lm im0 = 0. (7)

Taking (6) and (7) into consideration, the equation (5) is written in a form
presented in [19]:
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i1 +Gm

∫ t0+∆t

t0
φφφ m dt + cm = 0, (8)

where i1 = [im1,−im1]
T , φφφ m = [φφφ 1,φφφ 2]

T ,

Gm =

[
R−1

s −R−1
s

−R−1
s R−1

s

]
and cm =

[
R−1

s
−R−1

s

]
× es.

To complete a mathematical model of IM using AVSL one should also include
the equations

ωm1 = ωm0 +
Te−Tl

J
∆t, (9)

and
γm1 = γm0 + zp ωm0 ∆t, (10)

where Te is average electromagnetic torque on a step length, Tl is average load
torque on a step length, J is rotor inertia, zp is number of pole pairs. In (9)

Te =
3
2

zp Lµ

(
irβ isα − irα isβ

)
, (11)

where isα , isβ , irα , irβ are stator and rotor currents in (α,β ) reference frame, Lµ is
magnetizing inductance. When considering the effect of saturation, Lµ is a function
of magnetizing current.

Therefore, the equations (8)–(11) mold the mathematical model of IM using
AVSL.

2.3. Generating the model of EMS

The model of EMS is generated according to the method presented in [19],
and developed in [17] and [18] for AVSL. In this case EMS is considered as a com-
bination of basic elements presented as electric networks. Each element is described
by terminal matrix equation

ie +Ge

∫ t0+∆t

t0
φφφ e dt + ce = 0, (12)

where ie is a vector of currents in outer branches, φφφ e is a vector of potentials of
outer terminals, Ge and ce are matrix and vector defined after an element structure,
respectively.

To generate a model of the system as a whole one has to connect networks
with their terminals. The dependence between the potentials of elements’ terminals
φφφ e and the potentials of system’s nodes φφφ s is written as

1
∆t

∫ t0+∆t

t0
φφφ e dt = ΠΠΠ

T
e

1
∆t

∫ t0+∆t

t0
φφφ s dt, (13)

where the incidence matrices ΠΠΠ e define the way of interconnection between the
EMS elements.



174 Oleksiy Kuznyetsov

To define the vector of average system nodes’ potentials on the step length∫ t0+∆t
t0 φφφ s dt on each step of numerical integration one has to solve the matrix equa-

tion

Gs

∫ t0+∆t

t0
φφφ s dt + cs = 0. (14)

Gs and cs in (14) are matrix and vector of nodal matrix equation:

Gs =
k

∑
j=1

ΠΠΠ j Ge j ΠΠΠ
T
j and cs =

k

∑
j=1

ΠΠΠ j ce j (15)

where Ge j and ce j are the coefficients of matrix nodal equation (12) for each of j
EMS elements (here j = 1,2, . . . ,k, where k is the quantity of EMS elements).

With average nodes’ potentials on a step length for each element one has to
determine the average system nodes’ potentials on a step length according to (13).
Then the currents of elements’ outer branches in final point of a step are defined
from the equation (12).

3. Materials and methods

Numerical and computer models of the system Power Network–IM were cre-
ated using the number of numerical integration methods such as:
• second-order Runge-Kutta method (RK2) as recommended in [16] because of

its sufficient result accuracy while small amount of calculations,
• fourth-order Adams-Bashforth (AB4) and fourth-order Adams-Moulton (AM4)

methods: provide the best operation speed and accuracy for modeling electric
circuits, according to [15],
• first and second-order AVSL (AVSL1 and AVSL2).

Computer model of IM using the AVSL2 passed verification in [17], where
waveforms obtained on experimental unit were compared with simulation results.
The standard deviation between both results was less than 6%. The detailed de-
scription of the verification is presented in [17].

Five computer models mentioned above were used for simulation an IM direct
start mode with different values of integration step starting with 10−6 sec up to the
stability boundaries of each method. Parameters of the machine applied in that
models are presented in Appendix. Note, that Lµ is assumed to be constant here.

With an amount of integration step 10−6 sec the deviation between simulation
results obtained on all computer models (speed, electromagnetic torque, stator and
rotor currents) was not above the level of 10−3%, while for most variables the level
of deviation was 10−6%.

The way of calculating the accuracy of the methods used in [15] was to com-
pare the result of the modeling with an analytical solution. However, it is impossible
to obtain the analytical solution of IM equations. Therefore, we consider the simu-
lation results obtained using the step 10−6 sec to be a standard (Fig. 2). So, all the
simulation results obtained have to be compared with that standard values.
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Fig. 2. Standard simulation results

4. Experimental part and discussion

4.1. Operation speed of the models

A comparison of simulation results obtained on five computer models using
step 10−6 sec stated that difference between the duration of calculation for computer
models using the Adams methods and AVSL2 was less than 2% (thus for AB4 and
AM4-based computer models the duration was 150 sec and 149 sec, respectively,
and 153 sec for AVSL2-based computer model). For RK2-based computer model
the duration of calculation was 158 s. As a result, the difference between all those
values do not exceed 8%. Application of AVSL1 allows increasing the operation
speed by 30% (up to 90 s).

Actually, the analysis of the equation (2) shows that m-order AVSL requires
information about the derivatives up to (m− 1) order. So, AVSL1-based model
does not require derivatives calculation, AVSL2-based model requires first order
derivative calculation, AVSL3-based model requires an information about first and
second order derivatives, and so on. It means that increasing the order of the method
demands increasing the number of calculation and their duration.
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4.2. Accuracy and stability boundaries of the methods

The next experiment was held while enlarging the step value. Simulation
result obtained in that case was compared with standard results for each point being
calculated. So, each variable x is characterized by an average error referred to steady
state value:

δx =
1
N
·

N
∑

i=1
|xstd (ti)− xcalc (ti)|

|xss|
·100%, (16)

where xstd (ti) is a standard value in a time point ti (in i point of calculation), xcalc (ti)
is a value in the same point of time being calculated using the computer model based
on one of the methods mentioned above with the given step value, xss is a value of x
in steady state, or amplitude in steady state for periodical variables, N is the number
of calculation points.

However, the frequency of rotor current is a function of slip. It results in the
next significant feature as it is shown in Fig. 3. The figure depicts simulation results
obtained on all models mentioned above using the step length 10−3 sec together
with standard results (only AB4 is unstable with this step value). Standard speed
waveform is particularly the same as waveforms obtained on AM4 and AVSL2-
based models.
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Fig. 3. Simulation results using step 1×10−3 sec
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The waveforms of speed obtained on RK2-based model differ both in tran-
sient and in steady state. It results in less then 7% envelope deviation of the rotor
current, together with frequency and amplitude deviation in steady state. The speed
waveform calculated on AVSL1-based model differs only in transient. It results
in difference in rotor current initial phase in steady state while an amplitude and
frequency are the same. So, envelope deviation in transient is near 1%.

Similarly, Fig. 4 shows the simulation results obtained using the step length
of 1.5× 10−3 s. Waveform deviation obtained on RK2-based model increases in
comparison with that obtained previously. Thus, the results shown in Fig. 4 are
satisfied for all the models but AB4-based model. However, according to (16) error
levels of rotor current are as follows: 140% in AVSL1-based model and 110% in
RK2-based model.

Therefore, it is preferable to take into account the general behavior of the
functions in the way of comparing not the instantaneous values but waveforms and
envelopes for periodical variables. In this case for each variable xcalc (ti) integrals
calculated as:

Sx =
N

∑
i=1
|xcalc (ti)| ∆t (17)

were compared with that to standard value Sxstd . Thus while an equation (16) was
used to calculate an error for instantaneous values, (17) shows error for integral
assessment.

The step length that provides maximum relative error at the level of 1%, 5%
and 10% for all the models was defined according to equations (16) and (17). The
results are given in the Table. Also it contains maximum step value when each
method loses its stability. Note that the lowest amount of all the time constants of
IM is 7.05×10−2 s.

Table 1

Experimental results
Maximum relative error Integration step, s

RK2 AM4 AB4 AVSL1 AVSL2

for instantaneous values
1% 4.5 ·10−5 5.95 ·10−4 3.2 ·10−4 3 ·10−5 4.5 ·10−5

5% 1.1 ·10−4 6 ·10−4 u 3.2 ·10−4 1.1 ·10−4 1.7 ·10−4

10% 1.5 ·10−4 9.3 ·10−4 u 3.2 ·10−4 1.7 ·10−4 4.5 ·10−4

for integral assessment
1% 5 ·10−4 u 1.45 ·10−3 u 3.2 ·10−4 1 ·10−3 4 ·10−3

5% 9 ·10−4 u 1.45 ·10−3 u 3.2 ·10−4 2.2 ·10−3 9 ·10−3

10% 1.1 ·10−3 u 1.45 ·10−3 u 3.2 ·10−4 3 ·10−3 1.1 ·10−2

Maximum step value 2 ·10−3 1.45 ·10−3 3.21 ·10−4 8 ·10−3 2 ·10−2

Analyzing the first part of the table one can state that the lowest accuracies
for instantaneous values are when using RK2 and AVSL1-based models. The best
accuracy is obtained using the fourth order Adams methods (that confirms [15]).

At the same time more informative is the second part of the table. Thus high
accuracy of the fourth-order Adams methods (not above 1% for integral assessment)
is provided in stability regions of these methods. Actually, the special feature of
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Fig. 4. Simulation results using step 1.5×10−3 sec

Adams methods is their ability not to accumulate error [20]. Nevertheless, AVSL’s
feature is the widest stability region.

5. Conclusions

The equations of induction machine have been written using the method of
average voltages on the step length. Behavior of this method was compared in the
case of modeling EMS based on induction machine with behavior of those methods
of numerical integration having advantages in modeling DC and AC circuits. These
methods are second-order Runge-Kutta method, and fourth-order Adams-Bashforth
and Adams-Moulton methods.
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It has been stated that the best accuracy for instantaneous values can be ob-
tained using fourth-order Adams methods. However, the method of average volt-
ages on the step length provides the widest stability region, and allows increasing
the step while satisfactory error range. Also, using the first-order method of average
voltages on the step length allows reducing the calculation time by 30%. Therefore
it is advantageous to apply the method of average voltages on the step length for
designing the high-speed models of electromechanical systems based on induction
machine.

Appendix

Machine parameters: Rs = 7.32 Ω, Lσs = 0.0146 H, Rr = 3.0 Ω, Lσr =
0.0418 H, Lµ = 0.2696 H, J = 0.05 kg m2 (All rotor parameters are referred to
stator with transformation variable ktrans = 2).

Abbreviations

AB4 fourth-order Adams-Bashforth method
AM4 fourth-order Adams-Moulton method
AVSL method of average voltage on the step length
AVSL1 first-order method of average voltage on the step length
AVSL2 second-order method of average voltage on the step length
EMS electromechanical system
IM induction machine
RK2 second-order Runge-Kutta method
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