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GENERATION OF THE PITCH CURVES WITH MINIMAL
MEAN KINETIC ENERGY CHARACTERISTIC FOR
NONCIRCULAR GEARS

Xin ZHANG!, Shuai FAN?

In order to improve the stability of noncircular gears transmission, a
mathematical model for the pitch curve design with minimal mean kinetic energy of
noncircular gear with unspecified rotation time constraint is proposed. Meanwhile,
the minimal mean kinetic energy pitch curve with specified rotation time constraint
can also be obtained based on the model and the variational method. In comparison
with the model of unspecified rotation time constraint, the transmission angle range
for noncircular gears with the pitch curves can be expanded through the specified
rotation time constraint. Particularly, the reason for the failure of unidirectional
continuous rotary motion for noncircular gears of the pitch curves with specified
rotation time can also be analyzed. The validity of the proposed design method is
verified by the generation and modification examples of conjugate pitch curves with
unspecified and specified rotation time constraints.

Keywords: noncircular gears, pitch curves design, variational method,
mathematical model, transmission stability.

1. Introduction

Noncircular gear pair possesses good mechanical properties in variable
transmission between the parallel axis with applications in steering mechanism,
polishing mechanism, power drive mechanism, gear pumps, packaging and etc [1-
5]. Additionally, noncircular gear pair was introduced to eliminate the speed and
torque fluctuation that exists in rotating shafts [6]. Generations of functions and
planar, helical elliptical gears were respectively developed by non-circular gears
and the application of existing equipment and tools [7-9]. The base curves of
involute cylindrical gears, for uniform and non-uniform transmission ratio, were
synthesized by means of Aronhold’s first theorem and the return circle [10].
Syntheses of elliptical gears and the tooth profiles of noncircular gears were
proposed by Figliolini and Angeles [11-12]. A simple and accurate numerical
method was proposed for calculating the tooth profile of a noncircular gear [13].
The generation method of tooth profile and undercutting conditions for
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noncircular gears were developed and discussed by Chang and co-workers [14-
15]. Determination method of the profile of the gear teeth on a variable radius
wheel characterized by a constant pressure angle was presented by Danieli [16]. A
gear hobbing machining method of higher-order elliptic gears and its machining
principle were proposed by Zhang et al [17].

Additionally, conjugate pitch curves for identical N-lobe noncircular gears
was obtained by Tong and Yang [18]. Bézier and B-spline curves were used to
obtain the displacement laws of an N-lobe noncircular gear [19]. The generation
algorithm of the conjugate pitch curves with steepest rotation characteristic for
noncircular gears was presented by Zhang and Fan [20]. The Archimedes spiral
was used to generate the pitch curves for N-lobed noncircular gears and
noncircular bevel gears [21-22]. Noncircular pitch curves with concave and
convex characteristics were proposed by Shi [23] and Yan [24], respectively.

In this paper, the mathematical models which contain unspecified and
specified rotation time constraints are established to generate the pitch curve with
minimal mean Kinetic energy for noncircular gear. Moreover, the reason for the
failure of unidirectional continuous rotary motion for noncircular gears with
minimal mean kinetic energy pitch curves can also be analyzed. This novel design
approach for conjugate noncircular gear pitch curves can be further extended to
other mechanical devices with variable transmission.

2. Mathematical model of minimal mean Kinetic energy pitch curve
design for noncircular gear

Noncircular gear pitch curve r(z) is shown in Fig. 1, its rotation center and
boundaries are coinciding with points o, a, b, and the straight line oa is coincide
with x-axis of Cartesian coordinate system 7{0-xy). Parameters #a (17a=0) and #»
(0=na<nb<2m) are the polar angles of points a and b, respectively.

Yy

v=dS/dt
()
a X

170

Fig. 1. Noncircular gear pitch curve r(n)
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Referring to Fig. 1, the infinitesimal dt of rotation time that noncircular
gear through the pitch curve r(z) can be expressed as



Generation of the pitch curves with minimal mean kinetic energy [...] for noncircular gears 153

[v2 12
or(n)  or()
where dS(») is an infinitesimal of arc S for the noncircular gear pitch curve r(), @
is given noncircular gear angular velocity, polar angle #» is measured
counterclockwise from the positive direction of x-axis.
Integrating both sides of Eq (1) from #5a (7a=0) to #p, One obtains

m AT (77)+r
= IO o () n,1, € (0,27] (2)
where T is rotation time that noncircular gear through the pitch curve r(z).

Assuming the mass of noncircular gear is m, then the mean kinetic energy
E of noncircular gear through the pitch curve r() from to=0 to t;=T at the given
angular velocity w can be expressed as

Tm_ dx,,
. 2[(dt) ( )]dt ©)
Substituting Eq (2) into Eq. (3) we obtain

E_ J‘Ub ma)r(n)\/r (77)+ r'? (77 4)

Referring to Eq. (4), we know that the mean kinetic energy E may be
different for different pitch curve r(s), the minimum Emin of mean Kinetic energy
E can be expressed as

[ 2 2
Epin = minJ':b mar () r2'|('77) L) d77=minj:b Fdn (5)

According to the variational method [25] and F of Eq. (5) doesn’t contain
parameter 5, the integral of Eq. (5) can be obtained
r*(n) 3 _2hT

Forem M e (©)

where hy is an undetermined parameter.
Assuming r'()=r(n)tan u, u€(-n/2,m/2), we can obtain

r?(y)=h,/cos p,hy >0 (7
_dr(y) _du
- 8
) 2 ©
The integral to both sides of Eq. (8) at the same time, one obtains
2n=p+h, 9)

where h is an undetermined parameter.
Along with Eq. (7), the pitch curve r(x) with minimal mean kinetic energy
characteristic can be obtained
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_ | h
r(n) = COS(Zn_hZ),UE[O,ﬂb] 10)

st.h >0,h,e(2np,—n/2,7/2)

where h; and h; are undetermined parameter and can be obtained by the boundary
constraints (0, r(0)) and (7v, r(nb)).

Substituting the boundary constraints (0, r(0)) and (b, r(;b)) of pitch curve
r(») into Eq. (10), undetermined constant h, can be obtained
r*(0) - r*(r,) cos(27,)

r?(,3,)sin(27,)

In order to ensure that the parameter h, of Eq. (11) has a solution under the
constraint h, € (2yp-n/2, w/2), the polar angle n, should satisfy the following
condition

h, =arctan[

(11)

O<n,<m/2 (12)

3. Minimal mean kinetic energy pitch curve with specified rotation
time constraint

According to Eq. (2) and Eq. (5), the auxiliary function Er" with specified
rotation time T based on the variational method can be obtained
2 + 1?2 2 + 1”2
E = minj:" Mok (n)\/;(n) () +A‘/rT C(ZT) (;T) ) dn= minJ':b Hdz (13)
where rr(y) is the minimal mean kinetic energy pitch curve with specified rotation
time T, A is Lagrange multiplier.
Referring to the solution process of Eq. (5), we can obtain

£2()=—2 (oh,secu—A)h, >0 and by > (14)
M [0

_ drT2(77) _ oh,
= 2(n)  20h,—24c0s du (15)
where hs is an undetermined parameter.
Due to the polar angle #(x) should be monotonically increasing when €
(-m/2,m/2), so the first-order derivative #'(«) should satisfy the following constraint

oh,
——— | >0pe(-n/2,nl2
[Za)h3—2/1005pjmm pelnlznl (16)

According to the characteristics of second-order derivative n"(w)
_ >0,ue(-n/2,0) <0,pe(-nl2,0)
—2mAh,sin
=40,u=0 ,Ahy>00r<0,1=0 ,Ah, <0 (17)

W)= =
20h, -2
(20h, - 2/cos 1) <0,ue(01/2) >0,u€(0,n/2)
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The undetermined parameter hs and Lagrange multiplier 1 should satisfy
the following constraints
Ah, >0 or wh, / (wh, - 1) >0,4h, <0 (18)
Along with Eq. (14), therefore, the constraints of undetermined parameter
hs and Lagrange multiplier 1 can be obtained

h,>Alo>00rh,>0>1/@ (19)
Along with Eq. (15), we can obtain
oh, ’a)hs—/l oh+4 . u A

=——— |———arctan( [———tan=)+h,,h,>—>0

) oh, -4\ wh+1 ( oh, -1 2) 4h3>a)> (20)
or
Ny ‘tan§+ j;wt , ,

_oon -0 o

= In +h,——>h,>0>=
1) 20h, -2\ 2+ wh, Yool >a) (21)

ant_ A-ah,
2 \A+oh
where hs is an undetermined parameter.
Along with Eg. (14), the minimal mean Kinetic energy pitch curve with
specified rotation time T can be obtained

; (u)=Jnf—aT)z(wh3 sec 1 7)

o oh, -4 oh, + 4
() = n(w)= a)h3h—3 P J oh 57 arctan(\/ whz — tan %) +hy el m]  (22)

s.t.h3>i>00rh3>—i>0>i
[ 0] (0]
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2 (u)=J 2L (oh,secu—2)
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where ua and up are undetermined values of parameter x corresponding to polar
angles #=na and n=ny of two boundaries for the pitch curve rr(y), parameters hs,
ha, A, 1a and up can be obtained by the following constraints
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17(4,)=0,17 (1) = 1. 0), 7 () =13, 17 (a4,) = 17 (1,)
T J"]b \ rT2(77)+rT/2(77) dn (24)
0 ar; (1)

In order to realize unidirectional continuous rotary motion, Egs. (22)-(23)
should satisfy the following constraints

1(1,)=0,17 (11 )=2m, 1 (12,) = ¥ (14,) (25)
Along with Egs. (22)-(23), rearranging Eq. (25) to

[wh, + 1 *h? - 12

u, =—u,,h, = m,arctan( %tan%)m wa)szh; (26)
or
tan%+ }j;wE o
@ -0

Ha ==ty Ny =m,In E :275\/ a)zh32 : (27)

2 \A+oh

However, according to the assumption of rt'(n)=rr(n)tanu and ua=-up of
Eqgs. (26)-(27), one obtains

, 2T
r(u,) = \/ o (wh, sec u, —2) tan u,

1:a|']’ul)_\//1_wlq3

(28)

2T ,
= _\/W (wh, sec i, — ) tan u, = —17 (1)

Namely, the pitch curve rr(y) satisfied the Eq. (25) possesses cusp at the
polar angle #=0 or »=2=, and the noncircular gear with the pitch curve rr(y)
satisfied the Eq. (25) can not realize unidirectional continuous rotary motion.
Therefore, in order to ensure the smoothness of the pitch curve rr() of Eq. (22) or
Eqg. (23), the polar angle #, should satisfy the following condition

O<n,<2n (29)

4. Design examples of conjugate pitch curves with minimal mean
kinetic energy

According to the solution process of pitch curve with unspecified rotation
time constraint, the unclosed conjugate minimal mean kinetic energy pitch curves
with unspecified rotation time are, respectively, depicted in Figs. 2-3, their design
parameters and pitch curve equations are listed in Table 1. For convenience,
where the mass m of noncircular gear is unit mass (i.e. m=1), and the angular
velocity w is equal to 1. The units of parameters listed in Table 1 are adopted by
standard international unit (SIU). Without additional explanation, the following
discussion relating to parameter in this paper whose unit refers to SIU.
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Referring to Figs. 2~3, 0,a, and ob, are the positioning vectors of the
minimal mean kinetic energy pitch curve r(y) (i.e. curve Qibl) with unspecified
rotation time, 0,a, and @E are the positioning vectors of external meshing

noncircular gear pitch curves re(ze) (i.e. curve szz) conjugated with the pitch
curve r(z).

Table 1
Design parameters and pitch curve equations of Figs. 2-3
Pitch curve External meshin Solved Conjugate
Boundary |Undetermined | r(y) with . g center jugate.
. o maximum polar ; external meshing
constraints | parameters unspecified | distance itch
rotation time angle remax P pitch curve re(re)
12 o =2 r,(7,) =1.5958 - ()
(0.1) h = ] - cos(27-1) f 172 ZI% rm g
2 3 1 ‘/W %=l 1.5958-r(n) g
- ﬁ) n 1 T iz 1.598 n
6' 2 h, = 3 ”E[(?YE] % "\cos2y—n/3) e G[O'E]
(Fig. 2(a)) (Fig. 2(b))
x r,(n7.) =1.7841-r(n)
0.1 h V2 o= CO;(/ZZn) e g {n ,J'% g,
T2 Ty [ 212 e Jo17841-
(T[ 1) n . 7‘[3 cos(2n—mn/4) dn 1.7841 T )
— h == nel0,~] I - P 17, €[0,~]
4 27y K O ey 4
(Fig. 3(a)) (Fig. 3(b))
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Fig. 2. Conjugate minimal mean kinetic energy pitch curves with unequal boundaries
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Fig. 3. Conjugate minimal mean kinetic energy pitch curves with equal boundaries

According to the solution process of pitch curve with specified rotation
time constraint, the unclosed conjugate minimal mean kinetic energy pitch curves
with specified rotation time are depicted in Fig. 4, their design parameters and
pitch curve equations are listed in Table 2. Similarly, referring to Fig. 4, vector

group (0,a,,0,b,) and (0,a,,0,b,) are, respectively, the positioning vectors of the
pitch curve rr(yn) (i.e. curve Qibl) with specified rotation time constraint and its
conjugated external meshing noncircular gear pitch curve re(7e) (i.e. curve szz ).

Table 2
Design parameters and pitch curve equations of Fig. 4
Boundary . - Exterp al Solved Conjugate
o . Pitch curve equation | meshing
and specified| Undetermined - i . center external
e r(n) with specified | maximum ; . .
rotation time| parameters Lo distance meshing pitch
h rotation time polar angle
constraints Qe curve re(7e)
Nemax
K (u)= ()=
- 11266
©.1) h, =0.2900 (318965201~ 2.903 . ) (1)
' h4 =5n/6 _ emax 3 e =
57 n(u)= 5 3 r(n)
—.1 , =-06275 A0 1.1266 LAY )R
( 3 ) : 2.5801arctan(4.9585tanﬁ)+5—n :Ls 1 d L 1.1266 -, () "
1, =0.6275 2% @, =1 ()
T =55 51
21=0.2673 11 €[-0.6275,0.6279] 7, € [0,?]
(Fig. 4(a)) (Fig. 4(b))
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Fig. 4. Conjugate minimal mean kinetic energy pitch curves with specified rotation time

5. Conclusions

The mathematical models for the generation of pitch curve with minimal
mean Kinetic energy characteristic for noncircular gear were proposed, which
contain unspecified and specified rotation time constraints. The transmission
angle ranges for the pitch curves with unspecified and specified rotation time
constraint were given by the analysis of corresponding constraints and
undetermined parameters. Results of this research should be helpful in the
application of this type of gearing due to the noncircular gears with minimal mean
Kinetic energy pitch curves possess good stability in variable transmission.
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